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ANALYTIC GEOMETEY. 


CHAPTER I. 

THE POINT. 



1. The following method of determining the position of nny 
point on a plane was introduced by Des Cartes in his G^ometnvy 
1637, and has been generally used by succeeding geometers. 

We are sjipposed to be given the position of two fixed 
right lines XX\ YY* intersecting in the point 0. Now, if 
through any point P we 
draw Pil/, PaV parallel to 
rr and XX\ it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the pa¬ 
rallels PJ/, ZW; or, vice versd^ 
that if wc knew the lengths 
of Pi/, PN, wc should know 
the position of the point P* 

Suppose, for example, that 
we are given PN= a, PM = J, 
we need only measure (?J/=a and ON=h^ and draw the 
parallels Pi/, PN^ which will intersect in the point required. 

It is usual to denote PM parallel to OF by the letter 
and PiVparallel to OX by the letter and the point Pis said 
to be determined by the two equations x=^a^y = b. 


V 



2. The parallels Pi/, PN arc called the coordinates of the 
point P. Pi/is often called the ordinate •f the point P; wdjile 
PiV, which is equal to OM the intercept cut off by the ordinate, 
is called the abscissa. 


B 



TUB WIST. 


The 6xed lines XX' and YY* ape termed the qx$s of cc-* 
ordinates^ and the point 0^ in which they intersect, is coiled the 
origin. The axes are said to be rectangular or obHqtie, 
according as the angle at which they intersect Is a right angle 
or oblique. 

It will readily be seen that the lioordlnates of the point M 
on the preceding figure are a; = cf, y = 0; that those of the point 
' J\r arc as =: 0, y = J; and of the origin itself are is =s 0, y » 0. e 




3. In order that the equations a?-a, y — h should only 
be satisfied by one point, it is necessary to pay atteiftion^ not 
only to tho mngnitudesy but also to the signs of the co¬ 
ordinates. • 

If wc paid no altcntlon to the signs of the coordinate^, wo 
might measure and ON on either side of the origin, 

and any of the four points 
1\ /g, P^ would satisfy 

tho equations x =5= rt, g ~ h. 

It is possible, however, to 
distinguish algebraically 
between the lines 
OM' (which arc equal in 
inagnitiule, but opposite in x' 
direction) by giving them 
different signs. We lay 
down a rule that, if lines 
measured iu one direction 
be con^hlcred as positive, 
lines measured in the oppo¬ 
site direction must be con¬ 
sidered as negative. It is, of coui^c, arbitrary in wdiich 
direction wo measure positive lines, but .it is customary to 
consider OM (measured to the right hand) and ON (measured 
upwards) as positive, and OM\ ON* (measured in the opposite 
directions) as negative lines, 

Introducing these conventions, the four points P, P„ P,, P^ 
are easily distinguishfd. Their co-ordinates are, I’espectivcly, 

aj *= + a) aj S3 — a) a? = + a) a? =» — a) 
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Tbede* distinctions of sign can present no difficulty to the 
learner," who is siipposcd to be already acquainted with 
trigonometry. 

N.B.—The points whose coordinates are y = ^j or 

X tf^y\ generally briefly designated as the point (a, h)^ 
or the point x*y\ 

It appears from what has been said, that the points (+ n, + (), 
(—a,— 5 ) lie on a right line passing through the origin; that 
they are e^idistaut from the origin, and on opposite sides of it. 

4. To express the distance between two i>oints x'y\ tits 

axes of coordinates being supposed rectangular. 

By Euclid I. 47, 

PQ* = PS^ + 8Q\ but Pa9== pm- Ql\r = 3 ^' - y'\ 

and Q8= OM - 0J/' - a?"; 

hence 

^i^^PQ^^[x;-xy^y-yy. 

To express the distance of 
any point from the origin, wo 
must make 5c" = 0, ^' = 0 in 
the above, and wo find 

• 

5. In the following pages 
we shall but seldom have occa¬ 
sion to make use of oblique coordinates, since forraiilai are, in 
general, much simplified by the use of rectangular axes; as^ 
however, oblique coordinates may sometimes be employed with 
advantage, we shall give the principal formulae in their most 
general form. 

Suppose, in the last figure, the angle YOX oblique and 
s= 01 , then 

PiS( 2 = 180'-ox, 

and PQ* ^P^+QS‘- 2 P 6 '. Q8. cos P8Q^ 

ov,/Pg - (y' - y")* + («' - *")• + 2 (y' - y") (»' - *") cos «. 

Similarly, the square of the distance of a point, yy, fiom 
the origin = x"* + y'* + 2 a?'y' cos w. 
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THE POINT. 


In applying these formulas, attention must be .paid jto the 
gigns of the coordinates. If the point for example, were 
in the angle XOY\ the sign of y" would be changed, and the 
line P8 would be the sum and not the differenoe of y' and y*. 
The learner will find no difficulty, if, having written the 
coordinates with their proper signs, he is careful to take for PS 
and Q8 the algebraic difference of the corresponding pair of 
coordinates. 

Ex. 1. Find the lengths of the sides of a triangle, the coordinates of whose 
rertices are a' = 2, = 3 j a;" = 4, y" = — 6; x'** = — 3, y"' = — 6, the axes being 

rectangular. Ans, ^/68, ,J50> ^W6, 

Ex. 2. Find the lengths of the sides of a triangle, the coordinates of whose 
rertices are the same as in the last example, the axes being inclined at' an angle 
of 60®. A91S. ^52f J57f J161. 

Ex. 3. Express that the distance of the point xy from the point (2, 3) is equal 
to 4. Ans, (x — ‘i)* + (y.— 3)* = 16 

.^Ex. 4. Express that the point xy is equidistant from the points (2, 3), (4, 5). 

Ans. (x - 2)® + (y 3)* = (a; — 4)® + (y - 3)'-’; or as + y = 7, 

-/ Ex. 5. Find the point equidistant from the points (2, 3), (4, 5),J[Gf 1). Here we 
bare equations to determine the two unknown quantities r, y. 

Ans. X = V, y = and the common distance is 

3 

6. The distance between two points, being expressed in 
the form of a square root, is necessarily susceptible of a double 
sign. If the distance PQj measured from P to Qj be considered 
positive, then the distance QP, measured from to P, 
is considered negative. If indeed we are only concerned 
with the single distance between two points, it would be 
unmeaning to affix any sign to it, since by prefixing a sign we 
in fact direct that this distance shall be added to, or subtracted 
from, some other distance. But suppose we are given three 
points P, P in a right line, and know the distances PQ, 
^P, we may infer PB = PQ + QB. And with the explanation 
now given, this equation remains true, even though the 
point B lie between P and Q. For, in that case, PQ and 
QB are measured in opposite directions, and PP, which is their 
arithmetical difference, is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
lias been established as to which shall be considered the positive 
s direction. 
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7. 21? find the ^ordinaies of the point cutting in a given 
ratio 7n : w, the line joining two given points xg\ a?'?/'. 

Let a?, y be the coordinates of the point R which we seek 
to determine, then 



If the line were to be cut externally in the given ratio we 
should have 


m \ 71 \ \ X — X : a: — x\ 


and therefore 


a; = 


rax “ nx my" — 7iy 


m — n 




m — 71 


It will be observed that tlie formulas for external section 
are obtained from those for internal section by changing the 
sign of the ratio; that is, by changing into 

In fact, in the case of internal section, PR and RQ are 
measured in the sSnie direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
PR and RQ are measured in opposite directions, and their 
ratio is negative. 


Ex. 1. To find the coordinates of the middle point of the line joining the points 




. ac' + x'' 

Ans, X = —, 


y- 


2 


Ex^ 2, To find the coordinates of the middle points of the sides of the triangle, 
the coordinates of whose vertices are (2, 3), (4, — 5), (— 3, — G). 

y), (-i, - j), (3, -1). 

Ex. 3. The line joining the points (2, 3), (4, — 5) is trisected; to find the co¬ 
ordinates of the point of trisection nearest the former point. Am. a; =: §, V — h 

Ex, 4. The coordinates of the vertices of a tiianglc being to 

find the cooixlinatea of the point of triscction (remote from the vertex) of the line 
joining any vertex to the middle jioint of the opposite siile, 

a; = } {A + a" + a;'"), y = + v" + 



G transfoiimatiok of coordinate. 

A * 

* Es. 6. To find the coordinates of the mter8ecUoi|i of t)» of ^ ttie f‘ 

tiiangle, the coordinates of whose '^rtices are gi^en in Ex. 2. Aits* «ta 1, y =3 f. 

\/Ex. $. Any side of a tnanglo is cut in the ratio m : n, and the line Joining this to 
the opposite vertex is cut in the ratio m + n : 1; to find the coordibah^ of the point 
of section. ^ + m^' -f 


f+ai + a* 


TRANSFORMATION OP COORDINATES.^ 

8. When wc know the coordinates of a point referred 

one pair of axes, it is frequently necessary to find its co-^ 
ordinates referred to another pair of axes. This operation is 
called tAe tramformalion of coordina^, . * 

We shall consider three cases separately; first, WiS shall 
suppose the origin changed, but the new axes parallel to the 
old; secondly, wc shall suppose the directions of the axes 
changed, but the origin to remain unaltered; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 

First. Let the new axes be parallel to the old. 

Let 0.r, Oy bo 
the old axes, OX^ 

O'Y the new axes. 

Let the coordinates 
of the new origin 
rcfcrind to the old be 
y\ 0'8 = x\ 

O'B *= y'. Lot the 
old coordinates be 
a;, y, the new F, 
then we have 

+ and rM^PN^NM, 
that is yx=ix'‘\-Xj and y = y' + Y* 

These formulae arc, evidently, equally true, whether tj^e axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 
the origin is unaltered. 



* The bcginnci iney postpone the icbt of ilub chapter till he has read to the eod 
of Alt 41, 
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WAStoRMAtlON OP COORDINATES^ 

origiipi^HikK^s be Or, Oj/^ so that we have 0(3=»a^ 
PQ*^tf% the ipew axes 

be OX^ 00"^ so that we have 

Y. Let OX, 

OIT^ mal^e angles respectively 
ft, vrith the old axis of ocy 
and angles a', ff with the old 
axfSyof y\ and if the angle 
xOy between the old axes be 
we have obviously a + a' — w, 
since XOx + XOy ^xOy ; and in like manner /8 + /S'» o>, 

^ The formulas of transformation are most easily obtained by 
expressfng the porpeiidiculai ^ fioin P on the original axes, in 
^erms of the new coordinates and the old.") Since 

PM^PQ %mPQM^ w'c have PM=y sin«. 

But also Pilf=#iVP+ PiS* ON sin.V0P4 PNiAnPNS. 

Hence y sinew = sina ^ Vsln/t?. ^ 

In like manner 



a^sinw = X<^ina -f Vsin/O'; 


or X sin w = A" sin (w - a) f Y sin (rw - yS). 

In the figure tlie angles a, o) arc all measured on the 
same side of Ox ; and a', /S', cw all on the same side ot^ Oy. 
If any of these angles lie on the opposite side it must bo given 
a negative sign. Thus, if OY lie to the left of Oy^ the angle 
ff is greater than <», and /S' (= ca - ff) is negative, and therefore 
the cocificient of Y in the expiossion for a; sinew is negative. 
This occurs in the following special case, to which, as the 
one which most ficqucntly occuis in practice, wo give a separate 
figure. 

To transform ftom a system of rcctangvlar axf9 to a new 


recta'f^g^r systaa making an angh 0 with the old. 


Here we have 


a = tf, /3 = 9O + 0, 

/8' = -0; 

and the general formulas become 


A 


y as-Ysin^ + T cos^, 
xssJC Qosd^ Y sin 0 } 




8 TRANSFORMATION OF COOBDINaj^ES, 

4 * i 

Ae truth of which may also be seen directly^ 
a:^ OiJ—fiW, while , ’ , 

I^S^FNcosff, Mi^O^sinff; OB^ONcosff, SN^PNaine: 

. There is only one other case of transformation whleh often 
occurs in practice. 

To transform from oblique coordinates to rectangular^ retaining 
the old axis of a?. 

We may use the general for¬ 
mulas making 

a = 0, /8 = 90, a' = ft), = ft) — 90. 

But it is more simple to inves¬ 
tigate the formulae directly. We 
liiivc OQ and PQ for the old x and 

OM and PM for the new; and, since PQM=^ co, we have 
F= y sin ft), X — x + y cos ft); 

while from these equations we get the expressions for the old 
cooidluatcs in terms of the new • 

y sina) = Yj £r sinft) = Jl sinft) — y coso). 

10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the coordinates of a point re¬ 
ferred^ to two new axes in any position whatever. We first find 
the coordinates (by Art. 8) referred to a pair of axes through 
the new origin parallel to the old axes, and then (by Art. 9) 
w’e can find the coordinates referred to the required axes. 

The general expressions are obviously obtained by adding x 
and y' to the values for x and y given in the last article. 

Ex. 1. The codrdmates of a poiut satisfy tlic relation 

sc® + y* — 4aj — = 18 j 

what will this become if the origin be transformed to the point (2, 3) ? 

Ans. X« + r® = 3I. 

Ex. 2. The coordinates of a x)oint to a set of rectangular axes satisfy the 
relation ?/* — a*® = 6; what will this become if transformed to axes bisecting the 
angles between the given axes ? Ans» XY = 3. 

Ex, 3. Transform the equation 2 j!® — Sa-y + 2y® = 4 from axes inclined to each 
other at an angle of 60® to the right lines which biscict the angles between the 
given axc^. Ans. .J® - 27r® + 12 = 0, 

Ex. 4. Transform the same equation to rectangular axes, retaining the old axis 
of*. An;i. 3J:® + 10r»-7Jtr43 = 6, 
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. ^ «. ? 

Ex. 5 . Ib is 'ivlien \re change ftom one set of rectangular axes te 

another, mart-sr X* + F*, since both espress the square of the distance of 

a point feral the oiigiiif this by squaring and adding the expressions for 

X and F fn Aijt* 

6 . 'F^y in fike manner in general t}iat 

ai* + y» + 2j^y COB»0^ = X* + r» + 2XF cobXOF. 

t 

If -we wiHe X sina 4^Fs{n/}s£>, Xoosa+F oosjd = Jf, the expresBions in Art. S 
maybewrittenysintt^Z, jDrin«» = if 8in» —Loosfttj whence 

0 Bin*« (ai* + y* + Snjy cos ») = (Z* + Jlf *) rin^w. 

Bid; JC^ + if*s=X*+F* + 2XFcoB(ft-i3), and <E-j3 = XOF. 

11. The degree of any equation between the coordinates is not 
altered hy transformation of coordinates. 

Transformation cannot increase the degree of the equation; 
for if the highest terms in the given equation be x"*, y^^ &c., 
those in the transformed equation will be 

{a/ sina)+£C Bin(®-a)4y sin(ft>-)8)}**, {f sinoi+a; sina+y sin 

&c., which evidently cannot contain powers of a? or ^ above the 
niL^ degree. ^ Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation 
back again to ihe old axes, wo must fall back on the original 
equation, and if the first transformation had diminished the 
degree of the equation, the second sliould increase it, contrary 
to what has just been proved. 

POLAR COORDINATES. 

12. Another method of expressing the position of a point 
is often employed. 

If we were given a fixed point 0, and a fixed lino through it 
OB^ it is evident that we should p 

know the position of any point 
P, if wo knew the length OP, 
and also the angle POP. The 

line OP is called the radius __ 

vector; the fixed point is called ^ A 

the pole/ and this method is called the method of polar c(h 
ordinates. 

It is very easy, being given the x and y coordinates of a 
point, to find its polar ones, or vice versd. 


C 
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POLAR COORDINATES. 


First, let the fixed line 
coincide with tiie axis of or, 
then we have 


Y 


OPxPM :: %\nPMO : AnPOM] 


denoting OP by POM by 
and FO^by then 


PM or y = 


p s!nd 

sinu) 


P 



o 


M 


X 


and similarly, OM^x . 

smfi> 

For the more ordinary case of rectangular coowlinates, 
CO = 90®, and we have simply 
x=^p COB 0 and ?/ = p sin 0, 

Secondly, let the fixed 
^ine OB not coincide with tlje 
axis of O’, but make with it an 
angle = a,^ then 
J’05=i? and POJ/=(?-a, 
and we have only to substitute 0 —a for 0 in the preceding 
formulae. 

For rectangular coordinates wo have 

/ a? = p cos {0 — a) and y = p sin (0 - a). 



Ex. 1 . Cliange to poUr coordinates the following- c«i iitlons in icctangulai* co¬ 
ordinates: + Ans. p = bm co^G, 

y* = Ans. p*cos 20 — a^. 


Ex. 2 . Change to icctangular coordinates the following equations in polar co¬ 
ordinates : ^2 20 — 2 rt^. Ans. xy - rt*. 

= n* COB20. An^. {p? + (<* “ y^* 

p^ COS iO = Ans. a® + y® = (2rt — a)®. 

p\ = a\ cos }0. A ns. (2aj*+2y® — nx)^ = + y^). 


13. To expr&is the distance ictween two points.^ in terms of 
their polar coordinates. ^ Q 

Let P and Q be the two points, 

OP=p', POB^ffi 

OQ^p'\ QOB^r^ 

PCf^ Or^ OQ^^^OP.OQ.cobPOQ, 

/ S’* = 4 p"* - 2py cos(6" ^ ff). 



then 

or 
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CHAPTER II. 

• THE BIGHT LINE. 

14. Any two equations between the coordinates represent 
geometrically one or more points. 

If the equations bo both of the first degreo (see Ex, 5, p. 4) 
they denote a single point. For solving the equations for 
X and we dbtain a result of the form a: = n, y = which, 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent inoro 
points than one. For, eliminating y between the equations, 
we obtain an equation containing x only; let its roots be 
otj, ttg, &c. Now, if we substitute any of these values (aj for 

in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be¬ 
tween the equations is rendered =0 by the supposition aj = aj. 
Let this common root be y = l3^. Then the values x = oij, 
at once satisfy both the given equations, and denote a point 
which is represented by these equations. So, in like manner, 
is the point whose coordinates are a? = a^, y = &c. 

Ex. 1. What point is dcr.otod by the equations Sa? + 5y = 13, 4a; — y = 2 ? 

Ans, a;=:l,« 2 ,—2 

Ex. 2. What points are represented by the two equations ic- + y® = 6, 
Eliminating y between the equations, we get — 5a;® + 4 = 0. The roots of this 
equation are a:® = 1 and a? = 4, and, therefore, the four values of x arc 

81!=: + 1 , a? = — 1 , a; = + 2 , a! = — 2 , 

Substituting these successively in the second equation, we obtain the coiTCsponding 
values of y, 

y=: + 2, y=-2, y = + 1, y = - 1. 

The two given equations, therefore, represent tbo four points 

(+ 1, + 2), (- 1, - 2), (+ 2, + 1), (- 2, - 1). 

Ex. 3. What points are denoted.by tlie equations 

^ ®-y = l, »® + y® = 26? (4,8), (-3, -4). 

Ex. 4. What points are denoted by the equations 

«* — 6ic + y + 3 = 0, «* + y® — 5* — 8y+ 6 = 0? 

Am, (1,1), (2,8), (3,3), (4,1). 
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THE EIGHT LUIKi. 

i^k •» 

15 . A migU eqmiion mfjoeen ^ i^hiu>ie8 a 

geometrical hens, " ^ 

One equation evidently does not afford us enough 

to determine the two unknown quantities or, jf; an inde¬ 
finite number of systems of values of x and y can be found which 
will satisfy the given equation. And yet the coordinates of 
any point tahen at random will not satihfy it. The assemblage 
then of points, whose coordinates do satisfy the equation, forms 
a looua^ which is considered the geometiical signification of 
the given equation. 

Thus, for example, wo saw (Ex. 3, p. 4) that the equation 

(aj-2)*+(y-3)*«ie 

expresses that the distance of the point xy from the point 
(2, 3) »4. This equation then is satufied by the coordinates of 
any point on the circle whose centre is the point (2, 3), and 
whose radius is 4; and by the coordinates of no other point. 
This circle then is the locus which the equation is said to 
represent.# 

We can illustrate by a still simpler example, that a single 
equation between the coordinates signifies a locus. Let us 
recall the construction by which (p. 1) we determined the 
position of a point from 
the two equations 

We took OJ/ssa; 
we drew 3JK paiallel to 
OY'y and then, measuring 
MP^b^ we found P, the 
point required. Had we 
been given a different value 
of se ss a, JF — 5', we should 

proceed as before, and we 
should find a point P' still situated on the line JI/JT, but at 
a different distance from M. Lastly, if the value of y were 
left wholly indeterminate, and we were merely given the 
single equation a?*a, we should knqw that the point P 
was ^tuated somwhere on the line MK^ but its position 
that line would not be determined. Hence the line MK is 
the locus of all the points represented by the equation x^tB^ 




RIGHT UHB. 


X3 


Biiice, 'Ivd^take on the Imo MK^ the x of that 

point wilf alvrii)ni ^ a» 

16; In ^eil0)i^al) if we are given an equation of any degree 
bettrecn the'wrdinates, let U9 assnme for x any yalne we 
please a)) and the equation will enable us to determine 
a finite number of values of y answering to this particular 
vqjlae of X ; and) consequently) the equation will be satisfied for 
each of the points (p, &c.)) whose x is the assumed value) 

and whose y is that found from the equation. Again, assume 
for X any other value 
(a9«s<s*)) and we find, 
in like* manner, ano-* 
ther series of points, 
y, j', r', whose co¬ 
ordinates satisfy the 
equation. So again, 
if we assume aj = a"^ 
ora;»a'^&c. 
if X be supposePlo ' 
take successively all 
possible values, the assemblage of points found as above will 
form a locus^ every point of which satisfies the conditions of the 
equation, and which is, therefore, its geometrical signification. 

W^e can find in the manner just explained as many points 
of this locus as we please, until we have enough to represent 
its figure to the eye. 



Ex. 1 . Hepresent in a figure'*' a series of points whicb. satisfy the equation 
y = + 8. 

Ana, Giving x the v^ues — 2 . — 1 , 0,1, 2 , Ac., we find for y, — 1,1, 8, 5 , 7 , Ac., 
and the concspondlng points will be seen all to lie on a right line* 


Ex. 2 . Bepiescnt the foqjfs denoted by Uie equation y = — Stc — 2 . 

Ana, To the values for ®, — 1, — 0 , 1, 2, f, 8, }, 4 j ooiret^nd for 

2 , — — 2, — y, — 4 , — V, — 4 , - y, 2, — 2 , If the points thus denoted 

be laid dowfi on paper, they will sufficiently exhibit the form of the curve, which may 
be continued indefinitely by giving x greater positive or negative values. 

Ex. 8. Eepresent the curve y = 8 ± J (20 — 0 

Here to each value of x correspond two values of y. Ko part of the curve lies to 
the right of the line = 4 , of to the left of the line 0 ^ 5 , since by giving greater 

positive or negative values to 0, the value of y bAOomes imaginary. 


* The learner is recommended to use paper ruled into little squares, which is sold 
under the name of logarithm paper. 
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17* The whole science of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be define!^ by any 
geometrical property, it will be our business to deduce from that 
propeity an equation which must be satisfied by the coordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point (a;, ^), whose distance from a fixed point 
(a, h) is constant, and equal to r, then the equation of the cirele 
in rectangular coordinates is (Art. 4), 

{x “ a)* + (y - &)* = r\ 

On the otl^er hand, it will be our business' when an equation is 
given, to find the figure of the curve represented, and to'dedueo 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro¬ 
perties of the locus represented by the equation. The degree 
of an equation is estimated by the highest value of the sum 
of the indices of x and y in any term. Thus *the equation 
ay -f 2a? + 3?/ = 4 is of the second degree, because it contains 
the term xy. If this term were absent, it would be of the 
first degree. A curve is said to be of the degree when the 
equation which represents it is of that degree. 

We commence with the equation of the first degree, and wo 
shall prove that this always represents a right line^ and, 
convercoly, that the equation of a right line is always of the 
first degree. 


18. We have alrccady (Art. 15) interpreted the simplest case 
of an equation of the first degree, namely, the equation a? = a. 
In like manner, the equation y = 5 represents a lino iW parallel 
to the axis OX^ and meeting the axis 0 y at a distance from 
the origin ON^ h. If we suppose b to be equal to nothing, 
we see that the equation ^==0 denotes the axis OX) and in 
like manner that a? = 0 denotes the axis 0 Y, 

Let us now proceed to the case next In order of simplicity, 
and let us examine what relation subsists between the co% 
ordinates of points situated on a right line passing through 
the origin. 



IB 


.BIGHT tiHB* 


X 


If we tajce 4117 , poipt ,P 
op'^iuch a lfpefi we see that 
the, ?^ii4ipates PJf, 

OMj will vary , ip length, 
but that the ratio PM : OM 
will be constant, being « 
to tlie ratio 

Hence we sec that the 
equation 

sin POM 

will be satisfied for every 
point of the line OP, and 

therefore this equation is said to be the* equation of the line OP* 
Conversely, if we were asked what locus was represented 
by the equation 

• y = mx^ 



write the equation in the form ^ 8-*^d the question is; “ To 

find the locus of a point P, such that, if we draw P3/, PN 
parallel to two fixed lines, tlic ratio PM\ PN may be constant.” 
Now this locus evidently is a right line OP, passing through 
0, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a manner that 

Ail POM = m sinPO-N. 

If the axes be rectangular, sin P0^= cos POJ/; therefore, 
wi = tanPOJf, and the equation y^mx represents a right line 
passing through the origin, and making an angle' with the 
axis of x^ whose tangent is rn. 


19. An equation of the form y = + 7waj will denote a line 
OP, situated in the angles YOX^ Y'OX\ For it appears, 
from the equation y = + that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
.Points, therefore, represented by this equation must have their 
coordinates either both positive or both negative, and such 
points we saw (Art. 3) lie only in the angles YOX^ Y*QX\ 
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Qtt the eonfrary^ in tkfiet *t0 

If « ^^e positive y must be ue^ative^ 

must be positive. Points, therefore, 

will have their coordinates of d%ff$rmt sign^j^ ittne 

represented by the equation, mast^ therefore 
angles T'OX, YOX\ 


•20. Let us now examine how to represent a right BueP<|,\ 
situated in any manner Y 

with regard to the axes. 

Draw OH through 
the origin parallel to PQ, 
and let the ordinate jPJf 
meet OH in H. Now it 
is plain (as in Art. 18), 
that the ratio HJH: OM 
will be always constant 
[HM always equal, sup¬ 
pose, to m.OM)\ but the ordinate PM diifers from BM by 
the constant length PH^OQ^ which we shall call b. Hence 
we may write down the equation 

PM^HM^^PH, or Pif=m.01f+PjS, 
that is y SB nix + 5 . 

The equation, therefore, y = mx + 5, being satisfied by every 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OP, parallel to the right line PQ^ lies in 
the angle YOX^ or Y'OX. And, again, b will be positive 
or negative according as the point Q, in which the line meets 
OY^ lies above or below the origin. 

Conversely, the equation yss?wa? + S will always denote a 
right line; for the equation can be put into the form 



X 


— m. 


Now, since if we draw the line QT parallel to OJf, TM will 
be ^bj and PT therefore ^y^by the question becomes; **To 
find the locus of a point, such that, if we draw PT parallel 
to or* to meet the fixed line QT^ PT may be to QT in a 
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coiiBtBQt rflitband tbia locus evldeutlj is the riglit line FQ 
passing tbroogn Q, 

The moUt general equation of the first degree, 
can obvioudy bo reduced to the form y=‘mx + h^ since it is 
equivalent to 

A 0 

tbis equation therefore always represents a right line* 


21* From the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented by the equation 
y=^mx-Vh make an angle =a with the axis of and 
with the axis of y, then (Art. 18) ‘ 

sin a 


and if the axes be rectangular, 9n~tana. 

We saw (Art. 20) that b is the intercept which the line cuts 
off on the axis of y. 

If the equation be given in the general form (7=0, 

wc can reduce it, as in the hist Article, to the form y^ 7 nx + b^ 
and we find that 


A _ sinfit 
B ““ hfn/J ^ 


C 

or if the axes be rectangular =tana; and that — ~ is'the 


length of the intercept made by the line on the axis of y* 


Cor. The lines y = mx + 6, ^ * rnlx + V will be parallel to 
each other if m^m\ since then they will both make the same 
angle with the axis. Similarly the linos -da?+jPy + (7= 0, 
A'x + B'y 4- C' = 0, will be parallel if 

^ A _A' 


Beside the forms Ax 4 By + 0=0 and y = mx + there 
are two other forms in which the equation of a right line 
is frequently usedj these we'next proceed to lay before the 
reader. 
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J 

j jTb eo^reaa egmtton of a 

OM^ <*^ ON^b which M ihc ^ 

can derive this from the form already cOnsi^^ft 

j4 'B 

^oj + By H-0**0, 


This equation must be sa 
point on MN^ and there¬ 
fore by those of iV, which 
(see Art 2) are ojtao, 
ysQ. Hence ive have 

^a+l=0, g,---. ^ 

In like manner, since 
the equation is satisfied 
by the coordinates of 
(fic=sO, y = i)j wo ha\o 

B 1 

o"" y 

Bubstituting which values in 


isfied by the ipdrdinates of ^^pery 



,2 + f=i. 

a o 


This equation bolds whether the axes bo oblique or rect¬ 
angular. 

It is plain that the position of the line will vaiy with the 
signs of the quantities a and I For example, the equation 

2 + ^ s=l, which cuts oflF positive intercepts on both axes, re- 
a o 

IR U 

presents the line MN on the preceding figure; - -1 = 1, cutting 

off a positive intercept on the axis of a?, and a negative in¬ 
tercept on the axis of y, represent's MN\ 

Slmtlariy, ^ f * ^ rcpiesents NM' ; 


and 




a 


±a I represents M'N*, 


By dividing by tbe constant term, any equation of the first 
degree oan evi^utly be reduced to jSOme one of these four form$« 



SICIW IB 

^0 foUomfig liMiy and find the internet* 

3a? + 4^ + Ost<^5 
Q4;4*j^s6; Borer 20 

Of a tnatigle being tallKn foi axe^, form tbe equation of tbo line 

joiidi^lriib folnta ^Jbioh out off the part of each, and sht'Wi by Art 21, that it 

iAjfiwilathdXim. '' m V I 

Jins ? + ?si. 



4P A 

2 S. SV express the equation of a right line in terms of the 
length' <f the perpendicular on it font the origin^ and of the 
angU$ which this perpendicular makes with the axes^ 

Lot ihe Idngtfa of the perpendicular OP^p^ the angle POM 



But 2 ss cosa, ~ = cos/8; therefore the equation of the line is 

^ a? cosa+y cos/J 

In rectangular coordinates, vvhich we shall generally use^ *fe 
Lave /S = 90“ — a; and the equation becomes a; cosa + y sinassp. 
This equation will include the four cases of Art. 22, if we 
suppose that a may take any value from 0 to 360®. Thus, for 
the position a is between 90® and 180®, and the coefficient 
of X is negative. For the position AI'N\ a is between 180® and 
270®, and has both sine and cosine negative. For Jkf^\ a is 
between 270® and 3G0®, and has a negative sine and positive 
cosine. In the last two cases, howevei*, it is more convenient 
to write the formula a? cosa + y sinaM—p, and consider a to 
denote the angle, ranging between 0 and 180®, made with the 
positive direction of the axis of ar, by the,^ perpendicular pro¬ 
duced* In using, then, the foimula a? cosa^y sinasp, we 
stappDBo p to be capable of a double sign, and a tp denote the 
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aogle^ not exceeding ISO"*, made with the axis of x ^Uhcr by 
the perpendicular or its production. 

The general form Ax -i- + (7 = 0, can easily be reduced 
to the form a? cos a 4 y sin a ; for, dividing it by + jB*), 

we have 

^ 5 . 0 

V(^*+£’)“■*■ v(- 4 ’+^ v(A IP) “ 

But we may take 

a/(A* +JS') VC^TJ®) 

since the sura of squares of these two quantities 1. 

lienee we learn that tA x *are re- 

V(^ 4^) V(-4*4J5*) 

spectively the cosine and sine of the angle which the per¬ 
pendicular from the origin on the line [Ax 4 jBy 4 (7 = 0) makes 

Q 

with the axis of a*, and that length of this 

perpendicular. 


*24, To reduce the equation Ax-^By-\‘ 0=0 [rPj erred to 
oblique coordinates) to the form x cosa4y C03)8=^. 

Let us suppose that the given equation when multiplied 
by a certain factor JZ is reduced to the required form, then 
JZ^ = co 80 (, BB = gosI3, But it can easily be proved that, if a 
and fi be any two angles whose sum is o>, we shall have 

cos*a 4 cos*/8 — 2 cos a cos/S cos a> = sin'* oi. 

Hence JR“ [A* 4 B'^ — 2AB cos ©) = sin^o), 

and the equation reduced to the required form is 
^ sin 6) ^ B sin a> 

V(3*+S'- 2A2r^Bli) ® V(A^TB“^2AS cos ^ 

0 sin 01 _ ^ 

And we learn that 

Asin<n Bsinai 

V(A*4J5“-2ABcosfl>)’ V(A*+JS“-2 AjBcosw)’ ' 

- - --- -- ■ ■. ■ ■ 

* ArtiolM and Qha^ers marked vith an may be omitted on a first icadinj^ 


THE BI6UT LISE. 


21 

are the cosines of the angles that the perpendicular 

Ironi the origin on the line -4aj-t-jBy + (7=0 makes with the 

axes of fl> and y; and that tt-;,*—« -r ‘s the length 

of this perpendicular. This length may bo also easily cal* 
culated by dividlijg the double area of the triangle NOM^ 
{ON,OM fmtei) by the length of MN^ expressions lor which 
arS easily found. 

The square root in the denominators is, of course, susceptible 
of a double sign, since the equation niiy be ieduced to either 
of the forms * 

a? cos a + y cos ^ — 'p = 0, a? cos (a -p 180'’) f y cos (/8 + 180°) + ^ = 0. 


26. To find the angle hetwmi two lin s lohose equations with 
regard to rectangular axe^ are qinn. 

The angle between the lines is manifestly equal to the angle 
between thq perpendiculars on the lines fiom the origin; if 
therefore these perpendiculars make with the axis of x the 
angles a, a, we have (Ait. 23) 

“ 7( ; sin a = ^ ^; 

“ Vp+"i? 0' “ Vp ^ + B^) 


Hence 


Bin (a a') - + B) B‘) ’ 

, _ AA' + BB'_ 

cos (x)~^ 


and therefore 


tan (a — a') = 


BA - AB 
A A + BB 


Con. 1. The two lines are parallel to each other when 
/BA-'AB^^ (Art 21), 
since then the angle between them vanishes. 

Con. 2. The two lines are perpendicular to each other when 
AA^BB since then the tangent of the angle between 
them beeomes infinite. ^ 
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\t tlbo equations of the Hues had been glren in the^lil 

y = mxi + 5j ^ =® ; 

_ 

since the angle betw^eon the lines is the difference of angles 
they make with the axis of a;, and since (Art. 21) the t^hg^nts 
» of those angles are m and w', it follows that the tangent of the 

fit fit ^ 

required angle is ,; that the lines are parallel i£m=^rn! ] 

and perpendicular to each otlier if + 1=0. 


^26. To find the anjle between tioy line^^the coordinates being 
oblique. 

W''e proceed as in the last *artide, using the expressions of 
Art. 24, 

_ ^ sin 0 ) 

, _ A! sin 0 ) 

consequently, * 

. _ jB — -d cos» 

* ~ VpFf > ^>iAB coV^ ’ 

. , _ A' cos CO 

““ “ “ VR'T coi ®) * 

II once 

. . [BA! — d B) sin m 

sm ta - a} - ^prjTgn^i? cos 6))‘V(^1"' +”B '-HAB'coBm) ’ 

> » _ BB' + A A' — (A/I' -h A B) cos ro 

cos - a j - cos':^(JI'^ + ii" - ^'B’IST^) » 

„ (BA'- A B') Bin 

{T tan (a a)-^ ^. 

Cor. 1. The lines are pxrallol if BA' = AH'. 

Cor* 2. The lines are perpendicular to each other if 
AA' + BB'^ [AB' + BS) cos (». 

27. A right line can he found to satisfy any two conditions* 
Bach of the forms that we have given of the general equa^ 
tion of a right line includes tWo constants. Thus the forma 
^ SB mo; + a; 003 a+^ Bin u »jp, involve the constants m and; 

P and a. The^ <$hly form which appears to contain more con<^ 
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% 

-(•> but in this case wc are concerued not 

magnitudes, but only with the mutual ratios 
4, J9, ft For if we multiply or divide tho 
equation by any constant it will still represent the same line: 
w© may divide therefore by (7, when the equation will only 



contain the two constants ^ 


Choosing, then, any of these 


foams, such as y »mx + to represent a lino in general, we 
may c("nslder m and 6 as two unknown quantities to be deter¬ 
mined. And when any two conditions are given wc are able 
to find the values of m and i, corresponding to the particular 
line which satisfies these conditions. This is sufficiently illus¬ 
trated by the examples in Arts. 28, 29, 82, 83, 


28. To Jtivl iliP of a rUjlit Hoe parallel to a given 

?///, oufi 2 ^^f theowjh a given point xg. 

Jf the line + b be parallel to a given one, the con¬ 

stant m is li^iowii (Cor., Art. 21). And if it pass through a 
fixed point, the equation, being true for ev* rg point on tho line, 
is true for the point xg\ and therefore v\ e have y' = mx + 
which determines b. The required equation then is 

g ~ mx + 2/ “ y ■“ y = 

If in this equation we consider m as indeterminate, wo 
Jiave the general equation of a right line passing through tlio 
point x'y\ 

29. To find the equation of a right line passing through two 
fixed points xy\ oc'y\ 

Wc found, in tho last article, that the general equation of 
a right line passing through xy* is one which may be written 
in the' form 


where m is indeterminate. But since tlic line must also pass 
through the point'aj'Y', this equation mu*»t bo satisfied when 
the coordinates y", arc substituted for x and y ; hence 

y"-y' 
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tSubstitatlug tbis valae of tbe equation of the line becomes 

x — tS a?" — 0 ?' * 

In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is' some¬ 
times moro convenient, 

[li - y") ^ - (®' - a?") y + x*y'* - y V'« 0. 

The equation may also be written in the form 
{x-x')(y- y") = [{e- x") (y - ij'). 

For this is the equation of a right line, since the terms xy^ 
which appear on both sides, destroy each other; and it is 
satisfied cither by making x==x\ y — y'j or x= x"f y — y”. 
Expanding it, we find the same result as before. 

Cor. The equation of the line joining the point x*y* to ike 
origin is yx = a?'y. 


Ex. 1. Eoim the equations of the sides of a tiinngle, the coordinates of whose 
veiticesarc (2, 1), (3, — 2), (— 4, — 1). Ana» a; + 7^+ll — 0, 3^ — a! = l, 3jj + y=7, 

Ex. 2. Eoim the equations of the Bide*^ of tho tiianf^le formed by ( 2 , 3), (4, 5)^ 

(- 3, — 0 ). Am, a; — 7y = 39, 9 aj — 6 ^ = 3, 4® + y = 11 , 

Ex. 8 . Form the equation of tlie line joining tlie points 

, , - mt' + wt" mi/+ nil'* 

xy and-, ^ ^ . 

^ m + It m + n 

Ana, (y' — y") x- (x*- a") y + ay' - y'a" = O'. 


Ex. 4. Form the equation of the line joining 

x" + X 


a?'y' and 


* 2 


Ans. (y" + y'" — 2y') x - {x^' + a"' — 2a') y + x'Y — y'V + »"y - y"V = 0. 

Ex 5. Form the equations of the bisectors of the sides of tho triangle described 
in Ex. 2 . Ans, 17x — 3y = 25, 7.c + 9y + 17 = 0, 6 j; — 6 y =: 21, 


Ex. 6. Form the equation of the line joining 

fa* — wa" y —jny" fa' — ftg'" Y — » ty'" 

I* I -m l^n * I —n 

Ans. XI I(jn — n) y'+ w (n—Z) y"+ w (Z—w?) y'"}—y {/(wi- «) a*'+ (» - Z) a"+ «(f- «)a» 

= im (y'j?" - a'y") + mn (y"j5'" - a;"y"') + nl (y"'a-' - y'.i?'"). 

30. To find the condition that three points shall lie on one 
right line. 

We found (In Art. 29) the equation of the line joining twa 
of them, and we have only to see if the coordinates of the 
third will satisfy this equation. The condition, therefore, is 

(y. - y.)- (®i - *.) y, + Ky. - - o» 
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vrbtdl qAi Im put Into tbo inore symmetrical form 

‘ - 

’ (». - *»)+y> K - *i)+y. (*t - ®») “ <>• 

To^d Oie coordinates of the point of intersection of two 
right lines whose equations are given. 

Eadi equation expresses a relation which must be satisfied by 
tho coordinates of the point required; we find its coordinates, 
thcl^efore, by solving for the two unknown quantities a? and y, 
from the two given equations. 

We said (Art. 14) that the position of a point was deter¬ 
mined, being given two equations between its coordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci rept'cscnted by the equations. Even the simplest 
equations to represeqj: a point, viz. ^ = ^9 ^<*0 the equa¬ 

tions of two parallels to the axes of coordinates, the intersection 
of wikeh is the required point. When tho equations aro both 
of the first degree they denote but one point; for each equation 
represents a right line, and two right lines can only intersect in 
one point. In the more general case, the loci represented by 
the equations aro curves of higher dimensions, which will inter- . 
sect each other in more points than one. 

"Ex. 1 . To find the coordinator of the vertices of the triangle tho equations of 
whose sides arc a;+y=;2; x — \ 3aj-| 5y + 7=-0. 

(- i\, - (y, - y), (5, - f). 

Ex. 2. To fin 1 the coordinates of tho intersections of 

Sj; + y — 2 = 0 j a; + = 6; 2a; — .‘•y H 7 = 0. 

Am. (^, V), V). 

Ex. 3, Etnd the cooidinatcs of the intersections of 

2j; + 3y = 13; 6a; — y = 7 j a; — + 10 st 0. 

Ana. They meet in the point (2, 3). 

Ex. 4. Find the coordinates of the vqrtlces, and the equations of the diagonals^ 
of the quadrilateral the equations of whose sides ara 

2y — Sji* = 10, 2y + a* = 6, lOx — lOy = 33, 12a; + XAy + 21) = 0. 

Ana. (— 1, J), (3, ]), — ^), (—3, i) 3 Oy — a; = 6 , 8 . 1 ; + 2y + I = 0, 


• In using this and other similar formulse, which we shall .afterwards have occasion 
to employ, the learner must be caicful to take the cooidinales 
in a fixed order (see engraving). For instance, in the second member 
of the formula just given, takes the place ot y,, of ar^, and a»| 
of Xjf Then, in the tliird member, we advance fiom y.^ to y^, from 
iT, to and fiom to acj, always proceeding in the order just 
indicated. 
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^ ^ J (t tlj« inter<;o6l^B ol op{»69Ltb sjidd? 

1lK]ya»^aii <i2 loinine them. AHs* (- V» 

* Jbu 6,1 FlAd the diugonah of the paralbl^grem fomied 
^ a? = 0. -» = tf', y as y is 

.<4w 5. (& - ^0 «-(<*- «7 y = - a3', (A 

* E't 7. The axes of cooidmates being the base of a tHat^gle uiA 
the ba'ic, foim the equations of the two biscptorS of side8» god fM 
of tiicii mtcisectiun. I.et the cooidmates of the yertex be 0, y', thos^ idTihe b6se 

wglcx', 0, and-^-.O, 8:.'y-»'»-®'^ = 0. S*-, + y'»_o0 j,(o, . 

^ Ex 8. Two opposite sides of a quadiilatcial aie taken for sssst 0114 ttte o 
two are ^ 

£ 4 y-1 y -1. 

find the coordinates of the middle pomts of diagonals 4w, 

Kx 0 In the same case find the coordinates of tlie middle point of the dine 
joining the mtei sections of oppobitc sides. ^ 

- a'b a — ab' a' a'h b' — ab\ h ^ t x lu h. 

oh' * — Q* ' h ' ^ah '—^ *ih0W6 (Art 7) 

that this point diMdes externally, in the ratio a^b nb\ the hue joining the two middle 
pomts (a, b*), {a\ b), # 

32. To find the cqxiation to rectangular axes of a right Hue 
passing through a given pointy and perpendicular to a givetl line^ 
^ « mx + h. 

The condition that two lines should be perpendicular^ berug 
inni I (Art. 25), we have at once for the equation of tlw? 
icqniied peipendicular 

It is’easy, from the above, to see that the equation of the per¬ 
pendicular from the point ody' on the line -t- C?s«0 ia 

that is to say, voe interchange the coefficients of x and y, and alter^ 
the sign of one of them. 

Ex 1. To find the equations of the perpendiculars fiom each yertex oik tlio 
Opposite Bide of the tjiangle (2,1), (3. — 2), (— 4, — J), 

The equatiOuB of the sides aic (Art. 29, Ex 1) 

ar + 7y + U = 0, 3y — « 1, 3a; + y =;; 7 1 

and the equations of the pcipendioulats 

7® — y sf 1.84 8 ® 4* y ^ 7, 8 y •*- w 3 = L 
triangle ib consequently nght-angled. 

Ex% 2* To and the Equations of the peipendiculats at the 
^do of the same tiioaiglo. Tlie ooprdinateB of the middle 




EKtB. 


ft 



w - 

intewtioting itt (-— jji 

oquatioiui dl ^ha pcrpe&^iculats from tho rmrticeb of the 


^ (^ Art 29, T&i 2) 

17» to 4t 9^ 4* 25 a Of a; - 4^ sr 21, loterboiting m 

of tho pcri)en(iic€ilaia at fho middle points of the sides 

of ^ ^ 

to 4^ 4-16=: 0, a9-4y=:7, mteriectiiig m fj). 


/* ^ T& find m gerveicd tlto equations of the perpondiculiis fiom the vertioes oti 
titid opposite Bides of a tijan^le, the cooidinates of uho&e >citices are given. 

' jfiitfi ' +yy')-(^V' +yy' )=0^ 

(a/" r- a/ ) a? + (y"' —y' ) y + (e' + y V ) — + y'V') =: 0, 

(af -»'')aj+(y' -•y'')y + (of V'+y'y )-(»"•»'+yV) ~0. 


SjS» 6, jt the eqQaUoDs of the perpendicul^ at the middle points of the sides. 

2ltis. (a/* .-»♦'*) a,+ (y« -y Oy^iCa?''* ) + J (y"* -y'"®), 

" («/"-«' )« + (y'"-y' )y = 4('»' *-o'* ) + i (V-p'* ). 

^ (a/ -«")*+(y' -y'')y = 4(®'*-»"*)+4 (y^ -y"M. 

^ Use S^akxtig for axe<) the base of a tii'ingle and the perpeudiculai on it from 
the verte}E> ibnd the equations of the other two perpendiculars, and the coordinates 
of tbit Intersection The cooidinates of the vcilex arc now (0, y), and of the 
base angles ^a", C^, (- a;'0) 


An$ of** (a* - w") + y'y = 0, a" (« + aj''^ - y'y =■ 0, To, -pr-J 

■ \ ^ r 


6 XTsing the «ame axes dud tlic equations of the perpendiculars at the midiUe 
jpcintsof si9^S and the coordinates of then intcibettion 

—^2—* ' —2"^—}• 


9 rbrratheeqiiationofthepeipendiculirfromaj'y on tliolme»coso+y8ino=p j 
and find the cOoxdin ites of the mteisection of this peipcndieuUi with Iho &i\en line. 

Ana + oosa \p - x' coso — y' Bm«), y' + am a (p — x' eoaa — y* sina)}. 

f 

Tlx 10. Find the distance between the lattei point and x'y' ^ 

Ana ± (^ — a^ cosa — y' sino). 


S3, To find the equation of a line passing through a given 
point and making a given angle with a given line y = mx + b 
{the accdd 0 / coordinates being rectangular)^ 

Let the equation, of the icquircd line bo 




and the formula of Art. 25, 

tan^ 


1 + mni *' 


elr^t^ to determine 


^ V. 



l + m taa^' 
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84. To find the length of the perpendicular from any j^int 
oiy* on the line whose equation is x cosoc + y cod)3 ^p ^ 0* 

We have already indicated (Ex, 9 and 10, Art 82} one way 
of solving this question, and 
we wish now to shew how the 
same result may be obtained 
geometrically. From the given 
point Q draw QB parallel to 
the given line, and Q8 perpen¬ 
dicular. Then OK^x\ and 
OT will be =3 x' cosa. Again} 
since and QK=y\ 

BT= QS=^f cos^; 

hence x* cosa + cos8 = OB. 

Subtract OP, the perpendicular from the origin, and 

X* cos a + y cos8 —p = PB = the perpendicular Q V. 

c 

But if in the figure the point Q had been taken on the side 
of the line next the origin, OB would have been less than OP, 
and we should have obtained for the perpendicular the expression 
^ — a?' cos a — y cos 8 5 and we see that the perpendicular changes 
sign as we pass from one side of the line tp the other. If we 
were only concerned with one perpendicular, we should only 
look to its absolute magnitude, and It would bo unmeaning to 
prefix any sign. But if wo were comparing the perpendiculars 
from two points, such as Q and 8^ it is evident (Ait. 6) that the 
distances QF, 8V^ being measured in opposite directions, must 
be taken with opposite signs. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±(p —cos a - y cos/S), If we choose that form In which the 
absolute term is positive, this is equivalent to saying that the 
perpendiculars which fall on the side of the line next the origin 
are to be regarded as positive, and those on the other side as 
negative; and vice versd if we choose the other form. 

If the equation of the line had been given in the form 
Aar + + 0=0, we have only (Art. 21) to reduce it to the 

form 

af cos a + y cos 8 —^=0, 
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Had the length ot the perpendicular from any point x'y' 

Ax' + -Z?y + C {Ax' + By' + (7) sin ® 

“ 'V(^‘ + ^') ’ " V(:4‘+l5“-'2;ji?coa«) ’ 

accoi^iQg as tfae axes are rectangular or oblique. By comparing 
the expression for the perpendicular from with that for the 
perpcadicular from the origin, we see that lies on the same 
side of the line as the origin when Ax + + C has the same 

sign as (7, and vice versd. 

The condition that any point x?/ should be on the right line 
Ax 4- +(7=0, is, of course, that the coordinates x'^' should 

satisfy the given equatioi., or 

• (7=0. 

And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point xij on the given line is = 0, 

Ex. 1. Find the length of the perp'^ndiciiLir from the origin on the lino 
* + Ay 4* 20 — 0| 

the axes being rectangular. Ans, 4. 


Ex. 2. Find the length of thepcTi^endicular from the point (2, 8) on 2a- + y ~ 4 — 0. 

3 

Ans. jz f and bhe given point is on the side remote from the origin. 
40 


Ex. 3. Find the lengths of the perpendiculars from each vertex on the opposite 
side of the triangle (2, 1), (3, - 2), (-4, — 1). 

Ans. 2 2 .J(IO), and the oiigin is within the tiinnglc. 

Ex. 4. Find the length of the peipendicuLir from (8, — 4) on 4x + 2i/ = 7, the 
angle betwe^ the axes being 60^. 

Ans. , and the point is on the side next the origin. 


Ex. 5, Find the length of the pcrijendicular fioni the oiigm on 

a (a — a) A-6 (y — If) — 0. Ans. ,/(«* + 


35. To find the equation of a line bisecting the angle between 
two lines^ a? cos a + ^ sin a —^ = 0, aj cos /3 + y sin /S -^ = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
iu^m^dlately gives us the equation 

X cosa+y sina-^ = ± (a? cos/8 + y sin^-/?'), 

since 6acb side of this equation denotes the length of one of 
those pcrpendicttlai*s (Art. 34). 
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* If the eqeation^ had been given ie the farm 

+ (7^«:0, the equ«ition of a Waeotor tvon)^ J^d 

Ax + j9y -f 0 Alx 4 J^y 4 0*^ 

VP^+IfT ""*”7(3^^ 

It is evident from the double sign that there are two^h^sectons! 
one such that the perpendlcular'^ on 'what we agree to eoifel^er 
the positive side of one line is equal to the perpeixdieulal^ j^n 
the negative side of the other; the other such that the equal 
perpendiculars arc cither both positive or both negative. 

If we choose that sign which a\I 11 make the twO constant 
terms of the same sign, it follows, from Art. 84, that we shall 
have the bisector of that angle in which the origin lies*; and if“ 
wc give the constant terms opposite signs, we shall have the 
equation of the bisector of the bupplemental angle. 

Ex 1. Hednce the equations of the bibectois of the angles between two lines to 
the foim X cos a f- y siii a = 2 ) 

Ana -c cos (i (o + ^) + 90“} + y sin {* (a + ^ + 90“} = i 

« cos J C« + ^) wni (« + ft = 27^ • 


Ex 2 Find the cqu ilions of the bi^cctoi^ of the angles between 
3® -1- — 9 = 0, 12a; + 6y — 3 — 0 

AnSa 7a; — 9y + 81 =s 0, 9 j? 4* » 12. 

4 

36. To find the area of the b'iangle formed hy three pointa. 

If we multiply the length of the line joining two of the 
points, by the perpendicular on that lino fiom the third point, 
wc shall have double the area. Now the length of the perpen¬ 
dicular from xy^ on the line joining the axes being 

rectangular, is (Arts. 29, 34) 

Bi^d the denominator of this fraction is the length of the Hne 
joining aj,y„ ai^,, hence 

Vx - ®s )+Vt K *■ ®,) + Vz (®i - «t) 

^ represents double the area fonned by the three pointSe 

If the axes be ol^ique, it will be found, on repe^^g fhe 
'Investigation with the ibrmuUs for oblique axasi tue" only 
change that will occur is that the oxf^'ession Just Iptrext Is 
multiplied by sin o)* Strictly speaking) wn 
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^^resBiona iiouble sigti implicitly mvotred in the 
in finding them. If we are conoeJrned with 
a look only to its absolnte magnitude without 

r^^axd l:o\But if, fbr example, mo aic comparing two 
triaii^e^ wh 9 e^e rertices cc^g, are on opposite sides of the 
]ih|^|oiiuhS,the base angles osj/^^ we must give their areas 
different aigns} and the quadrilateral space included by tbo four 
points Is t|te Sum instead of the difference of the two triangles. 

Con. 1« Double the area of the triangle formed by the lines 
^nlng th* points to the origin is as appears 

making a?,« 0, y^ = O, ip the preceding formula. 

** Oqb.* 2. The condition that three points should be on one 

right line, when intei*pretcd geometrically, asserts that the area 
of the triangle formed by the three points becomes =* 0 (Art. 30)* 


37. To eoi^ress the area of a polygon in terms of the co*^ 
ordinates of its angular points. 

Take any^int xy withia the polygon, and connect it with 
al( the vertices aj^y^, then evidently the area of the 

polygon is the sum of the aicas of all the triangles into which 
tbe^gnre is thus divided. But by the last Article double these 
areas are respectively 


«(y, 



-®4y.f 

»4(y» 



-•r.y.i 


-v?-v k 


- •»4y» 

®(y^. 

-yj-i'k-i 



«{y. 

1 

55^ 

1 

- ®i) + 

- 


When we add tlicsq together, the parts which multiply x and y 
vfM^ish, as they evidently ought to do, since the value of the total 
isreai&inst be independent of the manner in wliitli we divide it 
into triangles; and we have for double the area 


otIieiHtrise M^ritten, 


I *. 4. 
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E^e. L FM the area of tlie triangle (2, 1), (3, — 2), (~ 4, — 1), An». 10. 

% Find the area of the tiiangle (2, 3), (4, — 6), (— 3, — 6). Ahs. 29. 

Ex: 8. Find the ai'ea of the quadrilateral (1, 1), (2, 3), (3, 3), (4,1). Ans, 4. 


38, To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

(7=0, + (7' = 0, 5^+C"=0. 

If they intersect, the coordinates of the intersection of two*of 
them must satisfy the third equation. But the coordinates of 

the intersection of the first two are ’ AB ~ A JB ' 


Substituting in the third, we get, for the required condition, 
A' {BG' --B'G) + B" (CA - GA) + (7" (AB' - AB) = 0, 
which may be also written in cither of the forms . 

A IB (7" - B' C)-\-B[ GA" - G"Ay + G (AB' - A'B') = 0, 
A (B G" - B"G') + A' (B" C- 50") + [BG' - 5' O) = 0. 


*39. To find the area of the triangle formed by the three lines 

Ax + By +(> = 0, Ax-\-By-]rG=‘0^ A'xB'yG" =• 0. 

By solving for x and y from each pair of equations in turn 
we obtain the coordinates of the vertices, and substituting 
them in the formula of Art. 36 we obtain for the double area 
the expression 

BG' - BG (AC"’- G'A" A'G--G"A] 

AB' - BA [BA" - AB'' BA - A'b\ 

BC'-B'C' fA'G’- G"A AG' - GA) 

A'B" - B A'' IB"A-A"B BA - Ar] 
B’C-BC" [AG'-CA A'C"-G'A"\ 

A'B-B'A t BA - AB BA'^- AB' J * 

But if wo reduce to a common denominator, and observe that 
the numerator of the fraction between the first brackets is 
\A" (BG' ^B'G) +A (B G" - B' G') A (B"C- G"B)] 

multiplied by A'^ and that the numerators of the fractions 
between the second and third brackets are the same quantity 
multiplied respectively by A and A^ we get for the double area 
the expression 

{A (B'C" - B'G') + A (B'G- BG") + A" (BG' 5'(7)1* 
(AW- BA) (AB" - BA") [A'B-B"!) ' * 
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If tlie three lines meet in a point, this expresamn for the 
area vanishes (Art, 38); if any two of them are parallel, it 
becomes infinite (Art. 25}. 

40. Cfiven the equations of two right Unes^ to find the equation 
of a third through their point of intersection. 

The method'of solving this question, which will first occur 
to ^he reader, is to obtain the coordinates of the point of inter¬ 
section by Art 31, and then to substitute these values for x*y* in 
the equation of Art. 28, viz., ^ — y' = w (a? — a?'). The question, 
however, admits of an easier solution by the help of the following 
important principle: /S — 0, 5'= 0, the equations of any two 

focij theA the locus represented hy the equation S -I- 7c8' = 0 {where 
h is any constant) passes through euery point co^nmon to the two 
given locL For it is plain that any coordinates which satisfy 
the equation 5=0, and also satisfy the equation 5' = 0, must 
likewise satisfy the equation S f7j5 = 0. 

Thus, thci], the equation * 

{Ax-\^ng^C)^-7c{Ax^n^g^ C) = 0, 

wlilch is obviously the equation of a right Hue, denotes one 
pa^ng through the intersection of the right lines 

Ax Bg-h 0=0, A'x + By + C' = 0, 

for if the coordinates of the point common to them both be sub¬ 
stituted in the equation (Ax 4- By + G) + h: (A'x + B'y f O') = 0, 
ihcy will satisfy it, siuco they make each member of the 
equation separately — 0. 

Ej(. 1. To find the equation of the line joining to the origin the intersection of 
A.v-hB^+C=0, A'x + jR'i/+O' = 0, 

Multiply the lii*8t hy C", tfif second by C, and subtract, and the equation of the 
required line is (AC* — A*C) x + (J3C — CB‘) y = 0; for it passes thro’.igli the orif/in 
(Art. 18), and by the present article it passes through the Intersection of the given lines. 

Ex. 2. To find the equation 6f the line drawn through the intersection of the same 
lines, x>arallel to the axis of Ans. (BA' — AB') y CA* ~ AC — 0. 

Ex. 3. To find the equation of the line joining tlie intei’secf lon of the same lines 
to the point apy. Writing down by this article the general equation of a lino through 
the intersection of the given lines, we determine h from, the consideration that must 
be satisfied by the coofUinates and find for the requireii equation 

(Ax.+ By + C) (A'x* + By + C") = (Ax' + By' +■ C) (A'x + B'y + C), 

Ex. 4. Find the equation of the line joining the point (2, 3) to the intersection of 
2x + 3y + 1 = 0, 3ap — 4y s; 5. 
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41« The priaclple established In the last article giv^es us a 
test {at three lioes Intersecting in the seme point, ofthn more 
cCnyenient in practice than that given In Art 38, 

; Urns will pas^ through the same point if their e^uaiikme being 
rmultiplied each by any constant quantity^ and add^ bbgether^ the 
sum is identically »0; that is to say, if the following relation 
be true, no matter what cn and y are: 

? (Aa? + % + 0) + m (A'cr + B^y + O') + n + B’*y + tT) =t 0. 

For then those values of the coordinates which make the first 
two members severally = 0 must also make the third0. 

Ex 1 The three bisectoi's of the sidos of a triangle meet ui a point. Their 
equations aie (Art 29, Ex 4) ** 

{]/' + r " — 2/ ) a: - (a?'-' + -t" — 2 jj' ) y + (arV ~ y"*®') + {^***l/ = 0, 

+ y' - V) ^ - 2r") y + (a,'V “ V' + W' - yV' ) = 0, 

(y' +y''-2y )x-(j(s' + af" - 2* 0 r + UV - y'*®") + (•« V "/ V') s? 0. 
And Since the three equations when added together vanish identicaUy^ hnee 
represented by them meet m a point Its cooidinatcs ore found, by solvihg between 

any two, to be i (i' + + y ), i (y' + y' + y } 

^ » 

^ Ex 2 Prove the same thing, taking for axes two sides of the triangle whoso 

lengths are a and 4 , ^ + » 1 = 0 , ^ + ?-g* 0 . 

ad * a d ^ a a 

'^Ex S. The tliree pcrpendiculiis of a tiianglc, and the Uitee perpeiulicalm at 
middle points of sides icspcctively meet m a point Por the equatmus of jRh. 5 
and 6, Art. 32, when added together, v inish identically. 

Ex 4 The thiee bisectois of the angles of a tiiangle meat in a poinA- For tlieur 
equations are 

(a: costt + y fein AT—jp ) — (^ <-0«i/9 + y sm/3 s 0,, 

(x cos/3 K y sinjd — jt)') — (c tosy + y oin y —=: 0* 

(x cosy + ysiny-^') — (j?cosa + y )^e* 

To find the coordinates of the interseetiefn of ^ ike tine 
Joining ike points \ the right ttke -By + Oas 0* 

We give this example in order to illustrate a method ^wLIch 
we shall frequently have occasion to employ) of detei'mining the 
point in which the line joining two given points is met bjr a 
given locus. We know (Art. 7) that the ooordioates of any 
point on the lino joining the given points must be of the form 

^ i.'** 

vtv" 4 «»' my" 4 nu' 

as- 4 « =; 

m + n ’ ^ m + n * 

and we take as oitr unknown quantity ~ tuuneij^'in 



Bia&T U((E. 
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Hne joitung' tbe points is cut by the given Kochs; end 
^ vre detecbalne tUs onknewa <{nantUy from tbe conditiou, tbu 
tie QDOtdhtjM*^ jdat written sbatl satisfy the equation of tbe 
locus. Tltis, in tbe present example, we have 


^l£+'!J + j!»S+”!^+O-0i 

w-f-n wi+ n ' 


bcQCB 


w_ Ajo*B y'-it C ^ 

•+'0’ 


<md ooiiseq[U«nt1y the coovdlnates of tho required point are 

(Ax '-f By' ' C) x"^[A io" + Bif^‘C) X' 

• (Ax' + By + G) — [Ax" H- By' + G) ^ 


ivith e similar expression for y. This valao foi the latio m t n 
might also have been deduced geometrically fiom the considcia-^ 
tion that the ratio in 'ahich the line joining xy\ x"y" is cut, is 
equal to the ratio of the perpendiculais fiom these points upon 
the given liiic; but (Ait 34) these pcipendiculais aio 

% iief,ativo »gn in the pieceduig value arises from tho fact 
that, in the case of internal section to which the positive sign of 
mxn corresponds (Art 7), the peipendiculars fall on opposite 
sides of the given line, and must,, theicfoic, be undci^tood as 
having different signs (Ai t 31). 

If a right line cut the sidea of a Uianglc BC^ CA^ AB^ in 
the points LMN^ then 


Bh CM AN _ 
LC MA.NB 


Let the coordinates of the vertices be %'y\ x*'y**j z*'y"\ then 


BL Ax"^By"^C ^ 
XO *>'’■ A^" + By" + G 
CU _ .4®"' + %"'+(7 

S3 " Aa! + ify + C * 

Al^ ' Ax'-^-By’ + O 

Ajf^' + By"^ C’ 
Un41h« ttnth of the theo¬ 
rem h manifeab 


M 
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THE RIGHT LINE. 


*43* To find the ratio in which the line joining (too ^pointa 
is cut hy the line joining tv^o other points 
The equation of thia latter line is (Art. 29) 

(2^, - yj ®-(»••-“^ 4 ) y + “".yi - =0* 

Therefore, by the last article, 

OT ^ _ (y, - yj - (a;, - y, + - a-^y. ' 

« (y. - y«) »•, - (^, - '4^ y»+®.y4 - ‘»’4y» ‘ 

It is plain (by Art. 36) that this is the ratio of the two triangles 
whose vertices arc 0 - 3 ^ 3 , x^y^j ana xj/^j a?^^, as is also 
geometrically evident. 

If the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BG^ CA^ AB respectively^ in 
2 ), i] then 

BD.CE.AF 

/ 1>C 

Let the assumed point be and the vertices x^y^^ 
then 

BD ^ X, (? /, - ?/J + y, - .y,) + a;, f;/, - y,) 

JJ C X, {y, - yj + {y, - y,) + a-, (y, - ijy 

OE ^ -y,) + tc, (y 4 - y.H a-, (?/. - y,) 

MA », (y, - yj 4 a-j (y^ - y,) 4 !r« (y, - y*) ’ 

=f* ^-^4 - y») a ^4 - yt)+a'Jyi z 

*». (y* - y4 )+““h (y4 - y.) + -^4 (y. - y») ’ 

and the truth of the theorem Is evident. 


44. To find the polar eguation of a right line (see Art. 12). 
Suppose we take, as our fixed axis, OP the ^perpendicular on 


the given line, then let OB be 
any radius vector drawn from 
the pole to the given line 

Oi2 = p, ROP=0i 

but, plainly, 

OR COB0 s= OP^ 
hence the equation is 
p cos^s- ;?. 
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' If tljoHlixed aisis be OA making an angle a with the perpen¬ 
dicular^ then E OA » 0^ and the equation is 

p cos [6 - a) 

This equation may also be obtained by transforming the 

equation with regard to rectangular coordinates, 

$ 

X cosa + ^ sina=^. 

Bsctangular coordinates arc transformed to polar by writing 
for 07, p co&0y and for p sin 6 ^ (see Art. 12 ]; hence the equation 
becomes 

p {cobO cosa + sln^ sina) 
or, as we got before, p cob{0 — a) ==p. 

An equation of the form 

p {A COB0 + B sin 6)= G 

can be (as in Art. 23) reduced to the form p cos (5— a) by 
dividing by 4 B ^); we shall then have 

* A B G 

Ex. 1. Heducc lo rcctanguloi cooidinalcB iliO equation 

/o = 2a sec • 

Ex, 2. Find tlie polar coordinates of the intcibcction of the following line**, and 
aleo the angle bettveen them; p cos = 2flr, p cos ^0 - j = a, 

Ans, p = 2a, 0 = ^, angle f ~, 

Ex. 3. Find the p<dar cquntion of the line pasbing thiough the points whose 
polar cooidinaies aie jo', 0'; p", 0". 

Alls, p'p" fcin (O' - 6'*) + p"p bin (0" - 0) 4 />/>' bin (0 - 0') = 0. 
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CHAPTER TTI. 

- EXAMPLES ON THE TUGIIT LINE. 

* 45. Having in the Inst chapter laid down principles by 
which we are able to express algebraically the position of any 
point or right line, we proceed to give sonie further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until ho has acquiicd quickness 
and readiness in the u^e of thi& nK'thod. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of coordinates; since, by choosing for 
axes two of the most remaikablc lines on the figure, «everal of 
our expressions will often bo much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon¬ 
nected with the figure, the equations uill gain in symmetry 
moro than an equivalent for wliat they lose in simplicity. 
The reader may compare the two solutions of the same question, 
given Ex. 1 and 2, Art. 41, where, though the first solution 
is the longest, it ha? the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calenhition. 

Since expressions containing angles bceomc more complicated 
by the use of oblique coordinates, it will bo generally advisable 
to use rectangular axes in any question in which the considera¬ 
tion of angles is involved. 

4G. Zio/’/.—Analytical geometry adapts itself with peculiav^ 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
coordinates of the point whose locus wo sock, the 

etatoment of this relation in algebraical language gives us at 
once the equatic}t of the required locus. 



♦ ^ 
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1. 0:^^ base tu»d ^ifi^eix^oe a£ aquaies of tixdoe of a tiiaa^e, to dmi tho 
locos bi vcitok 

Let Ca ifltEoQ fcr antes the btae and a pcipcndicitlai through ite middle potnt. Let 
thebaselet tbt coonlmitc^ot tbt, \utes: 
be «9, ^ JJbfSn 

4^^*asy" + (r + a')®* 5C®=jy’ + (c -4?)*, 

^ < AC^-BC^^4ii, 

and the ^iiatsioa of the loc'ns is i^jc = The locus 
Is therefore a hue perpcnclicul u to the b^se it a dii- 


e 

tauco ftom the middle point It is i wy to sco 


that the difft'rcnceof sqiuics of iits of bii' di^ rtiico of b(][Uavre8 of svlos. 



M a B 


E:t 3 t lud locus of v( ite\, jnvcu 1)1-^ a 1 1 1 ot 1 t- »> cot U 
It Is tviUtUi, fiom the li^urL, tint 

iP < -1 » f - r 

,jt~ “ ’ 


c >t 1 


/ 


and the n (pin» \ equation is I j, 4- W( - j ) “■ ;^V the t pntion of a ngld Imp 

S\ H trjviibue snl um (f sii ^ f i imn h il th iciiKudnnlu Ik ] lo- 
durid I voul the vouex uiihl its wh >1 1 i pul to die if ihe mI s, to fml 
llii^ lociHef th cxtiiniily ot lilt iti[i i ''ki lii 

Tilv( thr t-mip -jnJ let ns injii t uhit i 1 lion i »■* h t\(ni 11 t n li 

lutes (1 file p Jut -ttlio p 1 ( I w 11 s 1 11 ^ 11 < i < f tin ] 1 1 i h is 1//f, 
Tindtue 1 y ifyijolhc-^s, U, *ij lit «b t vi i i i J k.uJ 

IP if j 

w 11 i I 11) /}( i/, \ i > \h 1/:, 


Ml ^ 1 I I / I 1 f , 

il Uii in J Mns ( j[ if 11 \\p L 

/ J It m f 

tliP tq lali > ol u, 1 tile 


Ij\ 4 (»iv Till hv I Im I nl <?/?, it ni} lir 
thdii pirnlld i tliiul lived line Of\ lo hud the lotim 
la cut m i n\uiintie», vi/ Pi n iB, 

Ltl tik.e tin Imea 04 OP foi n\c and 1 t th 
equation of Oi? bo v ~ wj" Then sim»c the pr nt h lith 
on (1 f 1 itt L liiK, if'i oiditjite w m times it*« aliM.!*"» or 
Ah \() J lliciefoic 7M — tnnO t, hut /' 1 ir I l 
aie the eoordinato^ oJ the point /», «} )«.e 1 u*, ^ tin lo 
fore a ritjht hue thiOUj^h the on m, h u uir foi its cfiudtion 

t/ ~ mil t 


Ui bo dnvvn to iiifti e t 
of llie pniit P wheit Iff 



♦ This IS i particular c^eof Ait 1, and 6 +a? is the dgcbi lu chflfereuef of tin 
abspispja of the pomts 1 and C (-hjo leraark^i at top ot p 1) Bk ^nn \ i often rcaaon 
that emee the line AB conbista of the parts /I)/ = - c, and UJ£ - r its length is 
— c4k£, and nottf+ a, and thereloie thit AG*^y-+(x ()" Hibi» beobesrvid 

thftt(gie Sign given to a line depen ^ not on the aide of the onpn on ahieh it Jus, 
but on the dueoton m which it is meabuisd ^ We go liom A to li Uy 11 io%*Ki»g 
w t&h pcsi^tye direction AAissCf and still fiirtbcr in the satno ditvctiun ,f/^ - j*, 
the»c%o tbe length Ali =£? + «, but wo may piococd from Jt B by hut ^owg 
in the negative direotioc if If js - if, and tlien m the opposite duceuon J/B ^ a. 
. hMe tiie lengtii 
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KXAJ!t>LEa ON THE KICUT IIXB, 

Ex. 5. PA drawn parallel to OC, as'before, meets^ any number lines in 

points Pf Ac,^ and PA is takci^ proporiional to the sum of all the ordmatea 

BAi B*Af &c., find the locus of P, ' 

Am, If the equations of the lines be 

y = mx^ y =. m'x + n\ y = m"x + n‘\ &c., 
the equation of the locus is 

ky =rmx + {tn!x + a') + {m!’x + n") + <fc<x 

Ex. 6. Given bases and sum of areas of any number of triangles having a common 
vertex, to find its locus. • 

Let the equations of the bases be 

X cosq + y sina —/) = 0 , x cos/3 + y sin/? — pi = 0 , Ac., 

and their lengths, a, c, Ac, ; and let the given snm = wt^; then, since (Art. 34) 
ajcosa + y buio— p denotes the perpendicular from the p<uiit xy on the first line, 
a (® cosa + y Bina—/>) will be douVjle the area of the first triangle, &c„ and the 
equation of the locus will be 

a (« cos a 4- y sin a —p) f ^ cos jff+y sin^ - Pi) +c (x cos y + y sin y — p..) + Ac. = 
which, sin^ it contain^ x and y only in the first degree, will leprcseiit a right line. 


Ex. 7. Given vertical angle and sum of sides of a tiiaugle, find tlie locus of the 
point where the base is cut in a given rutio. 

The sides of the triangle arc taken for axes, 
and the rutio P/i : PL is given = n : m. Then 
by similar triangles, 

ond the locus is a right line wlio.^ equation is - + - 

7/i Ih /<» ~r 



Ex, 8. Find Ihe locus of if when pei’pciidicuhirs P.!/", Py are lot fall on two 
fixed lines, OM + OS is given. 

Taking the fixed lines for axo’’, it is evident 
that 0^f X + y cos < 0 , Oy ~ y + X cos w, and 
the locus is a; + y — constant. 

1^^9. Find the locus if d/.V bo parallel to 
a fixevltue. 

j, A ns. y + X cos to ■= »t (js + y cos to). 

Ex. 10, If .1/;V bo bisected [or cut in a given 
ratio] by a given line y — mx 4- n. 

The C(X)riliinUes of the middle point ex- 
prcs.scd m terms of thecoonlinalcs of P aie i (t 4 y costo), .J (y + a; costo); aud since 
tliese .‘satisfy tlie equation of the given line, the coordinates of P satisfy the equation 

y 4- a? costtf = m {x + y cosco) 4- 2n, 

Jjj. 11. P moves along a given line y = ma; + », find the locus of the middle point 
of My, If the coordinates of 2* be a, /4, and those of the middle point *, y, it lias 
proved that 2a; — a 4- /3 cos w, 2y (2 + a cos ». Whence solving for a, /3, 

a eiu^M = 2a! — 2y co.s w, /3 sln’^to = 2y — Sar cos to, 
are connected by the I'Clation /3 7na + n, hence 

— 2ac; cos ttf =.b» (2« — 2y cos to) 4- n sin’to. 
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47. It itt customftiy to denote by x and y the coordinates of 
a variable point which descrihes a locas, and the coordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by x and y the 
coordinates of the point whose locus we seek. But frequently in 
finding a locus it is necessary to form the equations of lines 
connected with the figure; and there is danger of confusion 
hetVeen the x and which are the running coordinates of a 
point on one of these lines, and the x and y of the point whose 
locus we seek. In such cases it is convenient at fii*st to denote 
the coordinates of the latter point by other letters such as a, 
until we.have succeeded in obtaining a relation connecting these 
coordinates. Having thus found the equation of tlie locus, we 
may if we please replace a, ^ by a? and y, so as to write the 
equation in the ordinary form in which the letters .r and y are 
used to denote the coordinates of the point which describes 
the locus. 


Kx. 1 . EinJ the loona of the vcitcx of a tiianglc, given the haac T/), nnil the 
ratio A3t • NJi of the parts into which the sidiB 
diV]4B a fixed line AH paiallel to the base. Take 
A U and a {perpendicular to it through A for avos, 
and it is ncco*?*>.iry to expiobs AJff NJi in teinis 
of the cooidiaates of 1*, Lot tlieso cooidi- 
nates be afi, andslet the cooidinates of 1) be 
ar'y, tlie y' of both being the same biiicc Cft 
is paiallel to AH, Then the equation of PC jouiing 
the points jJjf is (Art. 29) 

« 

This equation being SAth^fled by the x and y of every point on the hnc PC nafisfied 
the point whoso ^^“0 and alioso x^AAJ, Haking then m tins 

equation wc got 





In like manner, 


^JVzz 


- ay* 

fi-jj’ • 


and ii AH ^ c’, the ithit.on AM LBN gives 





/5r" — at/\ 

/s-y' /* 


Wc have now expressed the conditions of the pioblcm in terms of the coordinates of 
the point J®; and now that there is no further danger of cou/usiun, wc may replisc^ 
A ifi vhan the equation of tlie locus, cleared of fractions, becomes 


-*»y' = A [0 (y - y') - (y*®" - 


Ex. % Two vertices of a triangle ABO move on fixed right llnrs X.V, and 
the three tides peas through three fixed points 0^ Pf Q which lie on a right hu e 
find the locus of the third vertex. 


a 
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EXAMPLES ON THE EI6HT LINE. 


Take for esia of x the right line OP, coutoinltig the three fixed points, find for 
iixia of If the line OL joining the inter- ^ 

P’ (iion of the two fixed lines to the point 
(> ilaougb which tho base passes. Let the 

»'.»f»rf!mate8 of Cbe a, /J, and let _ 

Uf. = b, OM = a, ON=:a\ OP=e, OQ=<f. - - /\ |\ 

'L’hcn obviously tho equations of LMy LN r^' iq\^ 


? + ^=land^, + -V = i. 
a 0 a o 

'I he equation of CP through afi and 
/* (ff 0, oj = e) is 

(a — e) f/ — /So? + /?c = 0, 

'i'lic coordinates of tho intersection of this line with 

a 0 

__db {a — c) + nrfS ^ b {a — c) (3 

” 6\a — c) + ft/3 ~ b {a — a(3 * 


■ptitj coordinates of B arc found by simply accentuating tlic letters in the preceding; 

a'A (a - <?') + aVf3 b {n* - v') /3 

“ b {a- f?) + a'ft ’ ^2 “ 6 (a -- o') +‘a'l3 * 

Now the condition that two points 0 * 2^2 shall lie on a right line passing Ihinugh 

i*ie origin is (Art. 30) . 

iCj 0*2 

Applying this condition wo have 

_ b (a — c)^__ b («' — O /? 

ab (« — c) 4- iic(3 "" a'b (a — c') + «'c'/3 * 

We hove now derived from the conditions of the problem a relation AVnich must be 

sjitisficd by the coordinates of C] and if we replace a, (3 y we have the 

equation of tlie locus written in its ordinary form. Clearing of fractions, wo have 
(a — c) [a'^ (x — o') + o'c'tf] - (a' — o') \ab (» — c) + ac^], 

{av' — a‘c) X y. \ 

C(/ {ti — «') — nu' {c — c') 6 ~ * 

tho equation of a right line through the point L. 


Ex. 3. If in the last example tin* points P, Q lio on a right line passing not 
through 0 but through L, find the hens of VLtlux. 

Wo phall first solve the general problem in which the points Z’, Q have any 
position. We take the fixed lines Z,xl/, LA’ for axes. Iiot the coordinates of 
Pi Q, Of C be respectively x'y'f x"y"f a/3; and the condition which wo 

,want to express is that if we join CP, (7(2, and then join the points /I, iB, in which 
/ these lines meet the axes, the line AD shall pass through 0, The equation of CP 
{ft-yl « - (a - a') y = fix' - ay'. 

And the intercept which it makes on the axis of x is 


Z. l ~ 


f3x' — ay' 
ft-If* 


III like manner the intercept which CQ makes on the axis of y Is 

"" JU 

The equation of A Bit 






j- -fV-fe 

ay" ’ 


of') 
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And tliQ ^ndiUon' of tlio problem id that this equation shall bo satisfied by tko 
eOordina^ a/'V". In order then that the point C may fulfil the conditions of the 
problem. Its coordinates afi must be connected by the relation 

?U£.Z^) 4- ., 

^x' — tit/' — * if: 

When this equation is cleared of fraclionS, it in general involves the coordinates 
aj3 in the, Second degree. But suppose that the points jt;V, x"*/'* lie on the same 
Uue passing through the origin y 5= wa?, so that we have y' = mx\ y” -x rmf'^ the 
equation may be written 

*!!1 yl ^ y". («- 5 ;'), 

a/ (fi aw*") {am — fi) 

Clearing of fractions and replacing a, j3 by x and y, the locus is a right line, vis. 

, (y - y) - y''V {x - a") = jrV' {mx - y). 

48. It is often convenient, instead of oxpreasing the condi¬ 
tions of the problem directly in terms of the coordinates of the 
point whose locus we are seeking, to express them in the first 
in.stauce in terras of some other lines of the figure; we must 
then obtain as many relations as arc necessary in order to 
eliminate the indeterminato quantities thus introduced, so as to 
have remaining a relation between the coordinates of the point 
whose locus is sought. The following Examples will sufficiently 
illustrate this method. 


Ex. 1. To find the locus of the middle points of rectangles inscribed in a given 
triangle, 

Ixit us take for axes CH and let CJ2~ /», liB^Sf AJl:=zs'. The equations 
of ^Cand BGocq 

S-‘ = i^d’J+^- = u 

P 8 p 8 

Now if we draw any lino FS parallel to the base 
at a distance FK = wc can find the ab.^cisKae of 
the points F and /?, in which the lino FB meol-s 
AC and BCy by substituting in the ctiuations of 
AC and BC the value y = A*. Thus we got from 
the first equation 

k X 

^ = 1; /.a? or RK = - / 

and fi'ozn the second equation 

Having the abscissae of F and 8, ye have (by Art. 7) the abscissa of the middle 
8 ~ 8* f ife\ 

point of FB^ viz. x = - -j . This ig evidently tlie abscissa of the j/iiddle 



point of the rectangle. But its ordinate is y = \k. Now we want to find a relation 
which will subsist between this ordinate and absci.'=isa whatever h be. Wo have 
only then to diminate k between these equations, by substituting in the tual the 
value of k (= 2y), derived from the second, when we have * 


2xx: {$ — 
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EXAKPLES OS TUB BIQBT LINE. 


or *• 

^{0 is thfi equation of the locns which we seek. It obvlonsly xeprese&ts a xi^t line, 
And if "we examine the intercepts which it cuts off on the axes, we shall find it to he the 
lino joinpg the middle point of the perpendicular CR to the middle point of the base. 


Ex, 2. A line is drawn parallel to the^^base of a triangle^ and the pednts where it 
meets tho sides joined to any two fixed points on the base; to find the hxma Of the 
point of mteisection of the joining lines. 

We shall pieserve the same axes, Ac., as in Ex. 1, and let the oooidiaateB Of the 
fixed points T and K, on the base, he for T (nz, 0), and for V (n, O). 

The equation of FT will he found to be 


{*'(1-3+”*} 


y + Ijf — = 0, 


and that of <SfF to be 


— - j — «! y — + Z « = 0. 


Now since the point whose locus we aie seeking lies on both tlie lines FT, SV, each 
of the equations just wntten expresses a relation which must be satisfied by its co¬ 
ordinates. Still, since these equations involve Ar, they express relations whkfii Sre only 
tiuo for that particular point of the locus which oonesponds to the case where the 
paiallcl FS is diawn at a height i ahovp the base. If, however, between the equations 
wc eliminate the indetciininAtc A;, we shall obtain a relation involving only the 
coordinates and know n quantities, and which, since it must be satisfied whatever be 
the pobilioii of the parallel f'/Sf, will bo the re^iuired equation of the locus. 

In order, then, to ehnnnate A between the equations, put them into the form 

FT + ^y-« + M) = 0, 

and SV (s - «) y — A? y -h a? — = 0j 

and eliminating \ we get for the equation of the locus 


(»-») (^ y-» + »>) = (*' + »») (^ y+*-«). 

But this is the equation of a light line, since x and y are only in tho first degree. 

Ex. 8. A line is drawn pniallol to the base of a triangle, and its extremities 
joined tronsvcisely to those of the base; to find the locus of the point of intersec tion 
of the joining lines. 

This is a poiticnUr case of the foregoing, but admits of a simple solution Igr 
choosing for axes the sides of the triangle AC and CB, Let the lengths of thoee 
lines be a, and let the kngtiis of the piopoitionnl fnteicepts mode by the paioUel 
be fia, fib. Then tho equations of the tiausvcrsals will be 


Subtract one from tlic other, divide by the constant 1 — -, and we get for the 
equation of the locus 

?_? = 0. 
a b * 

which we have elsewheie found (see p. 84) to be the equation of the bisector of the 
base of the tnsngle. * 

Ef. 4. Qivei|||^o fixed points A and N, one on each of the axee^ if A' And ibe 
taken on the axes so that 04" >¥ Off ^ OA OB i find the locbt of thd interseqtioq 
el Aff^ ffB. 
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Let OA ~ <x» OB a ^ OA* Si a + kf ibeH) from the conditions of tlie problem, 
OB* s.h’^kt TIi 6 eqtjationa of AB^^ A*B are respectively 

, a^6 —A ’ a + i^o * 

or ft® + oy ^ < 1 ^ -f A: (a — a*) ■= 0, 

+ fly — + Af (y — i) =■ 0. 

we eUminate it, and find for the equation of the locno 

* + y a fl 4- 

Ex» 6* If on the base of a triangle we take any portion AT^ and on tho other side 
of the base another portion BSj in a fixed ratio U) AT and dmw JST and FS parallel 
to a fixed line OR ; to find the locus of 0^ the point of intersection of EB and FA, 
l^oke AB and CR for axes; let wl?*= A, BR - p 

ARsi^f CRszpf let the fixed ratio be w, then 
BS wiU=«»Af; the coordinates of 5 will be (s—wA, 0), / P 

andof 7’{-(s'-A),0}. ^/\ 

Ihe oidinates of E and F will bo found by sub- /A \ \ 

stituting these values of ® in tho equations of -dC 4. » \. _ \ 

and BC, ^0 get for A T li S B 

and for F, y = 

3 

Kow form the equations of the transverse lines, and the oqiuition of EB is 

(s + s* — A) y -h ® ‘ (), 

and the equation of AF is 

(« + «'- mh) y -j- r - = 0, 

To eliminate A, subtract one equation from the otbrr, and the result, dnidid 
by A, will be 

?)«(r-'a"". 

which IS the equation of a light line. 


Ex. 6. PP* and QQ* are any two parallels to the sides of a parallclogmm tr> 
find the locus of the intersection of the lines P(l and P*Q!. 

Let us take two of the sides tor onr axes, and Itt tho Icngtlis of the hides be a 
and b, and let AQ! = AP n. Then the equa¬ 
tion of PQt joining P (0, m) to Q (fli, b) is 

(b -•n) x — my + mn =z 0 , 

and the equation of P'Q* joining P' (a, n) to 
0^ (m, 0) is 

n® — (o —»») y — mn = 0. 

Thexe being two indetcrminates m and n, we 
^uld at first suppose that it would not be pos- 
rible to eliminate them from two equations. However, if we add the above equations, 
it will he found that both vanish together, and we get for our locos 

4® » ay = 0, 

the equation of the diagonal of the parallelogr<im. 

Exi 7. Qiten a point and two fixed lines ; draw any two lines through the fixed 
point, and join transverBely the points uhere they meet the fixed lines; to find the 
loenkdf intasieetion of the transverse lines. 
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EXAMPLES OK THE RtOHT LIKE. 


Take the fixed lines for axes, and let the equations of thO' lines through idle fixed 
point be 

2 + S = l, 8nd^, + 4=l. 

m n * m* n 

The conditions that these lines should pass through the fixed point o/y' give ua 

“ + ^ = 1, and -7 + ^, = 1 • 

« m n * 


or, subtracting, 

Now the equations of the tranverse lines clearly arc 

^ , y 1 j ® y m 
— + ^ = 1, and —, + * = 1 • 


or, subtracting, 

\TO my ^ \7i «7 

Now fj'om this and the equation just found we can eliminate 

(i - and T- - —» 

\»» m j \n n j *■ 

and we have a?'// + y^x = 0, 

the equation oE a right line through the origin. 


Ex. 8. At any point of the base of a triangle is dra^vn a line of given length, 
parallel to a given one, and so as to he cut in a given ratio by the base; find the 
locus of tlic intersection of the lines joining its extremities to those of the base. 


49. The fundamental idea of Analytic Geometry is tliat 
every geometrical condition to be. fulfilled by a point leads to 
an equation which must be satisfied by its coordinates. It 
is important that the beginner should quickly make himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore, 
for his •further exercise, some examples of loci which lead to 
equations of degrees higher than the first. The interpretation 
of such equations will be the subject of future chapters, but 
the method of arriving at the equations, which is all with which 
we are hero concerned, is precisely the same as when the locus 
is a right line. In fact, until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, 
according to the order of which they are arranged. In each of 
the answers given it is supposed that the same axes are chosen, 
and that the letters have the same meaning as in the corre¬ 
sponding previous example. 
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E^AMPttS ON TttE HIOHT LINE. 

iSx. 1, Find the locus of vertex of a tiianglO) given base and sum of squan^s 
of. eidesi ' Ana. i? if 

£x. 2* Qivtti base and m squares of one side ± n squares of the otbor. 

Ana. (w + n) (j;» + f) + 2 («i + «) (fa? + (»* ± ») c® = p\ 

Ex. 3; Oiven base and ratio of sides. 


Ex. 4. Given base and product of tangents of base angles. 

In til^ and the Examples next following, the Icamcr will use the values of tho 
tangents of the base wsgles given Ex. 2, Art. 46. Afis. }f + = w?€^. 

JIx. 5. Given base and vertical angle or, in other words, ba^c and simi of base 
angles. A/w. f - 2c^ cotC = c^. 

Ex, 0. Given base and difference of base angles. Ana, ar® — + 2x^ cot D = c®. 

Ex. 7. Given base, and that one biuse angle is double the other. 

.4/m. 3j;® — f + 2<fjj = c-’. 

Ex. 8, Given base, and tan (7= m tan Jf, Ana. m (x® + y® — c”) = 2c (c — jp). 

Ex. 9. PA is drawn parallel to OCf as in Bx. 4, p. 39, meeting two fixed lines in 
points £f £*I and iM® is token = PP.PIi^ find the locus of P. 

Ana. nix (mi'j? + u') — y (inx + m*x 4* »'). 

Ex. 10. PA is taken the harmonio mean between A B and A B\ 

Ana. 2mx {m'x 4- »') = y {mx f m'x + 

Ex, 11. Given vertical angle of a triangle, find the locus of the pttint whore the 
base cut in a given ratio, if the area also is given. /l7<.«i. xy — constant. 

Ex. 12. If the base is given. . »/® 2.r*vco^w ft® 

^ 7A® mn " {ill -h //)® * 

Ex. 13. If tlie base pass through a fixed point. mx' ^ nf 

' X y 


Ex. 14. Find the locus of P [Ex. 8, p. 40] if MjW is constant. 

Ana. .x‘® + f + 2.ty cos<4» .= constant. 

Ex. 15. If JfiV pass through a fixed point, x' y' 

Alls. -- +--—“ “ 1 , 

a: 4* y cos w y x cos a> 

Ex. 16. If HfN pass through a fixed point, find the locus of the intersection of 
parallels to the axes tlirough M and N. A ns. — 1. 

Ex. 17. Find the locus of P [^x. 1, p. 41] if the line 67> be not parallel lo 

Ex. 18. Given base CP of a triangle, find the locus of vortex, if tlie inten'ept AB 
on a given hue is constant. 

Ana, {x*y - y^a;) (y - if) - {x*y - fx) (y - y') ~c{y- y*) (y - f). 


60. ProhhUns where it is required to prooe that a moveable 
right line passes throiajh a fixed point. 

We have seen (Art. 40) that the lino 

Ax + By {A’x 4 By 4 C") = 0; 

or^ what isr the same thing, 

{A^&A^)x + {lJ + kB^)y+O+ka^0^ 
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wliero k is indeterminate, always passes through a fixad point, 
namely, the intersection of the linos 

+ (7^=0, and + + C7'«0. 

Hence, i/ the equation of a right line contain an indeterminate 
quantify in the first degree^ the right line will always pass through 
a fixed point, 

f’iX. 1. Given vertical nn|»lo of a triangle and tUo sum of tho reciprocals of itl\o 
side", liiG base will always pass tlirough a fixed point. 

Take tbo sides for axes; the equation of the base is - 4 = 1, and we ate given 

th ‘ coiidilion 


11 1 , I „ I _ I 

u b ' «*’ *** b '' a* 


tiu u foif*, equation of base is 


® . y_.V . 


4 
a ny 


a 


- 1 , 


w^clt m Ks constant and a iudrttnniiiaie, that is 


where \ is indelt luiinalo. Tfeiu^' the b 'se mu"t always pa'^- threugh the intciscefcion 
of the two lines — y 0, and y -r 

Ex. 2 Given tlireo fi\ed linc«« 6>J, f>/?, OC^ meeting in a point, il tlie three vciticca 
of a tiianglc move one on each of tlnse lines, and two sides of tlie hi oi do pass through 
fixed points, t<.» piuve lh.it tho remiiiuing aide passaes thunigli a fixotl puait. 

Take for axi'-^ Lho fixed lines 6/.1. OB on which tho base move, then tho 

lino OC on whieli tho veitex niovos will have 
ail (.(lu.xtio'i of the form y- m.r, and let the 
fixv. I pouits b>^ .i'//, M*'y'\ Now, in any position 
of the vertex, lot it.s couidiiiatcs be a; = a, and 
conscfpicutly y = mn j then the equation of AC is 

W - «) y ” (y' ~ nia) .r 4 a (y' - nix') = 0. 

Bimihuly, the equation of BOa 
(.r" - a) y - (y" - /an) x 4 a {y" - mx") = 0. 

Now the length of lho iiiteicept OA is found by making a; =: 0 iu equation AC’ or 

« 0/ — 7nx) 

BimiLiily, OB is found by making y ~ 0 m B(\ or 

(t (v' - inx") 

«* ■=->/-^ . 

y - ma 

IK nee, from those intercepts, equation of is 


“ - y) d ^-1 = 0, 

a m ’ 



y" — ma 


jf' — rt 


y" — mx" ^ y' 

Bnt since.. is indeterminate, and only in the first dcgiw, tliU line alwaj* pMe. thnmgh 
a fixed point. The particular point is found by arranging the equation in the foia 


y^' af.' 

y" - nix" ■' 
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Hence the .line paases through the inteteection of the two linei 


y'' _ A 

____ y _ 0, 


and 


man 


y" — mx'* y* — mx* . 


7 + 1 = 0 , 



Sx; 8. If in the last example the line on which the vertex C moves do not post 
through 0^ to determine whether in any cose the base will pass through a fixed point. 

We retain the same axes and notation as before, with the only difference that the 
equation of the line on which (7 moves will be y^mx + and the coordinates of the 
vertex in any position will be a, and ma + n. Then tlie equation of ^(7 is 


(a;' — o) y — (y' — ma — ») » + a (y' — mx') —=s 0, 
The equation of BC is 

(*'* — a) y — (y" — mo - n) » + a (y" — mx'") — ii./* =■ 0, 

OA = - ^ ~ ~ . Qjj _ « C/' “ “* 

X* — a * y” ■“ •" <* * 

The equation of AB is therofoi-c 

t/" — ma — t* of — a 


X 


r. = i- 


a (>/" — mx") — ujcf' ^ a (y' — mjf) — w.t' 

Now when tills cleared of fraetioris, it vrill in general conliiiii a in the second degree, 
and therofoi’o the base will in general not pass through a fiveil point; */*, homtoer^ 
thepoivts xyif* fui in « riyfit tine (y ~ kx) fxKtaing through tl, wo may substitute 
in the denouiiiiators y" =: kx'*, and y' = kx', and the equation becomes 


X 


V 


7nn 


H X 

-y 


a 


Tz a {k — m) " n, 


X ~ X 

which contains a in thejirst degree only, and therefore denotes a right line passing 
through a fixed point. 


Ex. 4. Tf a line he such that the sum of i.he porpenilieulars l(*t i.ill m.’ i*- ffii.ii 
a number of lixed poinla, c:ich multiplied by a constant, may 0, it will p through 
a fixed point. 

liCt the equation of the line bo 

X cos a + y sin a —= 0, 
then the perpendicular on it from x'y' is 

x' cos a + y' sin u ^ Pf 
and the conditions of the problem give us 
m* {x* cos tt + y* sin a — y) + m" {x" cos a + y" sin a~~ p) 

+ m'" {x'" cos a + sin <* - p) + &C. = 0, 
Or, using the abbreviations S (inx*) for the sum* of the mx, that is, 

m'x' + m"j/' + m'"x'" + dc., 
and in like manner £ (my') for 

»»y + m"y" + rn'*'y"' + Ac., 

and £ (m) for the sum of the m’s or 

m’ + m*' + m*" + &c., 


* Byanin wc mean the algebraic sum, for any of the quantities m’, m**, ifcc. may 
be negative. 


H 
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way irrite the precediog equation 

£ coBa + S (f»y) vn apS (bh) ss 0, 

Bub^titntuig in the original equation tho value of p hwoe ehtaittedi 'fi3^4lhi 

equation of the moveable lino « ^ 

«£ (m) coffa + y£ (m) sma*- £ (7frx^ coBd^ S (pty*) /dhaas^ 
or «•£ (»») — £ (wwO 4* {yS (w) — 2 (w^)} tan «=-(>, ^ 

Now a<i this equation involves the mdeteiminate tana in the hr^t degi^i,'tlie IWQ 
pa«(4es tbioiigh the fixed point detcirolncd by tho equations ^ ^ 

a-E (ot) — 2 (?»«') 0, and ^2 («») — £ * 0, 

or, wilting at full length, 

— 4" + do ^ + m'y' +- + Ad. 

* “ m* + m" + w"' + Ac. ^ ^ m' + w' *f m^'^AoT*^ * 

This point has sometinics been called the centre of mean postttm of the given pointtfk 


51. If the equation of any line involve the coordinatei of 
a certain point xy* in the first degree, thus, 

{Ax* + + C) a; + {A'x* + Fy* + O') y + {A**x* + B*y* + (7^ * 0} 

then if tho point move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 

Lx* + My* 4 JV= 0, 

then if, by the help of this relation, we eliminate x* from tho 
given equation, the indeterminate y* will icmain in it of the fiist 
degree, therefore the line will pass througli a fixed point. 

Or, again, if the coefficients in the equation Ax-\-By f fJscO 
he connected by the relation a A-{• bB + cG^O (ulure a^b^c are 
constant and A^ B^ C may vary)^ the line represenUd by this equd^ 
tion will always pass through a feed point. 

For by tho help of the given relation we can eliminate (7, 
and write the equation 

{cxa) A + {cy -~b) B:=^0^ 


a right line passing through the 




* 


62. Polar Coordinates .—It is, in general, convenient to nao 

t his method, if the question be to find the locus of the extremil^te 
f lines drawn through a fixed point according to any g^ven lawt 

Xx. 1. A and B arc two fixed points; draw thiougb B any 
a perpendtoular from A, AP, produce AP so that the netmiiglQ may he 

eoustant, to find the locus of the pourf n. 



ON tits StOST LINE. 


* ^ 

IT H^Jblvs pole, j|ja4 for tbo fitei axts then AQ ib ou. radius Teotor, 

A ^ ^ *•'08^^ Q1J3 := 0, and our object 
D^tioa eausting between /> and 6 let us q 

Oftll l^gth ABsse, and from the n{ lit mij^lcd y 

tiiMSiA^ =«irehttve AP=c oos6,but A(l - umst = A**! ^ v / 




|BtfCoed:=A^, Qi/>ooBd=: 


but 'An^£a«afeen (4it 41) that thib is tbt iqiiahoii (f a light 

• A* *- 

Ijne perpendicular to and at a dibttuicc fiom 1A 


Bx % Giron the angles of a tinngle, oiif' rerttr A w fi\rd, another B movoj 


ijonga fixed ng^t line to find tha 1 cui of the thud 
9fake the fixed vcitex Ain iiok ind AP i) 04 KndiouIar 
to the fixed Ime for aius, then AC= p CAP = Q Now 
mce the angles of ABC aie given, Ah is m a fixed latio 
i^Ai^i^nAC) and BAP = 6 a, but AP=AB cos BAJ , 
ttieiefois^ if we call AP^ a, no have 

mp COB (0 — a) — a, 

Whifib (Art 44) IS the equation of a light line, making 
an angle a with the g\cn Ime, and at a dibtiucc Iruin 

= , 



> 1 “ 


J3x 3 Given hasc aul sum of sidcb of a tiian^lo if at either cvtiemity of tie 
base B a peipeu 1 < ular bo ticctod to the (onkimmous side BC ^ to fiid tU( locus 
of P the point where it meets CP the exteiTi'il bisector of veiticil u ^le 

Let us take the jMjint B foi our | ole, then BP will be our i idms vcetoi p , snd 
Ictus take the biNO produced for oui fixed ax]<4, thm 
PUB t: 0, and oui object ih lo express p m terms of 0 
Let lu designate the sides ind ojijo<)ite angles of the 

triangle -f, By (, then it is coaj to see that ^ 

the angle PCi’= 90® — ^6, ond fiom the tnuiglo 

PCB that «r = /) tan \C Hence it is evident that if \ ^ 

we ouuld ^pxesa a and tan JC in terms of 0, we cou^ ^ ^ D 

express p in terms of 0 Now fiom the tnongle ABC we luve 

= o* + c" — 2ac CCS 19, 

•um 0* Mdw be m, wt may subsbtu t foi 6, m~a, and ecs B ,Imnly 
^ *" 2a/» f tC h t" — 2c t 81Q 0, 

and azz _ - * 

2 (?» — t 6in 0) 

Thus we have expic^sed • in. teims of 0 and eon^tmta, an 1 it only romaius to find 


•0 fiipMnsioii for tan 4 C, 




. ,, b «m C 
^ ‘■^(l + cosi)* 


iAnC totauB sfi Go^df and Aco3f7=:a^ccosi7e:a-csm0| 


tan|e= 

fls^coin 


V 
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' EXAMPLT.S ON THB RIGHT LINE. 


We are now able to express p in terms of 6 , for, snbstitute in tb© equation 

a'sp ton iC, tbs values we have found for a and tau ^Gf and we get 

m* —c® otfcos0 - ^ 

-^ = ;— -» or /> coso = . 

2 (m — e Bind) (j» — c sm0) ’ 2c 

Hmoe the locus is a line perpendicular to the base of the triangle at a distance 


A. T> w® — 0* 
= —2—• 


The student may exercise himself with the corresponding locus, if OP had been 
the internal bisector, and if the difference of sides had been given. 


Ex. 4. Given n fixed right lines and a fixed point 0\ if through this poinf^any 
radius vector be drawn meeting the right lines in the points r,, rj, fs...?*., and on 

this a point U bo taken such that ^ + ;r-+— 7 r-i ^ 

v-K 1/1*2 ^1*3 

locus of Ji, 

Let the equations of the rigiit lines bo 

p cos (0 — a) ; p cos (0 - /3) -pz, Ao. 

Then it is easy to see that the ctpiaiion of the locus is 


n _ cos (0 - a) . cos ( 0 -/ 3 ) 

- «_ I ■ --- + 

P V\ Pi 

the equation of a right line (Ait. 41). This theorem is only a particular case of 
a general one, wliich wc ftbiall piove afterwards. 

We odd, as in Art. 49, a few examples Icarling to equations of higher degree. 


Ex. 6 . DP is a fixed line wliosc equation is p cos Ozzm, and on each radius vector 
is taken a constant length ; to find the locus of Q [see fig., Ex. 1 J. 

AP is by hypothesis =^ j theicfoic = i® = ^jQg 0 + d, which, transformed 

to rectangular coordinates, is (j? — b»)* (j® 4 ff) “= tPx^, 


Ex. 6 . Find the locus of Q, if P describe any locus whose polar equation is given, 
p = </) ( 0 ). We are by hypothesis given AP m terms of 0, but -4P is the p of the 
locus — d; wo have therefore only to substitute in the given equation p — d for p. 

Ans. p^ d soft (0), 

Ex. 7. If .4Q be produced so that A(1 may be double AP^ then AP is half the 
p of the locus, and we mubt substitute half p for p in the given equation. 

Ex. 8 . If the angle PAB were bisected, and on the bisector a portion AP^ be 
taken so that = mAP, find the locus of P‘ when P dcscrib^ the right Une 

0 COB 0 s: m. PAB is now twice the 0 of the locus, and therefore AP =, 

the equation of the locus^ia p® cos 20 = vk\ 
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♦CHAPTER IV. 


application op abridged notation to the equation op 

• THE RIGHT LINE. 

53. We have seen (Art. 40) that the line 

{z cosa + y sin a -cos j3 + y sin yS—y) = 0 
denotes a line passing through the intersection of the lines 
X cos a + y sin a —p = 0 , a: cos /8 + y sin yS —y « 0 , 

We shall often find it convenient to use abbreviations for 
these quantities. Let us call 

X cosa + y sina-^?, a; x cosy 8 +y sinjS—p', y9. 

Then the theorem just stated may be more briefly expressed; the 
equation a — /cyS = 0 denotes a liiie passing through the intersec¬ 
tion of the two lines denoted by a= 0 , y9 = 0 . We shall for 
brevity call these the lines a, /3, and their point of intersection 
the point ay 8 . We shall, too, have occasion often to use abbre¬ 
viations for the equations of lines in the form Ax + By +<7=0. 
We shall in these cases mak^ use of Roman letters, reserving 
the letters of the Greek alphabet to intimate that the equation 
Is in the form 

X cos a + y sin a - jp = 0. 


64. We proceed to examine the meaning of the coefficient h 
in the equation a-i/8 = 0. We saw (Art. 34) 
that the quantity m (that is, a; cos a+ y sin a-^) 
denotes the length of the perpendicular PA let fall 
from any point xy on the line OA (which we 
suppose represented by a). Similarly, that y 8 is the 
length of the perpendicular PB from the point xy on the line 
re|)resented byyS. Hence the equation a —/ry$ = 0 asserts 
that* if, from any point of the locus represented by it, pci-pen- 
diculars be let fall on the lines OA^ OB^ the ratio of these per¬ 
pendiculars (that is, PA : PB) will be constant and ^ h Jlence 
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' “ - . ''r‘ .- ■. 

* JPA SIT) rOJs 

°''~einl’01i‘ 

It follows from the conventions concernuig signs (Art/04) that 
a + A)8 = 0 denotes a right line dividing extemaUn i^gle 

A OB into parts such that *®j of course, assumed 

in what we have said that the perpendiculars PA^ PJB are those 
which we agree to consider positive; those on the opposite 
sides of ay l3 being regarded as negative. 


% 

£z. 1. To exprrs% in this notation proof that the three bieeotors of the angles 
of a triangle meet in n point. ^ 

The equations of the three bisectors ore obviously (sco Arts. d6f 6 ^ 
p — <y = 0 , y — a = 0 , wliich, added togclhur, vanish identically. 


Ex. 2 . Any two of the external bisectors of the angles of a triangle xneefc on th^ 
third internal bisector. ^ 

Attending to the convention abont signs, it is easy to sco that the equations of 
two Gxiemal bi<!Ci'toi*s are a + j3 = 0 , a + 7 = 0 , and subtracting one from the othet; 
we get = the equation of the third internal bi'sector. 


Ex. 3. The three perpendiculars of a li iangle meet in a point. 

Let the anglcsM>pj)Osite to the sides a, ft, y bo jEf, C'lespectively. TheU sioco 
tlie peipcndiculur divides uny angle of the Irmngle iiiLu parts, which are the com¬ 
plements of the remaining two angles, thercfoiu (by Art. 54) tlio equations of thq 
perpendicnlais are * 

a cos A — /3 cos i? = 0, /3 cos B — y cos (7 = 0, y cos C — a cob A = 0^ 
which obviously meet in a point. 


Ex. 4. The three bisectors of the sides ot^ tiiangle meet in a point. 

The ratio of the xicipcndicuhus on the sides from the point where the bisector 
meets the base plainly is sin A : sin B, Hence the e<pintions of the three biseotors ire 
a sinA —/)Binif = 0, /3 sin .B — y sin C = 0, ysinC— abinA=0, 

Ex. 5. The lengths of the sides of a quadrilateral are a, 5, ; find the equation 

of the lino joining middle points of diagonals. 

Ans. aa - bft + cy — iiB = 0 1 for this line evidently passes through the inters 

section of aa — 5/9, and cy — (id; but, by the last example, these are the bisecton 

of the base of two triangles having one diagonal for thtdr common base. In Itfe^ 
manner aa — Ift ~ cy intersect in the middle point of the other diagonah 

/ Ex. 6 To form the equation of a perpendicular to the base of a triangle at its 
extremity. Ans. a + y oosE ±£ 0, 

Ex. 7. If tliere be two triangles such that the xierjiendiculara frpkn the veitiolK of 
/one on the sides of the oilier meet in a point, then, vicB reesdy the pezpehdicuUuia'Iixini 
Uie vertices of the second on the sides of the fiiut will meet in a point. ^ 

Let the sides be a, ft, y, a', ft^% y*, and let us denote by (a/3} the aog^e b^wseh 
a and ft, Tl^eu the equation of the perpendicular " 

from ajS on yMs a cos {fty*) — /8 cos (oy*) ss 0 , 
from fty on a' is ft cos* (ya') - y cos {ftu*) s: 0 ^ 

Xi^m ya qii ft* is y cos (a/i') - a COS {y^) a 0, 
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if 


Tbo theM ahoiild meeit in a foand by elimfimtinfr /9 between 

tha tftodftHrfng whstbeo; the resulting equation coinoides with th<3 

^ ^ aoe(i^)co8(/3Y')coB(Ya')=coa(a'j3)co9(/3'y)cos(Y'o). 

Bat of this equation shews that this is aUo the condition that the 

pexponjlhMiSt from the TeTtices of the second tuangle on the sides of the first 
shoplf jjtt^ in a point. 

^The lioea — and 7 j« — /3=»0^ arc plainl;^ sach 

opij paakea th e fame anglo^witli the line a which the other 
tb9 Eiu>^, aod are therefore equally iacliued to the 

Js^SLairM’ 

Bx* If through the veihces of a triangle there be diawn any thieo lints meeting 
in n Ipfoint) the thiee lines drawn through the same angles, equally inclined to the 
bisectors of the angles, wiU also meet m a point* 

Xiet the sidea of the tuangle be a, /?, y, and let the equations of ihe first dneo 
lines bo 

la — mft =■ 0, mfi — wy =.0, ny — fa = 0, 

whioh^ by the ptmciplo of Ait 41, aie the equations of three lines meeting m a 
pomtf and which obviou&ly piss tbiough the points aj3, /3y, and ya. Non, fioui 
this Atticle, tliG equations of the second thico lines will bo 

^ ft n ft 7 i\ 

I m tnn n I ’ 

'Which (by Art, 41) ma«<t al^^o meet in i point 

^ 66. The reader h piobably already acquainted with the fol¬ 

lowing fundamental geometrical thcoieni:—“ijfff pencil of Jour 
right lines meeting in a point 0 be inUr^fcted by any (ranbiurse 
righ€ line in the four points -rl, P, P, P, then 

tl^ ratio is constant^ no matter how 

the transverse line be drawnJ*^ This ratio i^ 

(galled the anharmonic ratio of the pencil. In 
fact, let the perpendicular from 0 on the transverse line = p ; then 
p,AP^ OA^ OP.sin A OP(both being double the ai ea of the triangle 
AOP ); p,PB^ OF.OB sinPOP; p,AP^ OA.OP sin-4(?P'; 
pPB^ OP, OB sin POP; hence 

p\AP,PB^ OA . OP. OP. OB. Aw AOP. sin POP; 
p\AP.PB^ OA.OF. OP. OB.smAOP.AnPOB-^ 

AP.PB %\wAOP.AwPOD 
AP.PB^ Aw AOP. AwP’OD^^ 

but the loiter is a constant quantity, independent of the position 
^be transverse line. 
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57. If a - = 0, « - k'ff a= 0, be the eqaatlons of two lines, 

then ^ will be the anharmomc ratio of the pencil formed by the 

four lines a, /8, a — Jc/S^ a — for (Art. 54) 

, smAOP ,,_BmAOP 

A; ~-T—jTTrrr , fc 


sin FOB 


therefore 


k 

k 


ain A OP* sin P OB ^ 


sin A OP . sin FOB 

but this is the anharmonic ratio of the pencil. 

h 

The pencil is a harmonic pencil when ^ - 1, for then the 

angle A OB is divided internally and externally into parts whose 
sines arc in the same ratio. Hence we have the important 
theorem, whose equations are Ic^ ^0^ a + 

f o7 'jn with oiy [5 a harmonic pencil. 

58. In general the anharmonic ratio of four lines a — 

a — W2/9, • For let the pencil be 

^ ^ . (w —iw) (/- 4-) ‘ 

cut by any parallel to /? in the four points Zi, il/, and the 


. . NL.MK 
ratio IS 'i-, 


But since B 


NM.LIC 

has the same value for each of 
these four points, the perpen¬ 
diculars from these points on a arc 
(by virtue of the equations of the jS 

lines) proportional to /, tw, w; and AK^ AL^ AM^ AN oxq 
evidently proportional to these perpendiculars; hence NL Is pro¬ 
portional to M —Z; MKio m--h\ NMion- m\ and LKXol^h. 



59. The theorems of the last two articles are true of lines 
represented in the form P- AP, P— ?P, &c., where P, P denote 
«J3 4* 5^ + c, a'x + Vy + c', &c. For we can bring P to the 
form a; cos a + y sina by dividing by a certain factor. The 
equations therefore P— kP == 0, P— IP = 0, &c., are equivalent 
to equations of the form a — a —= &c., where p 

is the ratio of the factors by which P and P must be, divided 
in oi^er to bring them to the forms oc, fi. But the expressions 
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for anbarmQBie vatio are unaltered when we subBtituto for Jc^ Ij 
m, w ; 4^^ ?/», mpy np. 

It is worthy of remark^ that since the expressions for 
anharmonic ratio only involve the coctHeients Ar, /, ^w, w, it follows 
that if we have a system of any number of lines passing through 
a point| P-ftF, P—iP, &c.; and a second system of lines 
passing through another point, Q-^hQ\ Q —7<>', &c., the lino 
P-^kP being said to correspond to the line Q--kQ\ &c.; then 
the anharmonic ratio of any four lines of the one system is 
equal to that of the four corresponding lines of the other system. 
We shall Iicreafter often hav3 occasion to speak of such systems 
of lineS| which are ctiWaA, homographio systems, 

60. Oi oen three Imes a, jS, forming a triangle the equation 
of any right linr^ ax-^ />^4 c = 0, can be thrown into the form 

«** ^ ^ * A Za + m0 + 7iy = 0. 

Write at full length for a, /8, 7 the quantities which they 
represent, and la + m0 -h 117 becomes 

(Z cosa + m cos/S-j- 71 COS7) a; + (Z sina f «i sin^S 4 n sin 7^ y 

— {Ij) ntp 4 np*) *= 0. 

This will be identical with the equation of the given line, 
if wo have 

Z cosa 4 7 n cosjS 4- « C0S7 = a, Z sin a 4 m sin 0 \- 7 i sin 7 = 

Ip -t mp 4 np' = — c, 

and we can evidently determine Z, wi, m, so as to satisfy those 
three equations. 

The following examjdcs will illustrate the principle that it is 
possible to express the equations of all the lines of any figure 
In terms of any three, a = 0, /8 = 0, 7 = 0 . 

Ex. 1. To deduce analytically the harmonic properties of a cojnplcto quadina^f*!*.-!!. 
(See figure, next page). 

liet the equation of ACbeasO; pf AB, P^O; of BB, y = 0j of AD 
fa - mfi ss Oj and of BC, m/3 — My =: 0. Tlien we are able to express in terms of 
these quantities the equations of all the other lines of the dgure. 

■Ill I I « ____ ■ _ _ _ _ 

• We say <*foi iBlng a triangle,” for if the lines o y med in a point, fa +mp + j%y 
must always denote a line passing through the same pdint, sinco anf values of tiie 
eoordinatcb which make a, /3, y separately uf 0, must make fa + wq3 + ay 0. 

t 
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Box instance, the eqnatloa of CJ) b 
la — + ny =; 0, 

for it is the equation of a right line passing 
through the intersection of la — »n/3 and 7 , that 
is, the point D, and of a and m/9 ~ ay, tliat is^ 
the point C. Again, fa — fly =: 0 is the equa¬ 
tion of ORy for it passes through ay or A', and 
it also passes through the intersection of AD 
and BCf since it is = {la — mfi) + (w/3 — wy). 

JEF joins the point ay to the point A . Ji 
{la — m/3 + »y, /9), and its equation will be found to bo fa + ny = 0. * 

From Art. 67 it appears that the four lines AVI, EO, EB, and EF form a 
harmonic pencil, for their equations have been shown to be 

a = 0 , y = 0 , and fa + fiy = 0 . 

Again, the equation of FO^ which joins the points (fa + ny, /3) and {la-m^, mfi-ny) 
is 

la — 2m/3 + ny = 0, 

Hence (Art. 57) the four lines FE, FCf FO, and FB are a harmonic pencil, fox 
their equations are 

la — m/9 + «y = 0, /3 = 0, and la — to/ 9 + »y ± tnfi = 0. 

Again, 00^ OEy OD, OF&re a harmonic pencil, for their equations are 
la — to/ 3 =r 0, vtfi — ny = 0, and ia — to/ 3 + (m/3 — ny) = 0. 

Ex. 2 . To discuss the properties of the system of lines formed by drawing through 
the angles of a triangle thi'ce lines meeting in a point. 

J.et the equation of AO be y = 0 j of AC', /3 = 0; of BC, a = 0; and let the lines 
OAj OB, OC, mooting in a point, 
be mfi — ny, ny — la, la — to/ 9 (see 
Alt 65). 

Now we can form the equa* 
tions of all the other lines in the 
figure. 

For example, the equation of 
EF is 

W//3 -f ny — /a = 0, 
since it passes through the points 
(/3, ny — la) or E, and (y, to/9 — /a) A P, B 

or F, 

In like manner, equation of DF is 

la — m/9 + ny = 0, 
and of DE fa + m/J —ny = 0. 

Now we can pxove that the throe points L, M, AT are all in one right line, whose 
equation is 

fa + to/ 9 + ny = 0, 

for this line passes through the points (fa + mfi ~ ny, y) or JV; (fa to/ 3 + ny, /3) 
or Ml and (m/3 4 - ny — fa, a) or L. 

The equation of CN ia 

fa 4 * to/ 3 sO, 

for this la e^ently a line ^ through (a, /9) or C, and it also passes through AT, since 
it = (fa + to/9 4 ny) - «y. 
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Hence cafe barmonically, for the equations of the four lines CN, CA* 

CF, €3 am 

a ss 0,j^ = 0 , 0 , (a + mfi = 0 . 

The eqnatioQa of this example can bo applied to many particular cases of fiequent 
occnrmoe. Thus (see Ex. 8, p. 64) Uie equation of the line joining the feet 
^ of two -perpendiculars of a triangle is a cos A + cos — y cos C = 0; while 
a cos A 'f ^coaB + cos (7 passes through the intersections with the opposite sides 
of the triangle, of lines joining the feet of the perpendiculars. In like manner 
a sin A + sinB — ysinC represents the line joining the middle points of two 

Bid 

Ex. 3< Two trianglea are said to be JiQm*>h 30 M 8 t when the intersections of the 
V oorreepondih'g''^f9e8 He on the' same right line called tho homology i prove 

’tBkt' tW'Bliei'fCiiiing the corresponding vertices meet in a point [called the centre 
q/ A(^2offy}, 

Let the sides of the first triangK be a, y; and let the line on which the corre¬ 
sponding sides meet he la + mp + ny; then the equation of a line through the 
Intersection of this with u must be of the form ¥a + mp -f ny = 0, and similoily tlio^e 
of the other two sides of the second triangle are 

la 4* »i'/3 + «7 = 0, la + mfi 4- »'y = 0. 

But subtracting successively esoh of the last three equations from another, we 
get for the equations of the lines joining corresponding vertices 

(/ — T) a = (w — m') /J, (w — «i') )3 = (» — »") y, (» — n*) y = (Z — V) a, 

which.obviously meet in a point. 

Gl. 2b Jind the condition that two lines la + -f wy, 
Va-\- + wV l>^' mutually perpendicnlaT, 

Write the equations at full length as in Art. 60 , and apply 
the criterion of Art. 25 , Cor. 2 (AA' -h liB* = 0 )^ when we find 

ll + mm' + nn' + [mn + m'n) cos (/S — 7) 4- [nV + nl) cos (7 - a) 

+ [hn' + cos (a — )8) =5 0. 

Now since 0 and 7 are the angles made with the axis of x by 
the perpendiculars on the lines y 3 , 7, /S — 7 is the angle between 
those perpendiculars, which again is equal or supplemental to 
the angle between the lines themselves. Jf we suppose the 
origin to be within the triangle, and At, 27 , C lo be the angles 
of the triangle^ y 3 — 7 is the supplement of The condition 
for perpendicularity therefore is 

U'+mm'+nn^ cosid — (nf+wV) cosZ?—cos (7=0. 

As a particular case of the above, the condition that la 4- m 0 + ny 
may be perpendicular to 7 is 

n = cos At 4- Z cos j 5 L 

In like mEBDcr we find the length of the perpendicular from x'y 
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on 2 a + mj 9 4* ^7* Write tlie equation at full lengtii and apply the 
formula of Art. 34 , when, if wo write a?' aina-jpWa'i 

&c., the result is 

la + mj3* 4- rty* __ 

/ V( 2 ^ 4- — 2mn cos A — 2nl cos cos 0) * 

Ex. 1. To find the equation of a perpendicular to 7 through extremity. The 
equation la of the form /a + ny = 0. And the condition of this article gives 
n = / cosii, as in Ex. 6 , p. 54. * 

Ex. 2. To find the equation of a peipondiciilar to y through its middle point. 
The middle point being the intersection oE y with a sin A - /3 sinN, the equation 
of any lino through it is of the form a sin A — /3 sin ^ + ny s 0, and the condition 
of this aiticlc gives n = sin (A — j 8 ). 

Ex. 3. The tlunse perpendiculars at middle points of sides meet in a point. Eor 
eliminating a, y in turn between 

a sin A — /3 sin jB + y sin (A — B) = 0 , /9 sin J3 ^ y sin (7 + a sin (B — (?) = 0 , 

we get for the lines joining to the three veitices the intei'seotion of two perpen- 
IK /3 Y 

diculara ~ cos B ~ cos (? * symmetry of the equations proves that the 

third perpendicular passes through the same point. The eqtialions of the perpen¬ 
diculars vanish when multiplied by sin^(7, sin^A, ain^B, and added together. 

Ex. 4. Find, by Ait. 25, expressions for the bine, cosine, and tangent of the angle 
between la + «t/3 + «y, Va + w'/3 + n'y. 

Ex. 5. Prove that a cos A + 0 cos B + y cos (7 is perpendicular to 

a sinA cos A sin (B — (?) + /3 sin B cosB sin ((?— A) + y sin (7 cos (7 sin (A — B). 

Ex. 6 . Find tlie equation of a line through the point perpendicular to the 
line y. A»w. a{fi' + y* cos A) — 0 (a' + y' cos B) + y (/3' oosB — o' cos A). 

62 . We have seen that we can express the equation of any 
right line in the form la + ml 3 + W7 = 0, and so solve any problem 
by a set of equations expressed in terms of a, / 9 , 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60 . Instead of regarding a 
as a mere abbreviation for the quantity a; cosa + ^ sin a-p, Wd 
may look upon it as simply denoting the length of the perpen¬ 
dicular from a point on the line a. We may imagine a system 
of trilinear coordinates in which the position of a point is defined 
by its distances from three fixed lines, and in which the 
position of any right line is defined by a homogeneous equation 
between these distances, of the form 

la + »i/8 4- «7 *= 0. 

The advantage of trilinear cootdinates is, that whereas in 
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ft 

O&Hedtan (or ^ and y) coordinates the utmost simplification wo 
can iottoduce is by choosing two of the most remarkable lines in 
the figure for axes of coordinates, wc can in trilinear coordi-^ 
nates obtain still more simple expressions by choosing three of 
the most remarkable lines for the lines of reference a, /S, 7 . The 
reader will compare the brevity of the expressions in Art. 64 
irrith those corresponding in Chap. ii. 

it 

63. The perpendiculars from any point 0 on a, /5, 7 are 

connected by the relation oa + 6/3 + ^7 — where a, 6 , r, are 
the sides, and M double the area, of the triangle of reference. 
For* evidently oa, 6/9, cy are respectively double the areas of 
the triangles OBC^ OCA^ OA/L The reader may supj)oso 
that this is only true if the point 0 be taken loUhin the triangle; 
but he is to remember that if the point 0 were on the other 
side of any of the lines of reference (a), we must give a negatlvo 
sign to that perpendicular, and the quantity aa+ 6/9 + 07 would 
then be double OBC^ that is, still = double the 

area of the triangle. Since sin A is proportional to a, it is plain 
that oc sin^ 4 /9 sin B 4 7 sin G is also constant, a theorem which 
may otherwise be proved by writing oc, /9, 7 at full length, as in 
Art. 60, multiplying by 8i uf/9- n<). sin ( 7 -a), 8 in(a —/9), 
respectively, and adding, when the coefiicients of x and y vauisb, 
and the sum is therefore constant. 

The theorem of this article enables us always to use homo¬ 
geneous equations in a, /9, 7 , for if wc arc given such an equation 
as a 3, we can throw it into the homogeneous form 

Mfx ^ 3 [aoL 4 6/9 4 07 ). 

64. To eorpress in trilinear coordinates the equation of the 
parallel 0 a given line la 4 w/9 4 ny. 

In Cartesian coordinates two lines Ax Ax 4 By 4 0*^ 

are parallel if their equations difier only by a constant. It 
follows then that 

/fa 4 rnfi 4 - «7 4- ft (oc sin A 4 /9 sin j54 7 sin C)« 0 

denotes a Une parallel to 7a 4 4 ny^ since the two equations 

differ only by a quantity which has been just proved to be 
constant. 
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In the same case Ax + JPy + 0 + {Ax + + C'^) denotei a 
line also parallel to the two given lines and half-^way between 
them; hence if two equations P = 0, P=0 are so connected 
that P- P' =s constant, then P+ P' denotes a parallel to P and 
P' half-way between them. 

Ex. 1. To. find the equation of a parallel to the base of a triangle drawn through 
the vertex. Ans. a sin A jS sin B = 0. 

For this, obviously, is a line through aft ; and writing the equation an the fonn« 

Y sin (7 ~ (a sin A + )3 sin. B + y sin C) = 0, 
it appears that it differs only hy a constant from y = 0. 

We see, also, that the parallel a sin A +/3einB, and the bisectoi of the base 
a sin A — /3 sin B, form a harmonic pencil with a, (Art. 57). 

Ex. 2. The line the middle points of sides of a triangle is paralliel tQ the 

base. Its equation (sec Ex. 2, p. 5S) is 

a sin A + /9 sin B — y sin C= 0, or 2y sin C'= a sin A + /9 sin B + y sinC. 

Ex. 8. Tlic line aa - 5/3 + cy ~ dd (see Ex. 5, Art. 64) passes through the middle 
point of the line joining ay, /38. For (aa + cy) + (5/3 + dH) is constant, being twice the 
area of the quadrihiteral; hence aa + cy, 5/3 + are parallel, and (aa + cy) — (5/3 + rfd) 
is also parallel and half-way between them. It therefore bisects the line joining (oy), 
which is a point on the first line, to (/35) which is a point on the second. 

65. To write in the form Itx + w/8 + ny = 0 the equation of the 
line joining two given points x*y\ x”y'\ 

Let a', as before, denote the quantity a?'cos a 4-^810 a— 
Then the condition that the coordinates x'y' shall satisfy the 
equation la + ?n/8 + ny = 0 may be written 

loi H-wy' =0. 

Similarly we have lo!* 4 7/2/9" 4 ny” = 0. 

I vn 

Solving , — , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

ex ()3y - y/9") 4 /9 (y V' - VV) 4 y (a'/3" - a"/3')« 0. 

It is to be observed that the equations in trilinear coordi¬ 
nates being homogeneous, we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation is not altered if we write pa', p/8', py', for a', /8', y'. 
Accordingly, if a point be given as the intersection of the lines 

? es ^ we may take h m. n as the trilinear coordinates 
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of that point. For let p be the common value of those fractions, 
and the actual lengths of the perpendiculars on oe^ y arc 
Ipj mpy np^ where p is given by the equation alp + bmp + cnp = Jl/, 
but, as has been just proved, we do not need to determine p. 
Thus, in applying the equation of this article, wo may take foi1‘ 
the coordinates of intersection of bisectors of sides, siniSsinC^ 
sin (7 sinsin^ sini3; of intersection of perpendiculars, 
co%B cos (7, cos C cos^, C08i4 cos/?; of centre of inscribed circle 
1, 1, 1; of centre of circumscribing circle cos^, cosi5, cosC^, &c4< 

Ex. 1. Find the equation of the line joining intersections of pcrpcndicularS| and 
of bisectors of aides (see Art. 61 ^ Ex. 5). 

Ans* a sin^cos^ aio {B — C)+p sin B cos^sin {C-'A)+y sinC'cosCsin(d — i?) = 0. 

Ex. 2, Find equation of line joining ccriti'ca of insenbod and circumsenbingcircles. 

Ans. a (cos B — cos C) + p (cos C — cos A) + y (cos A — cos B) = 0. 


66. It is proved, as in Art. 7, that the length of the per¬ 
pendicular on a from the point which divides in the ratio I ; 7n 
the line joining two points whose perpendiculars arc a', a" is 

^Ot * 1 “ tHOL^ • 

wi * Consequently the coordinates of the point dividing 

in the ratio I : m the line joining a'/?V, a"/8'y' arc Iol -t moL\ 
ly+my\ It is otherwise evident that this point 
lies on the line joining the given points, for if a'/Sy, a"/3"y^ 
both satisfy the equation of a line 4-i?i3+Oy = 0, so will 
also &c. It follows hence, without difficulty, that 

fa'-Twa", &c., is the fourth hnrmonic to ?a' + tna", a\ a"; that 
the anlinrmonic ratio of a'- ia", a — Ia\ a !- wa", a - na" is 

1 ^ —; and also that, given two systems of points on 

two right lines a'-Aa", a' - /a', &c., a"' —ia"", a'" — &c.; 

these systems are homogrophw^ the anharmonic ratio of any four 
points on one line being equal to that of the four corresponding 
points on the other. 


Ex. The intersection of pei-pendiculars, of bisectors of sides, and the centre of 
circiunsciibing circle lie on a right line. For the coordinates of these points are 
cos ZT cos Of d'C., sin B sin (7, &c.j and cos if, ^c. But the last set of coordinates may 
be written sin E sin C ** cos B cos C, dec. 

point whose coordinates are oos(E->C), cob{C — A)^ co9{A — Bf) evidently 
lies on the some right line and is a fourth harmonic to the three preceding. It will 
be found hereafter tlmt this is the centre of the ciivle through the middle points 
of the sides. 
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67. To examine what line is denoted iy the equatwa 
a sin ^ sia Z? + 7 sin 0 = 0 . 


Tills equation is included in the general form of an equation 
of a right line, but we have seen (Art. 63) that the left-hand 
member is constant, and never = 0 . Let us return, however, 
to the general equation of the right line Ax + J?y + 0^0. We 


saw that the intercepts cut off on the axes are 




consequently, the smaller A and B become the greater will be 
the intercepts on tho axes, and therefore the more remote the 
line represented. Let A and B be both = 0 , then the intercepts 
become infinite, and the line is altogether situated at an infinite 
distance from the origin. Now it was proved (Art. 63) that the 
equation under consideration is equivalent to Ou? + Oj/ + C 7 = 0 , and 
though it cannot be satisfied by any finite values of the coordi¬ 
nates, it may by infinite values, since the product of nothing by 
infinity may be finite. It appears then that a slnA^ ^ sin/3 4-7 sinf7 
denotes a right line sitnnted altogether at an infinite distnne*^ from 
the origin; and that the equation of an infinitely distant right 
line, in Cartesian coordinates, i 8 0.a;40.^+C/ = 0 . Wc shall, 
for shortness, commonly cite the latter equation in tho less 
accurate form (7=0. 


68 . Wc saw (Art. 61) that a line parallel to the line a = 0 
has an equation of the form a-f (7=0. Now the last Article 
shows that this is only an additional illustration of the principle 
of Art. 40. For a paralhd to a may be considered as intersecting 
it at an infinite distance, but (Art. 40) an equation of the form 
a 4 (7 = 0 represents a line through the intersection of the lines 
a = 0 , (7=0, or (Art. 67) through the intersection of the line a 
with tho lino at infinity. 

69. We have to add that Cartesian coordinates are only a 
particular case of trilinear. There appears, at first sight, to be 
an essential difference between them, since trilinear equations 
are always homogeneous, while we are accustomed to speak of 
Cartesian equations as containing an absolute term, terms the 
first degree, terms of the second degree, &c. A little reflection, 
however, will show that this difference is only apparent, and 
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tliat Cartesian equations must be equally homogeneous in reality, 
though not in form. The equation for example, must 

mean that the line x is equal to three feet or three inches, or, in 
short, to three times some linear unit; the equation ary =a 9 must 
mean that the rectangle ary is equal to nine square feet or square 
inches, or to nine squares of some linear unit; and so on. 

If we wish to have our equations homogeneous in form as well 
as ih reality, we may denote our linear unit by and write the 
equation of the right line 

Ax + Z?// + 0. 

Comparing this with the equal ion 

Aa + + CV = 0, 

and remembering (Art. 67) that when a line is at an infinite dis¬ 
tance its equation takes tlic form = 0, wc learn that etjualionS 
in Cartesian coordinates are only the particular form assumed 
hy trilinear equations when two of the lines of reference are 
what are culled the coordinate axvs^ while the third is at an 
infnite dialance, 

70. We wish in conclusion to give a brief account of what is 
meant by systems of tangential coordinates^ in which the position 
of a right line is expressed by coordinates, and that of a point by 
an equation. In this volume we limit ourselves to what is not 
so much a new system of coordinates as a new way of speaking 
of the equations already in use. If the equation ^Cartesian or 
trilinear) of any line be \x-\- py^-vz^ 0, then evidently, if 
/A, V be known, the position of the line is known; and wo 
may call these three quantities (or rather their mutual ratios 
with which only we are concerned) the coordinates of the right 
line. If the lino pass through a fixed point xyz\ the relation 
must be fulfilled a?'X. + y'/A + sV s= 0; if therefore wc are given 
any equation connecting the coordinates of a line, of the form 
+ 5 /a + cv = 0, this denotes that the line passes through tho 
fixed point (a, 5, c), (see Art. 51), and the given equation may 
be called the equation of that point. Further, we may use 
abbreviations for the equations of points, and may denote by 
ot, the quantities a;'A, + y'/A + «V, + y"/A + ; then it is 

evident that la + = 0 is the equation of a point dividing in 

K 
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a given ratio the line joining the poinld a, /8; that 
mfi = n 7 , «7 =* la are the equations of three points which lie on 
a right lino; that a + Ic/3j a — le^ denote two points harmonically 
conjugate with regard to a, &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more fully; for wo shall have occasion to show that theorems 
concerning points are so connected with theorems concerning 
lines, that when cither is known the otlier can bo inferred, and 
often that the same equations differently interpreted will prove 
either theorem. I'hcorems so connected are called reeijprocal 
theorems. 

Ex. Inteipret in tangential coordinates the equations used in Art. 60, Ex. 2. 

Let Qf fi, y denote tlie points .4, C; m/i — ny, ny ~ la ~ mfij the points 
Lf My N; then mfi + ny - /«, ny + la — ?w/?, /« + m(3 — ny denote the vei ticca of the 
trUnglo formed hy JjA, MBy NC\ and la + mfi + ny denotes a point 0 in which 
meet the lines joining the vertices of tliis new triangle to the corresponding vertices 
of the original: w/3 + ny, wy + /a, /a + mfi denote />, Ky t\ It is easy hence to see 
the xHiiuta In the fig'ire, which are haimonically conjugate. 
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CHAPTER V. 


• EQUATIONS ABOVE THE FIRST DliGREE lUSPRESENTINO 

RIGHT LINES. 


71. Before proceeding to speak of the ciirvcs represented 
by equations above the first degree, wc shall examine some cases 
where these equations represent right lines* 

If we take any number of equations L = Oj 0, &c., 

and multiply them together, the compound equation LMN&c. =s 0 
will represent the aggregate of all the lines represented by its 
factors; for it will be satisfied by the values of the coordinates 
which make any of its fixetors = 0. Conversely, if an equation of 
any degree can be resolced into others of lower degrees^ it will repre¬ 
sent the aggregate of all the loci represented by its different factors. 
If, then, an equation of the degree can be resolved into n 
factors of the first degree, it will represent n right lines. 


72. A homogeneous equation of the degree in x and y 
denotes n right lines passing through the origin. 

Let the equation be 

a?" — px^^y + — &c..-f ty^ = 0, 

Divide by and wc get 




— &c. = 0. 


Let n, 0 , &c., be the n roots of this equation, then it is 
resolvable into the factors 


and the originail equation is therefore resolvable into the factors 
(aj —a^) {x — hy) (a? — cy) &c. = 0. 

It accordingly represents the n right lines os—ay3»(V, &c., all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 
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represents the two right lines — tfy =» 0, a? — 0^ where o, end 

1) are the two roots of the quadratic 



+ 2 = 0 . 


It is proved, in like manner, that the equation 
(ct! — a)" - ^ (a: — (y — ^) + 2 (*» — «)"“* (y - i)***..+1 (y — S)** *= 0 

denotes n right lines passing through the point 


Ex. 1, What locus is represented by the equation .ry = 0 ? 

Ang. The two axes; elnco the ecpiation is satisfied by either of the suppositions 

3? = 0, y = 0. 

Ex. 2. What locus is represented by a:* — y* = 0 ? 

A ns. The bisectors of the angles between the axes, a; + y =? 0 (see Art. 85). 

Ex. 3. What locus is represented by a- — Sxy 4- By® = 0 ? A ns. aj-2y=0, a?-3y=t0. 

Ex, 4. What locus is represented by ar® — 2.cy sec 0 + y® = 0 ? 

Ans. a? = y tan(45® ± iO). 

Ex. 5. What linos are represented by x- — 2 .k// tan 0 — y® = 0 ? 

Ex. 6. What lines are represented by 3!- - Goj'y + ll.cy® - Cy® = 0 ? 


73. Let U3 examine more minutely the three cases of the 
solution of the equation --pxy-^ < 7 y* = 0, according as its roots 
are real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and & are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), 'p is therefore the sum of those 
tangents, and q their product. 

In the second case, when It was once usual among 

geometers to say that the equation represented but one right 
line [x — ay ^ 0). We shall find, liowever, many advantages in 
making the language of geometry correspond exactly to that -of 
algebra, and as we do not say that the equation above has only 
one root, but that it has two equal roots, so w’o shall not say 
that it represents only one line, but that it represents two coincident 
right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
coordinates can be found to satisfy the equation, except the 
coordinates of the origin a? = 0, y = 0; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
us very objectionable, for we saw (Art. 14) that tici) equations 
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^re required to. determme anj point, hence we are unwilling 
to aeknowledgo any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point; for it is obviously immaterial 
what the values of p and q are, provided only that they give 
infaginary values for the roots, that is to say, provided that be 
less than 4:q, We think it, therefore, much preferable to make 
our language correspond exactly to the language of algebra; and 
as we do not say that the equation above has no roots when p* 
is less than 4^, but that it has two imaginary roots, so we shall 
not say that, in this ease, it represents no right lines, but that 
it represents two imaginary right lines. In short, the equation 
X — pxy + qy^ = 0 being always reducible to the form 
(ar —ay) [x — iy) = 0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and h are real, 
we shall say that these lines arc real; when a and b are equal, 
that the lines coincide; and when a and b are inniginary, tluit the 
lines are imaginary. It may seem to the student a matter of 
indifference which mode of speaking we adopt; we shall find, how¬ 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the language here recommended. 

Similar remarks apply to the equation 

Ax^ -f Pxy -f Cf/ = 0, 

which can be reduced to4hc form a?—pxy 4- ' 7 y’* = 0, by dividing 
by the coefiicient of a?. This equation will always represent 
two right lines through the origin ; these lines will be real if 

—4-4(7 be positive, as at once appears from solving the 
equation; they will coincide if - 4yi C = 0 ; and they will be 
imaginary if be negative. So, again, the same 

language is used if wc meet with equal or imaginary roots in the 
solution of the general homogeneous equation of the degree. 

74. To find the angle contained by the lines represented by the 
equation a? ---pxy qy^ = 0, 

Let this equation be equivalent to {x — ay) {x - by) ^ 0, then 

a-'h 

the tangent of tlic angle between the fines is (Art. 25) ^ 
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but the product of tlio roots of the given equation and their 
difference == — i'j)* 

to^=2&:zi2), 

^ 1 + 2 

If the equation had been given in the form 

Aj? + Bjcy + Cy^ = 0, 
it would have been found that 


tan — 




CoK. 'rhe linos will cut at right angles, or tan ^ will become 
infinite, if 2 ==— 1 in the fiist case, or if -4 + 0=0 in the second. 

Ejc. lind the angle beLv\ecn Lhc Hues 

jp^ ^ -= 0. Ans, 46® 

J5^ ~ 2seed + tf = 0, Afw. 00. 

*lf the axes bo oblique w'c find, in like manner, 

sin o) y/( /?^ — 14 0 ) 

tan 0 =—. ,, jj - -0 

^ J.+ C--&cosa> 


75. To find tha equation which will represent the lines liseotlng 
the angles hUween the lines represented by the equation 

Au? + B.ry + Cy^ = 0 . 

Let these lines be a: — ay = 0 , aj — 63 / = 0 ; let the equation of 
the bisector be a; — /*y = 0 , and we seek to determine /*. Now 
(Art. 18) /A is the tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the liu^s thcm«!elves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 

2/Lt a + & 

1 — /a'* 1 — «6 ^ 


but, from the theory of equations, 


tlicreforc 


2 /t _ B 
1^- 2 1=0 


or 
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This, a quadratic to determine /Lt, one of whose roots 
wiS jie tpo tangent of the angle made with the axis of y by the 
«ntamia£Jbisector of the angle between the lines, and the other 
t|t,e taifgeht of the angle made by the external bisector. We 
find the combined equation of both lines by substituting in 

the tot quadratic for fi its value «== - , and we get 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art, 71), 

The student may also obtain this equation by forming 
(Art. 35) the equations of the internal and external bisectors 
of the angle between the lines x — ay 0, x — by^ 0, and 
multiplying them together, when he will have 

(a? - ayY _ {x - byY 
1 + 1 + * 

and then clearing of fractions, and substituting for a + and ah 
their values in terms of /i, (7, tlie equation already found is 
obtained. 

70. Wc have seen that an equation of the second degree 
may represent two right lines; but such an equation in general 
cannot be resolved into the product of two factors of the first 
degree, unless its coefficients fulfil a certain relation, which cm 
be most easily found as follows. Let the general equation of 
the second degree be written 

aa?* + 2/fxy + hy^ -f 2yx + 2/y + c = (),t 
or ax^ + 2 {/ty + y) cc -f by^ + 2/y + /j = 0. 


• It is mnarkrtble tliat the roots of this last equation will ulwnys be real, even 
the roots of the equation + Bsry -f " 0 be imaginaiy, whieh leads to the 
curious result, that a pair of imagiiiaiy lines has a pair of real lines bisecting 
the angle between tliem. It is the existence of such relations l^etwceu real and 
imaginary lines which makes the consideration of the latter pivlitable. 
t It might seem more iiatuial to write this equation 

, ■ Qx- + tfxy + ry® + dx + cy 4-/- 0, 

hut a» it is desirable that the equation should be written with the same letters all 
thi^ngh the book, 1 have decided on using, from the first, the form which will 
h^^aftcir be found most cou^colunt and symmetrical. It will appear berealler 
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Solving this equation for x we get 

ax^-{hy-^g)± V{(A* - ab) / + 2 {?tg ^af) y + {g* - ac)}. 

In order that this may be capable of being reduced to the 
form x^my + rij it Is necessary that the quantity under the 
radical should be a perfect square, in which case the equation 
would denote two right lines according to the different signs 
we give the radical. But the condition that the radical should 
be a perfect square is 

(A" - ab) (/ - ac) = {hg - a/)\ 

Expanding, and dividing by a, we obtain the required condition, 
viz. abc + 2fgh — af^ — bg^ - cA* = 0.*' 

1. Verify that the following equation representa right lines, and find the lines: 

a* — t)xy + Ay- + x + 'hj — 2 = 0. 

Am, Solving for x as in the text, the lines arc found to be 

X — y — 1 =0, X — Ay 2 = 0, 

Ex. 2. Verify ihat the following eqnation represents right lines: 

{ax Py - («2 + IP - r") {x- -l- y^ - r^). 

Ex, 3. What lines are leprcseiitcd by the equation 

— xy +y^ - X - y I = 0? 

Ans. Tlic imaginary lines x + fiy + 0- = 0, x + fPy + 0 = 0, whore 0 is one of the 
imaginary cube roots of 1. 

Ex. 4. Determine /», so that the following equation may represent right lines; 

x^ + 2//xy + y"^ fij" — 7y + 6 = 0, 

Alts. Suh^'titutiug these values of the coefficients in the general condition, we get 
for h the qiiadiatic — 35/t + ‘25 = 0, whose roots aie ^ and 

*77. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree, is 
not applicable to equations of higher degrees; we tlierefore give 
another solution of the same problem. It is required to ascertain 

that this equation is intimately connected with the homogeneous equation in thi-co 
variables, which may be most symuictrically written 

aa:- + by’^ + ec- + 2jyz + 2^.?jj + 2Jixy = 0. 

Tlie form in the text is derived from this by making 2 = 1.* The coefficient 2 is affixed 
to certain terms, because formulfc connected with the equation, which wc shall hav<r 
occasion to use, thus become simpler and more easy to be remembered. 

* If the coefficients J] h in the equation had been written without numerical 

multipliers, this condition would have been 

Aabc +Jyh — aj^ — by* - c4* =: 0, 
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whether tlie given equation of the second degree can be Identical 
with the product, of the equations of two right lines 

(ouc + - 1) {(x!x 4- /3 y - 1) = 0. 

Multiply out this product, and equate the coefficient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by o, 
so 0 ^ to make the absolute term in each equation =1. We thus 
obtain five equations, viz. 


= « + = ^ + «/3' + a'y8 = l^ 

from which eliminating the four unknown quantities a, a, yS, l3\ 
we obtain the required condition. Tin* first of tlic equa- 
MoiH at onoc give us two quadratics for determining a, a; /3'; 
wliicli indeed might have been also obtained from the considera¬ 


tion that tbesc quantities are the reciprocals of the intercepts 
made by the lines on the axes; and that the intercepts made by 
tlie locus on tlic axes are found (by making alternately a: = 0, 
y = 0, in the general equation) from the equations 

ax^ -t 2y r + c = 0, h//^ -f 2/}/ + c -- 0, 


We can now complete the elimination by solving the quadratics, 
substituting in the lifth C(|iiation and clearing of radicals; or 
wc may proceed more simply ns fidlovvs: Hince nothing shews 
whether the root a of the first (piadratic is to be combined with 


the root /3 or /3' of the second. 


2U 

it is plain that may have 


either of the values aff 4- a/S or a;3 4- a This is also evident 
geometrically, since if the locus meet the axes in the points 
i, TJ ; My Ji'; it is plain that if it represent riglit lines at all, 
these must be either the pair LM^ L'M\ or else LM'y 11 
whoso equations are 

(ax + ^y-1) (ax + /3y-l) = 0, or (ax + - 1) (a'a;-f)Sy- 1) » 0. 

The sum then of the two quantities a/3' + a/3y a/S + a'/3' 


-(a + a') (/3 + /8') 




and their product 
« cm' O* + /S”) + i8/3' (a* + a**) * 



I. 
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7i. 


Hence - is given by the quadratic 


h' ff! 2/i af* 4 hg* 

0 0 c c ’ 


wliicb, cleared of fractions, is the condition already obtained. 

Ex. To determine h so that j? + 'Ihxy + y® — 5 j? — 7^ + C = 0 may repteaettt right 
linc^ (wo Ex p 72). 

The iiiterctpt& on the axes are given by the equations 

a* — 5a; + C = 0, y® — 7y + G = 0, 

whoec roots are T? = 2, r = 3 j y — 1, y = G, Forming, then, the equation of the lines 
joining the points so fo^md, we see that if the equation lepreBent right linear it must 
bo of one or other of the forms 

(a; + 2y - 2) {2x + y — 6) = 0, (c + 3y — 3) (3® + y — 6) = 0, 
whence, mnltipljung out, h is determined. 


^ ^78. To find how many conrlithna must he satisfied in order ^ 

that the genend equation of the degree may represent right lines. 

We pi'oceed as in the last Article; we compare the general 
equation, having first by division made the absolute tcrm=l, 
with the product of the n right lines 

(ax + - 1) (aix 4- ^'y — 1) (a"j? + — 1) &c. = 0. 

Let the number of terms in the general equation be JV; then 
from a comparison of coefficients wc obtain AT— 1 equations 
(the absolute term being already the same in both); 2n of those 
equations are employed in determining the 2« unknown quan¬ 
tities a, a', &e., whose values being substituted in the remaining 
equations atibrd W—1—2n conditions. Now if wc W'rito the 
general equation 

A 

4-^JJ+ Cy 
+ 4- Exy 4 Fifi 

+ Qj^ 4- il^y 4- Fi^y^ 4- Lifi 
H" &c. = 0, 

it is plain that the number of terms is the sum of the arilhirictlc 
series 

14 2 4 3 4... (n41) ; 

1.2 


jsr 1 gn ”(”-0 
1.2 » ■" ^ 1.2 • 


hcuco. 


N-1 
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CHAPTER VI. 

THE CIBCLB. 

79. Before proceeding to the discussion of tlic general cqua 
tion of the second degree, it scem^ desirable that we should 
shew, in the simple case of the circle, how all the properties of a 
enrve may be deduced from Its equation, without assuming any 
previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 
is the point {afi) and radius is r, has already (Art. 17) been 
found to be 

(x - a)® + (y - = r\ 

Two particular cases of this equation deserve attention, as 
occurring frequently in practice. Let the centre be the origin, 
then a = 0, ^ = 0, and the equation is 

0 ?“ + y “ = r\ 

Let the axis of a; be a diameter, and the axis of y a per¬ 
pendicular at its extremity, then a = r, ^8 = 0, and the equation 
becomes 

sc® -f y® = 2ra?. 

« 

80. It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term £ry, and that the 
coefficients of and y“ arc equal. The general equation therefore 

oaj® 4 2h.ry 4 />y® 4 2ffx 4 4 c = 0 

cannot represent a circle, unless wc have A = 0 and a = b. Any 
equation of the second degree wliich fulfils these two conditions 
may be reduced to the form {x — a)® 4 (y - iS)® == r®, by a process 
corresponding to that used in the solution of quadratic equations. 
If the common coefficient of a;® and y® be not already unity, by 
division make it so; then having put the terms containing x and 
y on the left-hand side of the equation, and the constant term 
odthe right, complete the squares by adding to both sides the 
sum of the squares of half the coefficients of x and y. 
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Ex, Heduse to the form (« - a)* + (y — /9)* = r*, the eqttatiomt 

sj* + y* — 2® — 4y = 20; Sos* + 8^ — 6® — 7y +1 = 0, 

Ans. (tJ — 1)® H- (y - 2)® 25; (r - 5)® -f (y - £)* = j|; oodthe coordinates of the 

c n It. cinJ tLu r idius are (1, 2), aud 5 m the hist case; (g, and ^ *J((i2) in the becoiid. 

If wc ticat hi like manner the equation 

a(x’‘ + //*) + 2ffas + 2/y + o=>Of 

yre get («+|) + 


then the eoordinates of the centre are 




and the radius 


“ ^ V(5’*+7’'-ac). 

If +/* - etc is negative, the radius of the circle is imaginary, 
and the equation being equivalent to (aj- oe)’‘+ (y- /9)*4r* = 0 
cannot bo satisfied by any real values of x and y, 

if/+r = acj the radius is nothing, and the equation being 
equivalent to (x — a)® 4 (y - /3)“ = 0, can be satisfied by no 
coordinates save those of the point (a/9). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art. 73) we prefer to call it the cquatioti of an 
infinitely small chcle having that point for centre. Wc have 
seen (Art. 73) that it may also be considered as the equation of 
the two imaginary lines [x --a) ± (yj3) \/(*- 1) passing through 
the point (aj3). So in like manner the equation a;® 4 y® =? 0 may 
be regarded as the equation of an infinitely small circle having 
the origin for centre, or else of the two imaginary lincsa:±yV(”‘ !)• 


81. The equation of the circle to oblique axes is not often 
used. It is found by expressing (Art. 5) that the distance of 
any point from the centre is equal to the radius, and is 

(a?-a)*42(a?-a) (y-/8) coso)4 (y-/S)* = r®. 

If we compare this with the general equation, we see that* 
the latter cannot represent a circle unless a =»& and A^a cos 
When these conditions are fulfilled we find by comparison of 
coefficients that the coordinates of the centre and the radius are 
given by the equations 

a4/8cosa)=a-’2^ /84a cosw»-*^, a*4/8*4 2a;8 coseD->^=:- , 
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77 


Since 0 are determined from the first two equations, which 
do not contain c, we learn that two circles will be concentric if 
their equations differ only in the constant term^ 

Again, if c = 0, the origin Is on the curve. For then the 
equation is satisfied by the coordinates of the origin £i5 = 0, y = 0. 
The same argument proves that if an equation of any degree toant 
the absolute term^ the curve represented passes through the origin. 


82, To find the coordinates of the points in which a given 
right line x cos a + y sin ol ^p meets a given circle -f y* = r*. 

Equating to each other the values of y found from the two 
equations we get, for determining a;, the equation 


^ — 05 cos a 
sin a 



or, reducing as* — 2px cos a — r* sin^a 0; 

hence, x —p cos a ± sin a V(r* — p“), 

and, in like manner, 

y =y sin a T cos a \/(r'* —jp*). 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the - in the value of y corresponds 
to the -f in the value of a?, and vice wrsd). 

Since wo obtained a quadratic to determine or, and since every 
quadratic has two roots, real or Imaginary, we must, iti order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginai*y. 
Thus, when p is greater than r, that is to say, when the distance 
of tho line from the centre is greater than the radius, the line, 
geometrically considered, does not meet tho circle; yet vre have 
seen that analysis furnishes definite imaginary values for tho 
coordinates of Intel section. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets It in 
two imaginary points, just as we do not say that the corre¬ 
sponding quadratic has no roots, but that it has two imaginary 
roots. By an imaginary point we mean nothing more than a 
point, one or both of whose coordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
bent geomelrically; just as w’hcn we find imaginary values for 
\»ots of an equation, we do not try to attach an arithmetical 
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meaning to out* result. But atteation to these imaginary 
points is necessary to preserve generality in our reasonings^ for 
we shall presently meet with many oases in which the line 
joining two imaginary points is real, and enjoys all the geome¬ 
trical, properties of the corresponding line in the case where the 
points are real. 

83. When jp «= r it is evident, geometrically, that the line 
touclies the circle, and our analysis points to the sanoe conclu^* 
sion, since the two values of x in this case become e^ualj as do 
likewise the two values of y. Consequently the points answer¬ 
ing to these two values, which are in general different, will in 
this case coincide. We shall, therefore, not say that the tangent 
meets the circle in only one point, but rather that it meeta it in 
two coincident points; just as wo do not say that the corrct 
Bponding quadratic has only one root, but rather that it has two 
equal roots. And in general we dijine the tangent to any curve 
as the Une joining two indefinitely near points on that curve. 

We can in like manner find a quadratic to determine the 
points where the line Ax + -ffy + (7 meets a circle given by the 
general equation. When this quadratic has equal roots the Une 
is a tangent. 

Ex. 1. Find the coordinates of the intersections of rp* + s 65; 3a; + v = 

An9. (7, 4) and (8, 1) 

Ex. 2. Fmd intersections of (a? — ^)* + (y — -= 25<;* j 4r + 8^ = 35<?. 

Ans. The line touche«i nt the point (5c, 5c). 

Ex. 8. When will y =s ow + 6 tonch a* + y* = ? Ans, When 5* = (14* wP). 

Ex. 4. When will a line thiongh the origin, y = mar, touch 

a («* + 2i;y cos w + y^) + 2ya; + %fy + c = 0 ? 

The points of meeting arc given by the equation 

a (1 + 2m 009 01 + m*) a;^ + 2 (y +ym) a; -f c = 0, 
which will have equal roots when 

(y +/m)’ ?:ac(l + 2moosw4' m?). 

We have thus a quadratic for determining m. 

Ex. 5. Find the tangents from the origin toa^4-y’ — aa— 

. Ans, «4-7y=sO. 

84. When seeking to determine the position of li dreUi 
repre««ented by a given equation, it is often as coavoaiedt to do so 
^^y finding the intercepts which it makes on the axes^ R/tt by 
ffinding its centre and radius. For a circle is known when 
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three points on it ere fenown; the determination, therefore, of 
the fonr pc^nts where the circle meets the axes serves completely 
to fix its )p8ition* By making alternately — 0, a;» 0 in the 
general elation of the circle, we find that the points in which 
it meets tHe axes are determined by the quadratics 

(zz* + 2gx + e^0j ay* + 2^4c=s0, 

«Tfae axis x will be a tangent when the first quadratic has 
equal roots, that is, when = ac, and the axis of y when f* = ac. 
Conversely, if it be required to find the equation of a circle 
making intercepts X, X' on the axis of a;, wc may take a = 1, and 
*we must have 2y = —(X + X'), c = XX'. If it make intercepts 
/i,/Lt' on the axis of y, we must have 2/= —(/A-h/ir'), 

Thus wo see that we must have*XX'a=/A/i<G' (Euc. III. 36). 

Ex 1. Had the points wiierc the axes are cut by **+y® — 6a? — 7y + C 0. 

Ans. £0 = 6} 4? = 2 ; y zz Qj y zz 1, 

Ex. 2, What is tlic equation of the elide which touches the axes at distances fiom 
the origin = a ? Aits* or* + y* — 2aj* — 2ay + a® = 0, 

Ex. 3. Eind the equation of a drclc, the axes being a tangent and any line Uirongh 
tlio point of contact. Here wo have X', /u all = 0; and it is easy to see fiom the 
figure that fi* = 2r dn c^, the equation therefore is 

£ 0 ® + 2a;y cos w + y* — sin eo = 0. 

85. To find the eqiiaiion of the tangent at the point x'f to a 
given circle. 

The tangent having been defined (Art. 83) as the line joining 
two Indefinitely near points on the curve, its equation will be 
found by first forniing the equation of the lino joining any two 
points {uffj on the curve, and then making = and 

y' in that equation. 

To apply this to the circle: first, let the centre he the origin, 
and, therefore, the equation of the circle f — r®. 

The equation of the line joining any two points [x'f) and 
is (Art. 29) 

y-i/ 

a? — as' 0?' — x' * 

now if W6 were to make In this equation y'=y" and the 

right*hi[nd member would become indeterminate. The cause 
of this is, that wo have not yet introduced the condition that 
the two points (ajV, circle. By the help of this 

condition we shall be able to write the equation in a form which 
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'Will not become mdctcrmlDate when the two points are made to 
coincide. For, since 

r'* = a5'“ + y'^ == + y'®, we have — a?''®« y"® — y'*, 


and therefore 


// • 


x' - ic" y' + y^ 

Hence the equation of the chord becomes 

y_- y'_ x' -f a;*' 

y' + y"* 

And if we now make x' and y' = y"^ we find for the equation 
of the tangent 


=- 


X— X 


X 

y 


r i 


or, reducing, and remembering that a;'* + y'® = r®, we get finally 

XX + yy' = 7*®. 

Otherwise thus;* The equation of the chord joining two 
points on a circle may be written 

{x^x’) (0.-0;") +(y-y) (y-y') = o;® + y®-A 

For this is the equation of a right line, since the terms 
as® + y® on each aide destroy each other; and if wc make x — a;’, 
y = y', the left-hand side vanishes identically, and the righl-liaud 
side vanishes, since the point xi/ is on iho circle. In like 
manner the equation is satisfied by the coordinates x‘y\ This 
tlicii is the equation of a chord; and the equation of the tangent 
got by making ?/= //", is 

(o;-o;T + {y-yO® = a;® + y®-r®, 
which reduced, gives, as before, xx + yy' = r®. 

If we were now to transform the equations to a new origin, 
so that the coordinates of the centre should become a, /9, we 
must substitute (Art. 8) .r — a, ic' - a, y — ^9, y' — j3^ for x^ x\ y, y', 
res]»cctively; the equation of the circle would become 

(a; - a)® + (y - ^)® = r®, 
and that of the tangent 

{x - a) [x* - a) + (y - /3) (y' - /S) = r®; 
a form easily remembered from its similarity to the equation of 
-tlSiti circle. 


* This method U due to Mi\ Luiuside. 
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Cor. The tangent is perpendicular to the radius, for the 
equation of radius, the centre being origin, is easily seen to be 
oiy — but this (Art. 32) is perpendicular to xx 

86. The method used in the last article may be applied to 
the general equation* 

as? 4- ^hxy 4- hy^ 4- ^gx 4- 2/y + c = 0. 

TIha equation of the chord joining two points on the curve may 
bo written 


a (a? - x') [x - X*') 4- 2A {x - x') {y - y') + J (y -■ y) [y - y") 

= ao? 4* '‘Ihxy 4- l>y“ + '‘^gx + 2fy 4- c\ 
For the equation represents a right line, the terms above the 
first degree destroying each other; and, as before, it is evidently 
satisfied by the two points on the curve xy\ L^utting 
zs, x\ y* ^y\ we get the equation of the tangent 

a[x—X)*’\-2h{x—Qd){y-y]^- h [y—yY^aX'V 2!ixy h '^gx-\-2fy^ c 5 
or, exp«inding, 

2aXX 4 2/i [xy 4- y x) 4 2hy y 4- 2gx H- 2/^ 4 c nx '^-\- 2h.ey 4 hy “. 

Add to both sides 2gx +2fy and the right-Iiaiid side will 
vanish, because o:y satisfies the equation of the curve, ^J^hus the 
equation of the tangent becomes 

a cx 4 A [xy 4 y x) 4 %'.y f g (?: 4 4 /(/y 4 y) I- c = 0. 

This equation will be more easily reineuii)ei’C(l if we compaiv 
it with the equation of the curve, when we see riial it Is derived 
from it by writing xx and y*y for and y\ xy f yx for 2xy.^ 
and X 4 x^ y 4 y for 2x and 2y. 

Ex. 1. Fiad the cquatioiia of the tant^eiils to tTic eiirvo*? ry " and //’ - px. 

vl/'v, j'// I 1JJ' and - p (x f x'). 

Ex. 2. Find the tangent at the point (.j, i) to 'j; ~~ 2j~ + fj/ :iy - 10. 

Jns, 3x + y =: IS. 

Ex. 3. What if! tlie equation of tho clir»rd ioiu^ig thr points x'Y' on the 
dl'ole £b 2 -f Y - r’y An.^\ {/ + j: (/ + p") 2 / - r* + a:V' + y'/'. 

Ex. 4. Find tho ron-iitiun that Ax f- T* j 4 - ^7 - 0 should touch 

{x - a)- 4 (j - fff = r*. 

Ans, ^ i since tlie peipcndicular on the line from «/? is equal to r. 


♦ Of course when this equation represents a circle we must have n, A = n cos w ; 
tmt since the process is the same, whetlier or not 6 or h have those paiticular values, 
H-o prefer in this and one or two similar cases to obtain at once formulae which wid 
afterwards be' required in our discussion of the general equation of the Foeond dogmo* 
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87. To draw a tangent to the circle from any 

point xy\ Let the point of contact be then since^ by hypo¬ 
thesis, the coordinates xy satisfy the equation of the tangent at 
x”y'^ we have the condition x*x' + 

And since is on the circle, we have also 

X •ry ^r • 

These two conditions are sufficient to determine the coordinates 
jc", y\ Solving the equations wo get ® 

„ _ rV ± ry V(a?'* + y ^ - r®) „ _ r^ij T rx' V— r®) 

3 , _ + * 

Hence, from every point may be drawn two tangents to a circle. 
Those tangents will be real when x'‘ 4 y^ is > r®, or the point 
outside the circle; they will be imaginary when is <r®, 

or the point inside the circle; and they will coincide when 

4 y® = r\ or the point on tlic circle, 

88. We have seen that the coordinates of the points of 
contact arc found by solving for x and y from the equations 

XX 4 yy = r®; a;® 4 y^ = r®. 

Now the geometrical meaning of these equations evidently is, 
that these points are the intersections of the circle — 

with the riglit line xx 4 yy = r®. This, last, then is the equation 
of the right line joining the points of contact of tangents from 
the point xy\ as may also be verified by forming the equation 
of the line joining the two points whose coordinates were found 
in the last article.* 

W c SCO, then, that whether the tangents from x'y* be real or 
imaginary, the line joining their points of contact will be the real 
line XX +yy =7'^^ which we shall call \\\q polar of x^y* with 
regard to the circle. This line is evidently perpendicular to the 

* In geneml the eqnsiMon of the tangent to any curve expresses a relation con¬ 
necting the coordinates of any point on .the tangent, with the coordinate of the 
point of contact. If we arc given a point on the tangent and required to find tha 
point of contact, wo have only to accentuate the coordinates of the point which, is 
supposed to be known, and rtunovc the accents from those of the point of contact, 
when we have the equation of a curve on which that point must lie, and whose 
intersection with the given curve dclennines the point of cont^t. Thud, if the 
equation of the tangent to a curve at any point be ax'* + yy*® = r*, . .points 
6f contact of taiigonta drawn fiom any point x'lj* must lie on the curve’o'®*- >•*. 
|f It is only in the case of curves of the second degree that the equation which deter- 
ii miucs the points of contact is similar in form to the equation of the tangeni, ' 
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lino (ary —ya?=0), which joins ary to the centre; and its dis- 
tance from the centre (Art. 23) is —-. Hence, the polar of 

,, , ALl£l±if4* 

any point JP is constructed geometrically by joining it to the 
centre 0^ taking on the joining line a point such that 
CM.CP^r^^ and erecting a perpendicular to CP at M, We 
see, also, that the equation of the polar is similar in form to that 
of the tangent, only that in the former case the point x'y' is not 
supposed to be necessarily on the circle; if, however, x'y be on 
the circle, then its polar is the tangent at that point. 


89 . To find the equation of the polar 6f x'y' with regard to the 
euroe aa? + 2'hxy + Jy“ + 2gx 4 2fy 4 c = 0. 

We have seen (Art. 86) that the equation of the tangent is 
ax'x 4 h {x'y 4 y'x) 4 hy'y 4 y (a? 4 x') 4/(y +y')’¥c=^0. 

This expresses a relation between the coordinates xy of any 
point on the tangent, and those of the point of contact x'y\ 
We indicate that the former coordinates are known and the 
latter unknown, by accentuating the former, and removing the 
accents from the latter coordinates. Hut the equation, being sym- 
meti*ical with respect to the coordinates ay, x'y^ is unchanged 
by this operation. The equation then written above (which 
when x'y* is a point on the curve, represents the tangent at that 
point), when x'y' is not on the curve, represents a line on which 
lie the points of contact of tangents real or imaginary from x'y. 

If we substitute x'y' for xy in the equation of the polar we. 
get the same result as if we made the same substitution In flie 
equation of the curve# This result then vanishes when x'y is on 
the curve. Hence the polar of a point passes through that point 
only when the point is on the curve, in which case the polar is 
the tangent. 

Cob. The polar of the origin is gx \fy 4 c = 0. 

Ex. 1. Find the polar of (4, 4) with regard to (a;-l)*+(y--2)2=13. Ans. 3a:4-2y=20. 

£x. 2. Find the polar of (4, 5) with regard to 3a?—4;/-8. 5j;+Gy=48. 

Ex. 3. Find the pole of + By -f C' = 0 .with regard to ar* + = r®. 

( Ar^ Br^\ 

- I —y aa appears from comparing the given equation with 
- ' + yy* = rK 

Ex. 4. Find the pole of 3;c + 4y = 7 with regard to a:® + y® = 14,. Jns. (6, 8). 

Ex, 5. Find the pole of 2a? + = 6 with regard to (a? — 1)* 4 — 2)® = 12. 

Ans. li, — 16 )« 
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90. Tq find the Imgdi of the tangent d^atenfiim any ^nt fa 
the circle (a? —«)* + (y —9**=»0, 

The square of the distance of any point from the centre 

and since this square exceeds the square of the tangent hy the 
square of the radius, the square of the tangent from any point is 
found by substituting the coordinates of that point for a? and y 
in the first member of the equation of the circle 

(a? - a) * + (y - - r* = 0. 

Since the general equation to rectangular coordinates 

a (a?*+y*) + 2gx-h2/y + c = 0, 

when divided by a, is (Art. 80) equivalent to one of the form 

(a?-a)*+(y-^)'*-r* = 0, 

we learn that the square of the tangent to a circle whose equa* 
tion is given in its most general form is found by dividing by 
the coclficient of and then substituting in the equation the 
coordinates of the given point. 

The square of the tangent from the origin is found by 
making x and y » 0, and is, therefore, s the absolute term in the 
equation of the circle, divided by a. 

The same reasoning is applicable if the axes be oblique. 

*91. To find the ratio tVi which the line joining two given 
points x*y\ x**y*\ is cut hy a given circle, 

•We proceed precisely as in Art. 42. The coordinates of any 
point on the line must (Art. 7) be of the form 

+ mx^ hf + my 

Substituting these values in the equation of the circle 

a:’* + y-r* = 0, 

and arranging, we have, to determine the ratio 1 : 9n, the quadratic 
P +y" - O + 2lm + yY - O + w* (aj'“ + y^ 

The values of ?: m being determined from this equation,^ we have 
at once the coordinates of the points where the right line m^eta 
the circle. The symmetry of the equation ^makes this method 
sometimes more convenient than that used (Art. 88)* 



THU CIRCLE. 


85 


t 

If Ue on thd folar of a!y\ we have a?V' +yy'-?‘*=sO 
(Ai^t. 88)| and the factors of the preceding equation must be of 
the form 1 4 Awn, I — fim ; the line joining ojy, a'y' is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, jigff l in^ dmw^Llkrough a point h cu} har^ 
M^onkoUj/JtlLtho and tho polar of the point, 

.*92. To find the equation of the tanymts from a given point 
to a given circle. 

We have already (Art. 87) found the coordinates of the 
points of contact; substituting, therefore, these values in the equa¬ 
tion we have for the equation of one tangent 

r {xx* 4 yf - in'" - y*®) 4 (jcf - yx') 4 y* - r“) == 0, 

and for that of the other 

r {xx* 4 yy* — - y'*) - [xy* — yx') V(cc'* 4«/'“ — r®) =0. 

These two equations multiplied together give the equation of tho 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines I : m will have 
equal roots if the line joining x*y\ xy* touch the given circle; 
if then aj'y be any point on either of the tangents through ocy\ 
its coordinates must satisfy the condition 

(aj'* 4 y® - O isd 4 y - r*) = [xa! 4 yf - O*- 
This, therefore, is the equation of tho pair of tangents through 
the point x!y\ It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

The process used in this and the preceding article is equally 
applicable to the general equation. We find in precisely the 
same way that Ixmvsi determined from the quadratic 

P 4 ^h^Y 4 ly '® 4 4 2/y' 4 c) 

4 2fon {o££* 4 h {xY + x”y’) 4 hyY +g{x ^ x*') +f{f+y") 4 c] 

4 wi® [ax^ 4 2hxy' 4 ® 4 2gx' 4 2jy* 4 c) = 0; 

from which we infer, as before, that when x"y** lies on tho polar 
of a^y the line joining these points is cut harmonically; and also 
that tho equation of the pair of tangents from x*y* is 

(aar"®4 2hx'y‘ 4 “ 4 2gx* 4 2fy 4 c) 4 2hxy 4 hy^ 4 2gx 4 2^ 4 c) 

IP {ax'x 4 h {x'y 4 xy) 4 hyf 4 flr 4 x*) 4/(y 4 y*) 4 c]\ 
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93. To find the equation of a circle ^passing through three 
given points. 

We have only to write down the general eq^uatlon 
a* +;/ + + 2yy + c = 0, 

and then substituting in it, successively, the coordinates of each 
of the given points, we have three equations to determine the 
liirec unknown quantities g^ /, c. Wc might also obtain tJlie 
equation by determining the coordinates of the centre and the 
radius, as in Ex. 5, p. 4. 

Ex. 1. Find the ciicle thiougli (2, 3), (4, 5), (6, 1). 

Ana. (j* - V)* + (y - J)* = (sec P- 4). 

Ex. 2. Find the circle through the origin and through (2, 3) and (3, 4). 

Heic 0 = 0, and we have 13 + 4^ + G/=; 0, 25 + 0, whence 2^ ■= — 23, 11. 

Ex. 8. Taking the same axes as in Art. 48, Ex. 1, find the equation of the ciicle 
tiuMugh the origin and through the middle points of sides; and shew that it also 
passes thiough the middle pomt of base. 

Ana. 2p — p (s — s') ® ~ (p* + ss'} p = 0. 

*94. To express the equation of the circle through three points 
a x"y'” in terms of the coordinates of those points. 

We have to substitute in 

®* + 2^“ + 25 'a;+ ^ + c = 0, 
the values of < 7 ,/, e derived from 

(as" + y'” ) + 2gx' •+ 2fy' + 0 = 0, 

* (a"* + y"*) + aya:" + 2/y" + c = 0, 

(»'"* + /") + 2gx"' + 2/y'" + c = 0. 

The result of thus eliminating ff)/ 0 between these four equa¬ 
tions will be found to be* 

{a? +/ ){«' {/' -y"’) + x" {y"’-y') + x'"{y' -/')} 

-{x-* +y''){x"ty"'^y )+x"'{y -y") + x (y"-/')} 

+ (»"*+y'*) {®"'(y -y')+x (y -/')+»' {y"'-y )} 
_(a,"'*+y"»){x {y' -y") + x' {y"-y )+x" {y -y')}«0 , 
as may be seen by multiplying each of the four equations by 
the quantities which multiply {x‘ + y”) &c. in the last written 
equation, and adding them together, when the quantities multi¬ 
plying , 7 ,/, c will be found to vanish identically. 

* The reader who is acquainted with tho determinant notation will at onoa 108 li9W 
the equation of the circle may be written in the form of a determinants 
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If it werS required to find the condition that four poinla 
should He on a circle, we have only to write £p^, for x and y 
in the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. If -4, J?, 
C7, 2) be any four points on a circle, and 0 any fifth point taken 
arbitrarily, and if wc denote by BCD the area of the triangle 
BCD^ &c., then 

% " OA\BOD^OG\ABD^OB\ACD-\^OD\ADG. 


95. We shall conclude this chapter by showing how to find 
thejoofer equation of a circle. 

We may either obtain it by substituting fora?, p cos^, and 
for y, p siu^ (Art. 12), in either of the equations of the circle 
already given, 

a(a?* + y) 429 ^^+2/y + c = 0, or (a?-aV'* + (y-/S)* = r*, 
or else we may find it independently, from the definition of the 
circle, as follows; 

Let 0 be the pole, G the centre of the circle, and OG the 

fixed axis; let the distance OC=^(fy _ 

and let OP be any radius vector, and, p 

therefore, = p, and the angle 
then wo have O 

PC*=0 C®- 2 OR 0 0 cos PO 0, 



that is, r* = p* + (jf* - 2pc? cos 0, 

or p*- 2Jp COS0 + iP - r* = 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with 00, but made with It 
any angle a, the equation would be, as in Art. 41, 

p* — 2(Ip cos (0 — a) + (P — r* = 0. 

If we suppose the pole on tlie circle, the equation will take a 
simpler form, for then and the equation will be reduced to 


p = 2r cos ffj 

a result which w’e might have also obtained at once geometrically 
from the property that the angle in a semicircle is right; or else 
by substituting for x and y their polar values in the equation 
(Art. 79) x^’\f^2rx. 
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CHAPTER VIL 


THEOREMS AND EXAMPLES ON THE OIROLE^ 

9G, Having in the last chapter shown how to form the 
equations of the circle, and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle, 
and if so to determine its position either (Art. 80) by finding 
the coordinates of the centre and the radius, or (Art. 84) by 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. Given base and vertical angle, find the locoa of vertex, the axes having 
any pohition. 

Let the coordinates of the extremities of base bo a;'y', Let the eqnalion 

of one side bo 

y-y'=-OT(aj-a;0, 

then the equation of the other side, making with this the angle G, will be (Art. 8S) 

(1 + ni tan C) {y — y") = (m — tan (7) (a? — a/'). 

Eliminating m, the equation of the locus is 

tan C {(y - j/) (y - y") + (a* - ac') (x - x")] + ® (y' - y") - y (a/ - »") + rf'y" - y'x" =: 0, 

If C* be a light angle, the equations of the sides are 

y - y = (a; - jj') j w (y - y") + (jj - »") = 0, 

and that of the locus 

(y - y) (y - yO + (jff - »') (a? - aj'O = 

Ex. 2. Given base and vertical angle, find the locus of the intersection of petpen* 
diculars of the triangle. 

The equations of the perpendiculars to the sides are 

(y — y") + (» — «") = 0, (?w — tan C) (y — y) + (1 + w tan C) (a — a') = 0, 
Eliminating m, the equation of the locus is 

tan C {(y - y*) (y - y") + (a? - a?') (c - <r")} = « (y - y") - y («' - O + a-'y" - y'a?" j 
on equation which only differs from that of the last article by the sign of tan C, and 
which is therefore the locus we should have found for the vei^x had we been given 
the same hose and a vertical angle equal to the supplement of the given one. 

Ex. 8. Given any number of points, to find locus of a point such that m* times 
square of its distance from the first + times square of its distance from the second 
•f Ac. = a constant; or (adopting the notarion used in Ex, 4, p. 49) sneh that Z (mr^ 
may be constant. 
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Tlie of disiiuD^o of aiky point xy from vfy* is (« — «')• + (y — y')*. 

Multiply this by fl»V ^ correspouding tcruis found by expres<dng tlie 

distance of |)Oibt ^ from the other points If we adopt the notation 

of p. 49, we n(5y write for the equation of the locus 

£ (m) as* + £ (m) — 2£ (ma/) a? — 22 {my') y + £ (nco'^ 4- £ (my'^) = C, 

Hende the locus will be a circle, the coordinates of whoso centre will bo 

£(/») * (w) » 

that Is to say, the centre will be the point which, in p. 50, was called the centre of 
meun*positlon of the given points. 

If we investigate the value of the radius of this clinic we shall find 

i?*2 (f») = 2 (mr®) - 2 (my*), 

where 2 (mr*) t= Cs: sum of m times square of distance of each of the given points 
from any point on the circle, and 2 (i< y*) = sum of m times square of distance of 
each point from the centre of mean position. 

Ex. 4. Find the locus of a point Oj such that if parallels be dv.'iwn through it 
to the three sides of a triangle, meeting them in points H, C; C', A* \ A'\ B" \ the 
sum may be givqn of the tlircc rectangles 

BO.OC + C'O. OA* + A"0,0iy\ 

Taking two sides foi axes, the equation of the locus is 

or »* + y* + 2.Ty coa C — n.r — ^y + w® = 0, 

This represents a circle, which, as is easily seen, is concentric with the circumsciibing 
circle, the coordinates of the ceutro in both cases being given by the e<iuatu>na 
2 {a + {i cosC) =■ <r, 2 {fi + a cosO) = A, These last two equations enable us to solve 
the problem to find the locus of the centre of cireuiusciibing chclc, when two sides 
of a triangle are given in position, and any iclatiou connecting their lengths is given. 

Ex. 5. Find the Iccub of a poirit if the line joining it to a fircd point mnkc's the 
same intercept on the axis of u; as is made on the axis of y by a purpcndicnlar through 
0 to the joining line. 

Ex. 6. Find the locus of a point such tliat if it be joined to the vertices of a 
triangle, and perpendiculars to the joining lines erected at the vertices, these perpen¬ 
diculars meet in a point. 

97. We shall next give one or two examples involving the 
problem of Art. 82, to find the coordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle drawn 
paiullel to a given lino. 

Let the equation of any of the parallel chords be 

j: coa a + y sin a — p = 0, 

where a is, by hyiiothesis, given, and p is indeterminate; the abscis&m of the points 
where this ifite meets the circle are (Art. 82) found from the equation 

ii, 

OJ* — 2pse COSO +p* — r® sin*a = 0. 

Now, if ths roots of thia-Squation be s' and w", the a of the middle point of the 
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clio>d will (Art 7) be i (aj' + o;'')} or, from the tlieo:^^ of 

ixL like manner, the y of the middle point wiU e^oal ptUiit^ the 

of the locus la ^ -=. j; tan a, that is, a right line dmt^ thiioogh ^9 oeiid^ujMei^oaU^ 

to the system of paiallcl choida, since a le ^ angle made watht b^ 

a perpendicular to an.) of the chords j ^ 

Ex 2. To find the condition that the intercept made by thd Oiicte thbl 

« cosa + y bina =:^ 

should subtend a right angle at the point rr^.* ^ 

We found (Art DO, Ex 1) the condition that the lines joining the pomtS x W 
x"'i/ ' to jt,y should be at ngbt angles to each other, \ ir * 

(a? - *") (x - a,") + (y ~y") (y - y') - 0 

Let x'/', as"V'' be the points where the line meets the circle^ thSit| by the 
last example, 

®" + x" = 2/> cos a, »'V" =:/;*- r* Bin® a, y" + y " = ‘2p sm a, y'y" =s p* — CotPa* 
Putting m these values, the required condition is 

«^ + y'* — 2/)x' cos a — 2/?y sin a 4 2jj* ~ r® as 0, 

Ft 9 To find the locus of the middle point of a choid Which subtehds a right 
angle at a given point 

It X and y be the cooidmatcs of the middle point, we have, by 1» 
p cos a =■ a:, p sin a = y, p* =. a" + y®, 
and, substituting these values, the condition found in the last example becomes 

(x - a) + (y — y;® + X® + y’ = r». 

Ft 4 Given a line an 1 a ciicle, to find a point such that if any chord be drawn 
thiough it, and pcipeu<liculais let fall from its extiemities on the given Ihle, tha 
rectangle undci these pci pendiculars m ly be constant. 

r ike the given line for atis of x, and let the axis of y hn the perpendicular on 
it fiom the centre of the given ciicle, whose equation will then be 

aJ* + (y-/3)® = >*. 

I4ct the cooidmatcs of the sought point be ay, then the equation of bna 
thiough it will be y — y'— ^0 Flimmate a between these two equations 
and we get a quodiatic for y, thf^ pioduct of who«te routs will be found to be 

(y' — wu/)® + w® (jS® — r®) 

14 w® • 

This w ill not be indepcndt nt of m nnless the numeratoi be divisible by 1 ^ m\ and 
it will be found that this cannot be the case uiless x' = 0, y'® :z /S® — 9® 


Ex 6. To find the condition that ^be mteroept made on xcosa-f y since-*p 
by the eiicle 

X® + y* + 2yx + 2yy + c = 0 

may subtend a right angle at the origin The equation of the pair of liims joining 
the extremities of the ohoid to the origin may be written down at once. Fpr if we 
multiply the terms of the second dcgiee in the equation of the ciitle by bhose of 
the fiibt dbgiee by p (x cosa + y sina), and the absolute term by (x cos a ‘V y sin jte)® 
we get an equation homogeneous in x and y, which tlieiefore repiesents fl^tluies 
drawn thiough the origin, and it is satisfied by those pointa on the dixilo iplf which 
xeosa + ysinaxsp The equation expanded and aiian^ is ^ 

(p*-f 2yp€osa i-cci>s*a) v* + 2(ypsm«+^oodrt + esmacti^o)J|^ ^ 

+ (p* + aid <f 
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flifr angles (An 74) if 

^ oos o ^/am e s 0. 


-W A 


3Bz* 41||td tlijs locuB of iho foot of the perpendicular from the origin on a 
n right angle at the oiigin. The polai oooKlmates of the locus 
ilM OfJittataoxi last found ji 4bd the equation of the locus is theicfore 

^ 2 (a* + y*) + 2gx + 2/^ + c =r 0. 

h9 found <m ezftminatioa that this is the same ciiclo m m Ex. 9. 

•Eat 7, If any <diOird ho drawn through a fixed point on a dnmctpi of a circle and 
stS e3ct)Cisi|!dtie8 30 ined to either end of the diameter, the joining hues cut off on the 
St the other end portions whose xccbangle is constant 
iUxSf as ta Ex 6, the equation of the lines joining to the ongin the inieihections 
of 2ra9 with the chord y = m - *') which pisses thiongh the fixed jKnnt 

1 ^ 4^ The mteroepts on the tang nt are found by putting xii m this iquation 
seeking the cCnespondmg valacs of y. The product of these rallies aill be 

JO^ 22* 

found to h$ independent of m, yiz 4} > ^ • 


08. We shall next obtain from the equations (Art. 88) a fuw 
of the properties of poles and polars. 

J[f appoint A lie on the polar of then B lies on the polar of A, 
For the condition that x'f should lie on tlio polar of is 
a?V'+yy"=sr®; but this is also the condition that the point 
should lie on the polar of x'y\ It is equally true it wo 
use the general equation (Art. 89) that the result of substituting 
the coordinates cc'y' in the equation of the polar of xy' Is the 
game as (hat of substituting the coordinates of sdf in the polar 
of x!'y*\ This theorem then, and those which follow, are true 
of all curves of the second degree. It may bo otliciwisc stated 
thus: if the polar of B pass through a fixed point tlip hens of 
Ji is the polar of A% 

99. Given a circle and a triangle ABG^ if wo take the polais 
with respect to the ciicle of !I4, -B, (7, wc form a now ti (angle 
A^B^O' called the c(»//M< 7 afe triangle, A' being the pole of BC\ 
J?' of CA^ and C of AB, In the particular case whcie the polais 
of Af O respectively are BOj CA^ AB^ the second triangle 
eoiucidea with the first, and the triangle is called a self-conjugate 
triapgle. 

2^ Urns AA\ GG^Jotninq the corresponding verlias of 
O ftiwgh ^nd its cottfwjate^ meet in a poinU 
" equation of th^ line joining the point to the inter- 
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section of the two lines a:aj"+yy'—r* = 0 and 
is (Art. 40, Ex. 3) 

AA'^ (a/a?'" + yy'*' — r*) {xaf^ + 

— (a^aj"+yy'- r“) (asaj'^+^y^ —s^tX 

Tu like manner 

BB\ [scf as" + yy' - r*) (aras'" + ^y" - r*) 

— (as'V" + ^"y" — r*) (asoj' + yy' — r*) rf- 0 
and C7C", (os'V" + yy" - r*) (a?a/ + ^y - r*) 

— (^V" + yy"- r*) (ara5"4yy' — 

and by Art. 41 these lines must pass through the same point. 

The following is a particular case of the theorem just proved: 
If a circle he inscribed in a triangle^ and each vet'tex of the iri^ 
angle joined to the point of contact of the circle uoith the opposite 
side^ the three joining lines will meet in a points 

The proof just given applies equally if we use the general 
equation. If we write for shortness = 0 for the equation of 
the polar of (aa;'a;+&c.=sO); and in like manner P^, for 
the polars of and if we write [1,2j for the result of 

substituting the coordinates x"y" in the polar of a?y, (aa?V'+&c%)| 
then the equations are easily seen to be 

aa: [i,3jp.=[i,2]p„ 

BB> [1,2JP. = [2,3]P., 

CO' [2,33P. = [1,3]P., 

(which denote three lines meeting in a point. It follows (Art. 60, 
Ex. 3) that the intersections of corresponding sides of a triangle 
I and its conjugate lie in one right line. 


100. Given any point 0, aUd any two lines through it; join 
both directly and transversely the points in which these lines meet 
a circle; then^ if the direct lines intersect each other in P q,nd the 
transverse in the line PQ will he the polar of the point 0 with 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts tnade 
on them by the circle be \ and \\ /* and y. Then 


m 

A 


+ 


iL 


— 1 saO, 


£ 4.1 

V u! 


^ 1 asO 
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will be tbo equations of the direct lines; and 


X /* ' X /i ’ 


the equations of the transverse lines. Now, the equation of the 

line JPQ will be 


X X y y ^ 

^+ T >+ -/-2 = 0 , 

XX fJ* fJL 


for (see Art. 40) this line passes through the Intersection of 


and also of 


X ^ /t * X' /i' * 

X ^ ^ X' ^ ^ • 


If the equation of the curve bo 

* ax* -f 2hxy 4- hy* + 2gx + 2 fy + c = 0, 

X and X' are determined from the equation aj5® + 2^ac + c = 0 
(Art. 84), therefore, 




and i + -?> = 

fi II 



Hence, equation of PQ is 

9x+fy + c = Q’, 

but we saw (Art. 89) that this was the equation of the polar of 
the origin 0. Ilcnce it appears that if the point 0 were given, 
and the two lines through it were not fixed, the locus of tb^ 
points P and Q would be the polar of the point 0, 


101. Oiven any two points A and J5, and their polars with 
respect to a circle whose centre is 0 ; let Jail a perpendicular AP 
from A on the polar of J5, and a perpendicular BQ from B on the 

OA OB 

AP’' BQ^ 

The equation of the polar of A (x'y') is xx' 4 yy'- r* = ; and 
BQf the perpendicular on this line irom B {x'y')^ is (Art. 34) 


polar of Aj then 




Hence, since + f*) » OA^ we find 



f 


Qi 


TSfiQBBMB AMD exAMnJd ON MB CQ^ir'- 


and, fbr tUo same leason, 

OB.AP^afaTA^i^f^i*, 


Hence 


OA OB 
AP’^ B(^' 


»■ 

102. In working out questions on the- circle it is oftei]L •con¬ 
venient, instead of denoting the position of a point on the curve 
by its two coordinates to express both these in terms of a 
single independent variable. Thus, let ff be the angle which 
the radius to odij makes with the axis of a?, then oosfi'i 
^ssrsin^^, and on substituting these values our formnlie^* Will 
generally bceorao simplified. 

The equation of the tangent at the point will by this sub¬ 
stitution become 

0 ? cosfl'+ y sin= r; 

and the equation of the chord joining which (Art, S6f 

Ex. 3} is 

cc (a?' + as'O +y (/ + y")« r* + a;V' 
will, by a similar substitution, become 

X cosi (6^ + ^') + y W + ^'0 = cos J iff - 

0' and d" being the angles which radii drawn to the extremities* 
of the chord make with the axis of x* 

This equation might also have been obtained directly fraiU 
the general equation of a right line ^Art. 23) x cosa+y sina=^,. 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the 
by radii to its extremities, and the perpendicular on the chord 

«»• cos^ 


Bx I To find the cooidinatcs of the intersection of tangents at two givi^ pOmhl. 
on tlie cuclo The tangents bting 

X cob ^ + y sin S' s 

the coordinates of their interaction aie 

cosi(»'-9’0’ 


a cos6" + y buiB" sr r, 
smi(e' + n 

Bx 2 To find the locus of the luteibection of tangenta at the 
k choid whose kngth is constant. 

Making the substaution of this aiticlo in 

(u.' - + (y* — y")* a constant, ^ 

H leduces cos (6' - &') = constant, or S' -1)" a; cousta3bt^ 
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^ 


dr am then d* — 6 *' =r 2 d Tlje coordmates theicforo iuui I lU the la^b 
the condition 

*v (** 4 -^”) cos®d = r® 


d* Wiltfdi ia tho locus of a point wlitre a chord of a con^tint hngth is nib 
a mtio ? 

down (Art 7 ) the cooidinatta of the point whcic the choi 1 is cut in i 
gvreiimtio, it willfound that they sthe londition c - constant 


103. We have seen that the tangent to any cin Ic f j ^ 
haS an ^(juation of the foi m 

X coa^ + y sin ^ s= r; 

and it can bo proved, in like m inner, that the equation of tbc 
tangent to (a: — a)^ + (^ — may be wi ittcn 

(05 — a) cob ^4 (y — ^) sin ^ = r. 

Conversely, then, jf Jlie equation of any light lino contain an 
^iiiJi^orminato B in the toim 

r 

J[r -a) COS04 (if —)9) sin^ = r, 
tha t line ^ill touch the circle (a; — a)* 4 (^ - = r®. 

Tz 1 If a chord of a constant length be mscnbi d in a ciiclc, it will olu sys touch 
another ciicle f*oi, in the equation of the choid 

X cos J (6 +6 ) + y sin J (0 +6 ) = ; cos It {6 6 ), 

by the last aiti 1 , O' ^ H is kuoan, and 0+0 indLtamnute, tht choid, tlioicfoic, 
alw lys touches tlie ciicle 

a* + y* - , ■* ^ 

Fz 2 Given any number of points if a nght lino be such that m' times tho 
porpend culai on it fi jm the fiist point + m tinu s the pcipendicular from the secon 1 
+ ac be constant the hne will alw i^s touch a ciiclo 

llus only diQera fiom Ex 4, p 49, in that tho sura, in place of being ~ 0 ls con 
fitont Adopting then the notation of that Article, in£>tca 1 of the equation thcic fuiin 1, 
{*£ (to) — £ (to* )} cos a + {y£ (to) — £ (wy)' sin a 0, 
we have only to wiito 

{ji£to — £ (inx )} cos a + (y£ (f i) — £ (wy;} sm a ~ const nt. 

Hence tins line must always touch the ciiclo 

r £ (otj")}* r £^TOy)|* . . 

£{m)} + i»- £(«)} 

In 

VfhiObC centre » the centre of mean position of the given points 


% 


lOIk We shall conclude this chapter with some examples of 


jU* 


coordinates. 

IT £f thtongh a fixed point any chord of a circle be drawn, tbe rectan,$la 
aegmenta wiU be conatant {Euclid nr 35 , 8 G) 

fixed point for the pole, and the polei equation is (Art 95 ) 

* 0* *-2pdooB0 + ■** 0, 
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r t 

tbd roots of ^bich equation in /> are CTidently OP, OP', the values of tibe la^os 
vector answering to any given value of 6 or POC, 

Now, by the theory of equation«i, OP . OP', the product of these rootas WiM 
areP — r*, a quantity imleperu/tne of B, and therefore constant, whatever be the 
direction in which the line OP is drawn. If the point 0 be outside the circle, it 
is idaln that tP — must be = the square of the tangent. 

Ex. 2. If through a fixed point 0 any chord of a circle be drawn, and OQ taken 
an aritlimctic mean between the segments OP, OP', to find the locus of Q. 

We have OP + OP', or the sum of the roots of the quadratic in the last 
s= 2d cos 0; but OP + 01^ = 20Qf therefore 

OQ = d cos 0, 

Hence the polar equation of the locus is 
p = d cos 6. 

Now it appears from the fiunl equation (Art. 95) 
that is the equation of a cucio dcsctihcd on 
the line OC as diameter. 

The question in this example might have been otherwNe statofl: “To find the 
locus of the middle poinls of chords which all pass through a fixed point.” 

Ex. 3. If the line OQ had been taken a harmonic mean between OP and OP' 
to find the locus of Q, 

20P.0P' 

That is to say, OP.OP 'and 0P+OP'=:2dcoi6 

thei'efOLC the polar c<piation of thi' locus is 

iP - ^ flf® - r» 

P =“ j , or /o cos 0 - — - —. 

(ico^O d 



This is the equation of a light line (Art, 41) peipendicular to OC, and at a 

r® . r* 

distance from 0 — d^ and, Iheicfoio, at a distance from C— , Hence (Art. 88) 

the locus is the polar of the point 0, 

Wc can, in like maimer, solve this and similar que<«tious when the equation is 
given in the foun 

CT (r® + y®) + 2f/x 4- 2/y + c - 0, 

for, transfoiniing lo polar coordinates, the equation becomes 

«s + 2 f - cos B sin fi') p + - = 0, 

nnd, proceeding precisely as in this example, we find, for the locus of harmonic mcans^ 

r 

ycos0 4ysiu8* 

and, retaming to rectangular coordinates, the equation of the locus is 

y® + /y + c = 0, 

the same os the equation of the polar obtained already (Art. 89). 

Ex. 4. Given a point and a right line or circle; if on OP the radius vector to 
line or circle a part OQ be taken inversely os OP, find the loons of Q< ' 

Ex. 5. Given vertex and vertical angle of a triangle and rectangle undet 
one extremity of liie base describe a right line or a circle, find the locos deeKnibej^ 
oy the other extremity. «■ 

Take the vertex for pole; let the lengtl^ of the sides be p and p', and tho 9ipjffxSk 
they make with the axis B and 6', then we have pp' = and fi ^0* = (7,, 
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The sMaent must write down the polar equation of the locus which one ba<4e angle 
IB said;^ describe j .this will give him a relation between p and 0; then, writing for p, 
■jfea . 

-'- 7 , andfoT d, d', he will find a relation between p* and 0', which will be the 

polar eqoatlon of the locus described by the other base angle. 

This example might bo solved in lile manner, if the ralio of the sides, instead 
of their rectsmgle, had been given. 

iElx* Through the intersection of two circles a right line is drawn; find the 
locus of the middle point of the portion iiiterccpt(‘d between the cucica. 
trUe equations of the circles will be of the form 

p = 2r COH (0 — rt) j p = cos (0 — a') ) 
and the equation of the locus will be 

p = r cos (0 - a) + r' cos (0 — a'); 
which also represents a circle. 

Ex. 7. If through any point on the circnmfei-cnco of a circle, any three chords 
bp drawn, ^nd on tfacli, as djaaioter, a circle ho dc<crihod, these three circles (which, 
of course, all pE"^-s Uironph (>) will intersect in tlirec other points, which lie in one 
right line (Sco i'nnihrUtge Mnthemaiical Journal, vol. I. p. Ifill). 

Take the fixed point 0 for jiole, then if d be t he diainelei* of the original circloy 
its polar erjiuition will be (Art. 9o) 

p = r? cos 04 

In like manner, if the clinineter of one of tlic other circles make an angle a with the 
fi.xed axis, i:.‘‘ length will be = tZ cos «, ami the c«iiiation of this circle will be 

p — </ cos a oos (0 “ «). 

The equation of another circle will, in like inannc' he 

p-=. d cos cos (0 - (i). 

To find the polar coordinates of thi. point of intcreection of these two, wc should 
seek what vjilue of U would render 

cos rt cos (0 ' ~ cos ft cos ^0 -- ft), 

niid it is ea.sy to find that 0 must = a -(- /Z, and the eorrcHponding value of 
p d cos a cos ft. 

Similarly, the polar coordinates of the intersection of the first and third circles are 

0 = a + y, and p — d cos « cos y. 

Now, to find the polar equation of the line joining these two points, take the 
general equation of a right line, p cos(^ — 0} — p (Art. 44), anrl subatitute in it auc- 
oessively these values of 0 and p, and wc shall get two equations to determine p 
and k, Wc shall get 

I? = cos a cos /3 cos {A — (a + ft)} = cos a cos y cos (f: — (a + y)}. 

Hence ife = a + ^ + y. and p =s rf cos a cos/3 cos y. 

.Th6 syni^netiy of these values shows that it is the same right line whi''h join 
the hditeji^^ns of ttie fii*8t and second, and of the second and third cireles, and, 
the three points are in a right line. 
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PBOFERTIES 07 A SYSTElf OP TWO OB MOBE CIBOIES. 

105. To find the equation of the chord of intersection of two 
drchs. 

If /8s=0, >8'=5 s 0 bo the equations of two circles, then any 
equation of the form >S+ = 0 will be thq equation of a figure 

passing through their points of intersection (Art, 40). 

Let us write down the equations 

8 = (a: - a)“ 4- ^ - r* = 0, 

iS' = (aj - a')* + = 0, 

and it is evident that the equation 8 + hS' = 0 will in general 
represent a circle, since the coeflScient of £ry = 0, and tliat of 
a5* = that of y®. There is one case, however, where it will re¬ 
present a right line, namely, when A = — 1. The terms of the 
second degree then vanish, and the equation becomes 

iS--i8'=2(a'-a)aj + 2{/8'-/3)3^ + /®-r»+a*-a'® + /3*-/3'®=:0. 

This is, therefore, the equation of the right line passing through 
the points of iutersection of the two circles. 

What has been proved in this article may be stated as in 
Art. 60. If the equation of a circle be of the form 8 + h8' «= 0 
11 involving an indeterminate h in the tirst degree, the circle passes 
If through two fixed points, namely, the two points common to the 
t circles 8 and 8\ 


106. The points common to the circles 8 and 8^ arc found 
by seeking, as in Art. 82, the points in which the line 8^8' 
meets either of the given circles. These points will be real, co^ 
incident, or imaginary, according to the nature of the roots 
the resulting equation; but it is remarkable that, whether ttie 
circles meet in real or imaginary points, the equation 
obord of intersection, 8—8^0^ always represents a 
having important geometrical properties in lotion, to 
uircles. This is in conformity with our asser|^ (Art* 
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the two points may preserve its existence and its 

prop^ltSes when these points have become imappinary. 

Ilrt orfer to avoid the harshness of calling the line S~~ S", the 
cboi:^ of intersection in the case where the circles do not 
geomBirically appear to intersect, it has been called* the radical 
ojm of the two^ circles. 

'• 107. We saw (Art, 90) that if the coordinates of any point 
set/ be substituted in Sj it represents the square of the tangent 
drawn to the circle 8 from the point xt/. So also 8' is the 
square of the tangent drawn to the circle 8 '; hence the equation 
iS— fi^'sssO asserts, that if from any point on the radical axis 
‘ tangmte he drawn to the two circloSj these tangents will he equal. 

The line (S— S') possesses this property wliethcr the circles 
meet in real points or not. When the circles do not meet in^ 
real points, the position of the radical axis is determined geome¬ 
trically by cutting the line joining their centres, so that the 
difference of the squares of the parts may = the difference of the 
squares of the radii, and erecting a perpendicular at this point; 
as is evident, since the tangents from this point must be equal < 
to each other. 

If it were required to find the locus of a point whence tan¬ 
gents to two circles have a given ratio^ it appears, from Art. 90, 
that the equation of the locus will be i8-/c^S"=:0, which (Art. 105) 
represents a circle passing through the real or imaginary points 
of intorsec*ti()u of 8 and 8\ When the circles 8 and S' do noL 
inter‘^ect iu real points, wo may express the relation which they 
bear to ihe circle 5—4“/S', by saying that the three circles have 
a common radical axis. 

Ez. Fmd tbe ooordi&atea of the centre, and the radius of kS + IS*. 

An$. Ceerdinaies are ^ joining the centres 

S* is di^ded in the ratio k : 1. Radius is given by the ec^uation 

' {k 4- /)*»•'’“ = (* + 0 

wlieje JQ) is the distance between the centres of S and S*. 

IPlEL Given any three circles^ if we taka the radical axis of 
of cirdes^ these three lines will meet in a pointy which 
^ fhe radical centre of the three circles. 

d6 vieoU PoluttchRiow. Cahierikvi. ISldh 
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For tlie equations of the three radical axes are 

which, by Art. 41, meet in a point. 

From this theorem we immediately derive the followidg: 

If several circles pass through two fixed points^ their chords of 
intersection with a fixed circle will pass through a fixed point. 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will Ibe 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join-* 
ing the two given points. These two lines determine by their 
intersection a fixed point through which the chord of intersection 
of the variable circle with the first given circle must pass. 

Ex. 1. Find the radical axis of 

— 4 a; — + 7 = Oj + t/® + 6af + 8^^ — 9 = 0 . 

Ans, lOx + ISy = 16. 

Ex. 2, Find the radical ccntie of 

(a;-l)^+to-2)® = 7; (®-3)® + y* = 6; (» + 4)* + -I 1)®= 9. 

Am, 

*109. A system of circles having a common radical axis 
possesses many remarkable properties, which are more easily 
investigated by taking the radical axis for the axis of y, and the 
line joining the centres for the axis of x. Then the equation of 
any circle will be 

a? + ± S® =s 0, 

where 8* is the same for all the circles of the system, and the 
equations of the different circles are obtained by giving different 
values to A*. For it is evident (Art. 80) that the centre is on 
the axis of a;, at the variable distance h ; and if we make a; = 0 
in the equation, we see that no matter what the value of k may 
be, the circle passes through the fixed poiuts on the axis of y, 

= These points are imaginary when we give 8® the 
fiign +, and real when we give it the sign . 

*110. The polars of a given pointwith regard to a system of 
circles having a common radical axisy always'pass through a 
fixed point. 

The equation of the polar of x'f with regard to 

2A?a? + 8®«0, 
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* * 

is {Art Si) ixioi + y/-i (aj + £c') + S* = 0; 

therdbi^^ since this involves the indeterminate h In the first 

degree^ "the line will always pass through the intersection of 

xjif H- 5* =*0, and cc-f = 0, 

•«* 

•111. Them can always he found two points^ however^ such 
that their polars^ with regard to any of the circles^ will not only 
pass through a fijced pointy but will he altogether fixed* 

This will happen when xx + yf + = 0 and x\ si = 0 re¬ 

present the same right line, for this right line will then be the 
polar whatever the value of But that this should be the case 
we must have 

^ = 0 and aj'® == 8®, or a;' = ± 8. 

The two points whose coordinates have been just found have 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other, perpendicular to 
the line of centres. These points are real when the circles of 
the system have common two imaginary points, and imaginary 
when they have real points common. 

The equation of the circle may be written in the form 

which evidently cannot represent a rc^pjflilrclc if be less than 
8*; and if = 8®, then the equation'' (Art. 80) will represent a 
circle of infinitely small radius, the coordinates of whose centre 
are y = 0, a? = ± 8. Hence the points just found may themselves 
be considered as circles of the system, and have, accordingly, 
been termed by Poncelet* the limiting points of the system of 
circles. 

•112. If from any point on the radical axis we draw tan¬ 
gents to all these circles, the locus of the point of contact must 
be a circle,' since we proved (Art. 107} that all these tangents 
were equal. It is evident, also, that this circle cuts any of the 
given system at right angles, since its radii are tangents to tho 
given system. The equation of this circle can be readily found. 




♦ TraUe det Propmtes Projeetiveif p. 41. 
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<{ V - ^ 

The square of the tangent from any point 3^***350 to the 
circle * 

»*+y* — -f S* 5= Oj 

being found by substituting these coordinates in this ^qiiatiSfll 

is A'+ 8*; and the circle whose centre is the point 

and whose radius squared « 4 must have for its equation 

or a?* 4 y' — 2Ay = 8*. 

IlcncOi whatever bo the point taken on the radical aJfis (».e. 
whatever the value of A may be), still this circle will always pass 
through the fixed points (y=0, a=s:± 8) found in the last Article, 
And wo infer that o^lcircjis y^ich cut the given sgetem at right 
gnglea^sq through the limiting points of ths 9 gitem. 

Bx 1. Find the condition that two circles 

a.® + + IgjK + + 6 = 0, «* + + 2g*x + 2f^y + c' = 0 

should cut at nght angles Expressing that the square of the distance between the 
centics IS equal to the sum of the squares of the radu, we have 

fa - 97 + {f-f7 = ir® + f* - +/'* - rS 

or, reducing, + 2 //’ = u + o'. 

Ex 2 Find the cuclc cutting three circles orthogonally We have three equations 
of the fiist degree to determine the thieo unknown quantities c, and the problem 

18 solved as in Art. 94 Or the problem miy be bolved otherwise, since it is evident 
from this aiticle that the centre of the reqmied circle is the radical centie of the three 
circles, and the length of its radius equal to that of the tangent from the radical 
centre to any of the ciiclcs. 

Ex 8. Find the circle cutting orthogonaUy the three ciicles, Art 108, Ex. 2. 

Am + + + W = 

Ex 4. If a circle cut orthogonally thiee circles S ^ S \ it cuts oithogonally 
any cude Ji;&' + IS'* + mb’" - 0 W iiting dowu the ccndition 
2q {if + /y' + mg'") + 2/(if' + lf' + mJ"):={2i+l+m)e + ilc^ + k" + me"), 
Tie see that the coefficients of /, m vanish separately by hypothesis 

Similaily, a cucle cutting 5', ff' oithogonally, al^ cuts orthogonally kS' + 

Ex 5, A system of circles which cuts orthogonally two given circles 8’, 0* has 
a common radical axis This, which has been proved in Art 112, may be pfoyed, 
otherwise as follows The two conditions 

enable us to determine g and / linearly in terms of c. Substituting the values ed 
found in 

th© equation retains a single indeterminate a m the first And l!feerefore 

(Art 105) denotes a system having a common radical axis 

Ex 6 If be a diameter of a circle, the polai of A with to^tiyjtWcle 

wfeyeh mitfi thefiiiB#'‘ithogonally will pass ^ 
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*" \ ^ ^ ^ 

t '$t*i 7/' 11 ) 11 ^ $iltiQite of the tangent from any point of one circle to anotliei is 
|iropOiirtS01|^ toiftie perpendicular horn that point upon their radical axis. 

dii angle (a) at which two ciicles intersect. 

M of the circles be Bf r, and let D be the distance between their 

oanlflM tthan 

2)* = iP + r»-2i?r coBc, 

^inoe i£ii tuagle at which the circles intersect is eqn<d to that between the radii to 
^e pbint of intersection. 

"VThen the ciioles aie given by the general equations, this cxpiesbion becomes 
• 21ir cos a = 2(rg + 2//— <7 — c. 

^Tf iS arO Jie the eqiWJition of the cucle whose rodiqs is r$ the coordinates oltho 
centre of jthe othe r circle must fulfil the coadlUop .fi® — 2i?r cos ^ =. os is evident 
fiom AH. 90f since i>® r® is the squaie of the tangent to S fiom the centie of the 
other (fircle* 


£x. 9. If we are given the angles a, /9 at which a circle cuts two fixed circles S\ 
the ciicle is not determined, since we have only two conditions, but we can dcteimme 
the angle at which it cuts any ciiclc of the system kS + IS\ For wo have 
^ Jp — 21ir cos c = iS, IP — 2Rr' cos S*, 

whence IP-iR = *« + f, 

which is the condition that the moveable ciicle should cut kS + IS^ at the constant 
angle y, wbeie (A +/) r" cosy = cos a +//•'cos/9, r" being the radius of the 
elide kS + IS\ 


Ex. 10 A circle which cuts tvio fixed ciicles at constant angles will also touch 
t^o fixed ciiclesi Foi wo can deteimine the latio A /, so that y Bball=0^ or cos y = 1. 
‘W'e have (Art. 107, Ex) 

(A + 7)® r''* -= (A + 7^ (Zj® + 7/'®) - A/i3®, 

Substituting this value for r" in the equation of the last example, we get a quadratic 
to detcimine A . 7. 


113. Jh draw a common tangent to two circles. 

Let their equations be 

(a;-a)^+(.y-/3)^ = /‘- (S), 

and (fic — a')^ + (y - /S')® = ( S), 

We saw (Art. 85) that the equation of a tangent to [JS) was 
[x- a) (aj'-a) + (^-/3) (y-^) = r'; 
or, as in Art. 102, writing 


a/ —g 
r 


cosd, 



(a? — g) cos^ + (y — /8) sin0 = r. 

In liko nnanner, any tangent to {S') is 

(oj —g') coa^ + (y —/S') sink's 

^ n ^^ew if we seek the conditions necessary that these two 
shoul^^preflient the same right line; first, from com- 
the ratio of the coefficients of x and y, we get tan^sstan^, 
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whence ff cither « or = 180® 4 0* If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a — a') cos ^ 4 (/3 — /8') sin 0 4 r — / «= 0, 
and in the second case, 

(a-a') cos^4 (/9-/5') sin04r4r'*O. 

Either of these equations would give us a quadratic to ddteiv 
mine 0. The two roots of the first equation woul4 correspond 



to the direct or exterior common tangents, Aa^ A!a ; the roots 
of the second equation would correspond to the transverse or 
interior tangents, JBJ, 

If we wished to find the coordinates of the point of contact 
of the common tangent with the circle (/S'), we must substitute, 


in the equation just found, for cos its value, 
sin ^^ , and we find 


a; - a 


, and for 


(a - a') (a?' - a) 4 (/9 - ^ 8 ') (/ - / 9 ) 4 r (r - /) = 0 ; 
or else, (a - a') (a;' - a) 4 (/9 — ff) (/ - / 8 ) 4 r (r 4 /) = 0 . 

The first of these equations, combined with the equation (/S') 
of the circle, will give a quadratic, whose roots will be the 
coordinates of the points A and A\ in which the direct common 
tangents touch the circle (/S); and it will appear, as in Art, 88, 
that 

(a' - a) (a; - a) 4 {y - /3) = r (r - /) 

is the equation of AA\ the chord of contact of direct common 
tangents. So, likewise, 

(a - a) (J 5 - a) 4 - /S) (y - « r (r 4 /) 

10 the equation of the chord of contact of transverso common 
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tangents. If the origin be the centre of the circle (S), then a and 
>8s=0; and we find, for the equations of the chords of contact, 

a'x + fi'y=j{rjr:i. 

Bz. Find the common tangents to the ciiclca 

«* + y* - 4® ~ 2y 4- 4 = 0, a* + y® + + 2y - 4 =: 5. 

The chords of contact of common tangents with the first ciiok ore 

2a; + y = 6, 2r + y = 3. 

The flfiat choid meets the circle in the points (2, 2), (i/, J), the tangents at which are 

y =; 2, 4 j; — 3y = 10, 

and the socond^chord meets the ciicle in the points (1, 1), (^, j), the tangents at 
which are 

a? = 1, 8a; + 4y = 6. 


114. The points 0 and O', in which the direct or transverse 
tangents intersect, are (for a reason explained in the next 
Article) called the centres of $iraiHtu,de of the two circles. 

Their coordinates are easily found, for 0 is the pole, with 
regard to circle {8)^ of the chord AA\ whose equation is 


(a' - a) r 

y— 

r- r 


(03-a) 


f 






Comparing this equation with the equation of the polar of the 
point 03'/, 


we get 


(03'- a) (o 3 -ft) + (/- P) (y- ^) = »•*, 


0? —a = 


(a' — aW 
r — r* 


or £C = 


ar — ar 
r —r* 




_ tv* ^ 


or 


r — r' 


So, likewise, the coordinates of O' are found to be 


X 


ar -f ar 
r + / * 


r +r 


4 . 


These values of the coordinates indicate (see Art. 7) that the 
centres of similitude are the points where the line joining the 
centres is cut extet'nally and internally in the ratio of the radii. 


£x. Find the common tszigents to the circles 

a* + y® — 6a; — 8y = 0, + y® — 4® — 6y =5 

The equation of the pair of tangents through s-y to 

(as — a)* H- (y - = r* 

Is found (Art. 92) to be 

l()^-«)»+(y’-j8)’-r*) K*-e)»+(y-/9)»-r«) s (*'-o) + (sf-^(j3'-^)-r';f 

F 
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Now tlie coordinates of tliC exterior centre of similitude are found to be (— 2|» 1) 

and lienee tbe pair of tangents thiough it is 

26(a;*+y®—6ji?~8y)=r (6^ + 6^-10)2; or a*y + a4'2^ + 2::=0j or (®4-2) (y-hi) 2 : 0^ 
As the given circles intoiscct in real points, the other two couiinon tangents 
become imaginar 7 ; but their c'quation is found, by calculating the of tangents 
through the other centre of similitude (V, V)» ^ be 

40aj® + ary + 40y* — 199 j; *“ 278i/ + 722 - 0, 

115. Every right line drawn through the intersection of comr 
mon tangents is cut similarly hy the two circles. 

It is evident that if on the radius vector to any pi^int P there 
be taken a point such that OP=m times OQ^ then the x and 
y of the point P will bo respectively m times the x and y of the 
point Q\ and that, therefore, if P describe any curve, the locus 
of Q is found by substituting 7w:r, my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a', the equations of the two circles are 
(Art. 84, Ex. 2) 

^ f + 2.ry cos w — 2a £c — 2a y + o? = 0, 

^ f cos 6) — ^dx — 2a'y + a ® = 0. 

But the second equation is what we should have found if wo 

had substituted for £c, y in the first equation; and jt 

therefore represents the locus formed by producing each radius 
vector to the fiist circle in the ratio a ; a\ 

Cor. Since the rectangle Op.Op is coii«!lant (sec fig. next 
^ page), and since wo have proved OB to be in a ronstant ratio to 
' Op, it folk ws that the rectangle OR.Op OB\Op is constant, 
however the line be drawn through 0. 

116. If through a centre if similitude we draw any two lines 
meeting the first circle in the points By P', 8y S\ and the second in 
the points p, p', cr, a, then the y^hords B8y per; B'8\ per wffl he 
parallely and the thords B8y per*/ P'/S', per will mctt on the 
radical axis ef the two circles. 

Take OP, 08 for axes, then we saw (Art, U6) ^hat 
OB^mOpy 08=^m0ery and that if the equation of the circle 
perper* be 

a (ar“ + ^xy cos© + y^) + 2gx + Vfy 4 - c «= 0, 
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tbat of tbo other will be 
a (aj* 2ary cos a> + ^*) 

+ '2m{gx-{-fy)-\r ni?c = 0, 

and, therefore, the equation of the 
radical axis will be (Art. 105) 

2f^a:+/y) +(wi + l)c = 0. 

Now let the equations of pa and 
of p*a be 


^ 4. 2 - 1 

a . 0 


X 

a 


+ 



then the 'equations of US and 
U'S' must bo 



4 .: ^. =.1 ^4 .V =1 

ma wiJ ^ ma mU 

It is evident, from the form of the equations, that R8 is 
parallel to pa • and RS and pa must intersect on the line 

a 1\ /II 

or, as in Art. 100, on 

2 {gx +fy) + (•« +1) c =• 0, 

the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 
and p are parallel, and that those at R and p meet on the; 
radical axis.. 


117. Given three circles 8^ 8\ 8'*; the line joining a centre 
of similitude of 8 and S' to a centre of similitude of 8 and 8" 
will pass through a centre of similitude of 8' and 8'\ 

Form the equation of the line joining the first two of the points 

/ rd-ctr' r/3'-fir'\ /roi'-ar" r/3''-^r"\ fr'a'-r'a! r'/3"-r"/3'\ 

\ ^ — > r — r* ) ^ \ T r" ^ r^^r" ) ^ \ v' -^r'* ' r ^ 

i(A]H« 114}, and we get (see Ex. fi, p. 24), 

. — {r (a' - a'') + r {a" — a) + r" (a — a')] g 
r {J3'a" - /3"a') + r' - fia") + r" {/Sod - 
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flow the symmetry of this equation sufficienUy shoW^, that the 
line it represents must pass through the third centre of dimiUtude. 
This line is called an axis of similitude of the three circles. 


Since for each pair of 
circles there are two cen¬ 
tres of similitude, there 
will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
6gure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r, or in the equation 
just given. 



Cor. If a circle (S) touch two others [8 and /S'), the linejoin'^ 
ing the points of contact will pass through a centre of siniiUtude of 
8 and S'. For when two circles touch, one of their centres of 
similitude will coincide with the point of contact. 

If S touch S and S', either botli externally or both internally^ 
the line joining the points of contact will pass through the extern 
nal centre of similitude of S and S'. If 2 touch one externally 
and the other internally, the line joining the points of contact 
will pass through the internal centre of similitude. 


*118. fTo find the locus of the centre of a circle cutting three 
given circles at (qua! angles. 

If a circle whose radius is cut at an angle a the three 
circles S, S', S", then (Art. 112, Ex. 8) the coordinates of it$ 
centre fulfil the three conditions 

S=^“ —2.Br cosa, S'=-B’' —2iZr'cosa, S" « — 2iZ/*" cosa. 

From these conditions we can at once eliminate and 
ft cos a. Thus, by subtraction, 

S- S' = 2i2 (r' - r) cosa, S- S" - 2i2 (r" ^ r) cosa, 
whence (S- S') [r - r") ^ (S- S") [r ^ r'), 
the e<)uation of a line on which the centre must lie. It obviously 
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passes through the radical centre (Art. 108); and if we write 
for S\ 5— jS", their values (Art. 105), the coefficient of a; ii:\ 
the equation is found to be 

— 2 {a (?*' — r") + a! (/'~r) 4- ol' [r — r')}, 
while that of y is 

- 2 {/8 (/ - r") 4 /3' (r" - r) 4 iS" (r - r% 

Now If we compare these values with the coefficients in the 
equation of the axis of similitude (Art. 117), wo infer (Art. 32), 
that the locus is a perpendicular let fall from the radical centre 
on an axis of similitude. 

It is of course optional which of two supplemental angles we 
consider to bo the angle at which two circles intersect. The 
formula (Art. 112) which we have used assumes that the angle 
at which two circles cut is measured by the angle which the 
distance between their centres subtends at the point of meeting; 
and with this convention, the locus under consideration is a per¬ 
pendicular on the external axis of similitude. Tf this limitation 
be removed, the formula wo have used becomes cosa; 

or, in other words, we may cliange the sign of cither r, r\ or r" 
in the preceding formulae, and therefore (Art. 117) the locus is a 
perpendicular on any of the four axes of similitude.* 

When two circles touch internally, their angle of intersect' 
tion vanishes, since the radii to the point of meeting coincide. 
But if they touch externally, their angle of intersection accord¬ 
ing to the preceding convention is 180°, one radius to the pbint: 
pf meeting being a continuation of the other. It follows, from! 


* In fact, all circles cutting three cLrrlcs at equal angles have one of the axes 
pf sim ilitndo for a common radical axis. Let S, S', Z" be thiee circles, all cutting 
the given circles at^the same angles a, /3, y loqx tnvely. Then the coonlinatcs ol the 
centre of each of the circles S, /S" must fulhl the conditions 

X = r* — 2rR cos a, S' = r* — 2rJt' cos S" = r® — 2r72" cos y ; 
whence cos a — 72 " cos y) (S — S') = (J2 cos a — 72' cos (S — S"). 

This which appears to be the equation of a right line is satisfied by the cooi^inates 
pf the centre of of S\ and of three points wliich me not supposed to be on a 
Tight line. Now the only way in wliich what seems an equation of the first degree, 
each aa axby + c is a*x + b't/c' can be satisfied by the coonlimtes of three points 
wfiich^'sre not on a right lino, is If Ihi equation is in truth an identical one, a -= a% 
The equation, thcrcfoio, wiitten above denotes an identical relation of 
foeforin Sa/E;S'+/S", shewing that the tluee circles have a common radical axis. 
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^what has been just proved, that the perpendicular bn the external 
jaxis of similitude contains the centi^e of a circle touching three 
igiven circles, either all externally, or all internally. If wo 
{change the sign of r, the equation of the locus which we found 
{denotes a perpendicular on one of the other axes of similitude 
^.whicli will contain the centre of the circle touching extei*n*dly, 
['and the other two internally, or vice versA, Eight circles in all 
jean be drawn to touch three given circles, and their centres Ko, 
la piiir on each of the perpendiculars let fall from the radical 
I centre on the four axes of similitude. 

i 

*119. To describe a circle touching three given circles* We 
have found one locus on which the centre must lie, and we could 
find another by eliminating R between the two conditions 

The result, however, would not represent a circle, and the solu¬ 
tion will tliei’cfore be more elementary, if instead of seeking 
the coordinates of the centre of the touching circle, we look for 
those of its point of contact with one of the given circles. Wo 
have already one relation connecting these coordinates, since 
the point lies on a given circle, therefore another relation be¬ 
tween them will suffice completely to determine the point.* 

Let us for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say, 
let us take a = 0, /8 = 0, then if A and B be the coordinates of 
the centre of S, the sought circle, we have seen that they fulfil 
tbe relations 

/S- 8^ ^2E{r^ /), S'- /S" = 2R[r-^ /')• 

But if X and y be the coordinates of the point of contact of 2 
with 8^ we have from similar triangles 

r ^ r * 

Now if in tbe equation of any right line we substitute «wa?, my for 
X and y, the result will evidently be the same as if we multiply 
the whole equation by m, and subtract 1) times the absolute 
term. Hence, remembering that the absolute term in 8-^ 8* is 


' This solntioQ is by'M. Gergonne, Annaks des Mathematiques, toL Vll. p. 2^., 
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4 - ^ ' , 


(Atti r** —a'** - /8'*, the re&ult of making the above sub- 

stitutiond for A and -B in (B- 8*) = 27? (r — /) is 

- : ,. [ 8 - 8 ')+- (a" + /S'* + r» - r'*) = 2i? (r - r'), 


or; (i? + r)(-S’- ^')=iZ{(r-r')“-«'* -/S'*}. 

Similarly {E + r){8- 8") = B[{r- »•")» - o"*- /S"*}. 

• Eliminating 2?, the point of contact is determined as one of 
the intersections of the circle S with the right line 

- (r - a"*-* H- - (r - rj ‘ 


120. To complete the geometrical solution of the problem, it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles; and a second point on it is found as follows: 
Write at full length for S— 8' (Art. 105), and the equation is 

a"-“““ + (r-r7 

Add 1 to both sides of the equation, and we have 

ax + 0'7/ + (r — r) r _ a'*x + y8';y + (r" — r) r 

showing that the above line passes through the intersection of 
ax + I3'y + (r — r) r = 0, a"x + + {r” — r) r = 0. 

« 

But the first of these lines (Art. 113) is the chord of common 
tangents of the circles 8 and S '; or, in other words (Art. 114), is 
the polar with regard to 8 of the centre of similitude of these 
circles. And, in like manner, the second line is the polar of the 
centre of similitude,of/? and S" i therefore (since the intersection 
of any two lines is the .pole of the line joining their poles) the 
intersection of the lines 

ax -f + (r — r) r = 0, a”x + /3”?j + {r* — r) r = 0 

is the pole of the axis of similitude of the three circles, with 
regard to the circle 8. 

Hence we obtain the following construction: 

Drawing any of the four axes of similitude of the three 
circles, take its pole with respect to each circle, and join the 
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points SO found (P, P', P"') 
with the radical centre; then, S” 
if the joining lines meet the 
circles in the points 

(a, h ; a, h '; a!\ i"), 

the circle through a, a\ a" will S 
, be one of the touching circles, 
and that through 6, h\ h" will ^ 
bo another. Repeating this 
process with the other three 
axes of similitude, we can de¬ 
termine the other six touching 
circles. 


) ^ 



121. It is useftd to show how the preceding results may be 
derived without algebraical calculations. 

(1) By Cor., Art. 117, the lines aJ, (ih\ d'h" meet in a point, 
viz., the centre of similitude o»'the circles add\ Wh". 

(2) In like nninncr oV', VV' intersect in P, the centre of 
similitude of Q\ C". 

(3) Ilcncc (Alt. 116) the transverse lines dh\ a”b'‘ intersect 
on the radical axis of G'j (V. 8o again d'b'\ ah intersect on 
the radical axis of (7. Therefore the point P (the centre of 
similitude of add\ bVlj') must be the radical centre of the 
circles C, 0\ G\ 

(4) In hke manner, since db\ a!*b'’ pass through a centre of 

similitude of add\ hyb” ] therefore (Art. 116) dd\ VV' meet on 
the radical axis of these two circles. So again the points P' and 
P" must lie on the &'anie radical axis; therefore the axis 

of simtlitude of the circhs 6', G\ G*\ is the radical axis of the 
circles add\ hyh”. 

(5) Since a'7>" passes thi*ough the centre of similitude of 

aa'a", therefore (Art. 116) the tangents to these circles 

where it meets them intcr‘«ect on the radical axis SS'S'\ But 
this point of intersection must plainly be the pole of with 
regard to the circle G*\ Now since the pole of a"V* lies on 
88'8"^ therefore (Art. 98) the pole of 88'8" with regajs4 to C" 

^‘‘lies on a"b"» Hence a"b" is constructed by joining the radical 
centre to the pole of 88'8’' with regard to C'\ 
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m 0iRce the ceatre of similitude of two circles is on the line 
joi^^TOOir centres, and the radical axis is perpendicular to that 
tkiO) W6 learn (as in Art. 118} that the lino joining the centres of 
bbV* passes through JB, and is perpendicular to 88'S'\ 

121 (a).* Dr. Casey has given a solution of the problem 
we are considering, depending on the following principle due 
to film: JObur circles be ail touched by the same fifth circle^ 
Qf their coimnou tangicuits are connected by the 
followin g relation, 12 31 + 11.23 ± 13.24 = 0, wheio 12 denotes 
^the length of a common tangent to the first and second circles, 
&c. •This may be pioved by expressing each common tangent 
in terms of the length of the line joining the points wlierc the 
circles touch the common touching ciiclc. 

Let jB be the radius of the latter ciiclc 
whoso centre is 0, ? and / of tlie circles 
whose centres are A and Z?, then, tioiii the 
isoscelcb triangle a Oh^ w c h ivc 
ab = 27i* sin \ n Ob. 

But from the tiiangle AOB^ who o hiso 
is D, and sides Zi’- ?, Ji — t j wo iiavo 

B\n^\aOb^ p- ^ , . Now the iiu 

tion is the squaie ot the common tangent 12, hence 

But since the four points of contact foim a quadiilateral in¬ 
scribed in a circle, its sides and diagonalb aic connected by the 
relation ah.cd^ ad he ac hd. Substitute in this equation the 
expression just given for each choid in terms of the corio- 
sponding common tangent, and suppress the numerator and 
the denominator ts/{R-’r)[R- ' (7?—r") (72-r') which are 

common to every tom, and tlicie lemainb the iclation which 
we are requiied to prove. 

121 (6). Let now the fourth circle reduce itself to a point, 
this will be a point on the ciiclc touching the other three, and 



1 01 of this fiac- 


^ jtagjSlCPtoavoid (onfuMon in therefuonre^, I rctam the nutnbeiing of the Titn le» 
in t^tonrtilk (Oition^ und m ^ik ^cp ^lutcljr iho^o uitickb w hich liave been sin( e a Mod. 



114 PROPfillTlES OP A SYSTjeM OP TWO OR IklOKE CIHCJjES. 

__ 

41, 42, 43 will denote the Icnf^ths of the tangents frortf that 
point to these three circles. But the lengths of theseJangents 
are (Art. 90) the square roots of the results of substituting the 
coordinates of that point in the equations of the circles* We 
sec then that the coordinates of any point on the circle which* 
touches three others must fulBl the relation 

23' V(S) ± 31 \/(Sf') ± 12 ^/{8'') = 0. 

If this equation bo cleared of radicals it will be found to be one 

of the fourth degree, and when 23, 31,12 arc the direct common 
tangents, it will be the product of the equations of the two 
circles (sec fig., p. 112) which touch either all externally or 
all internally. 

121 (o). The principle just used may also be establldied 
without assuming the relation connecting the sides and dia¬ 
gonals of an inscribed quadrilateral. If on each radius vector 
OP to a curve we take, as in Ex. 4, p. 96, a part OQ in¬ 
versely proportional to OP, the locus of Q in ^ curve which 
is called the inverse of the given curve. It is found with¬ 
out dilficulty that the equation of the inverse of the circle 
a:* + f 2/^ -f c is 

c (V -f if) + 2gx + 2/y +1=0, 

which denotes a circle, except when c = 0 (that is to say, when 
the point 0 is on the circle), in which case the inverse is a riglit 
line. Conversely, the inverse of a right lino is a circle passing 
through the point 0. Now Dr. Casey has noticed that if wo 
arc given a pair of circles, and form the inverse pair with 
regard to any point, then the ratio of the square of a common 
tangent to the product of the radii is the same for each pair 
of circles.^ For if in //+y“-o, which (Art. 80) is we 

ft f 

substitute for g,f,c\ we find that the radius of the 

c c c 

inverse circle is r divided by c; and if we make a similar 
substitution in c + c' — 2^^' — which (Ex. 1, p. 102) is 
wc get the same quantity divided by co\ Hence 
the ratio of —Z’* to r/ is the same for a pair of circles 

* Tliib is eqnivnleiit (see Ex. 8, i». 103) to baying that the angle of intereectioti is 
the same foi enrli as innj' easily bo proved goomotiicnUy. 
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fbr the Inverse pair; and, tbcreforc, so is also the ratio to 
tT'0fi?*-(r±r7. ' 

Cohsider now four circles touching tlic same right line in 
four points* Kow the iiuitual distances of four points on a right 

lane are connected by the relation 12.31 + 11.132 ==13.24; as 
may easily be proved by the identical equation 

• (J — a) - c) + (rf — a) (c — i) = (c — a) [d — i), 

% 

where a, A, c, d denote the distances of the points from any 
origin on the line. Thus then the common tangents of four 
circles which touch the same right line are connected by the 
relation which is to bo proved. lJut if we take the inverse 
of the system with regard to any point, we get four circles 
touched by the same circle, and the relation subsists still; for 
if the equation be divided by the square root of the products 


of all the radii, it consists of members 


12 


34 


1 


’ V(/*'V'0 

which are unchanged by the process of Inversion. 

The relation between the common tangents being proved in 
this way,* wc have only to suppose tlic four circles to hecomo 
four points, when we deduce as a partitu’ar case the relation 
connecting the sides and diagonals of an inscribed quadrilateral. 
This method also shews that, in the case of two circles which 
touch the same side of the enveloping circle, we arc to use the 
direct common tangent; but the transverse common tangent 
when one touches the concavity, and the other the convexity 
of that circle. Thus then wo get the equation of the four pairs 
of circles which touch three given circles, 


23 V(/S) ± 31 V(/S^) ± 12 V (8'') =* 0. 

When 12, 23, 31 denote the lengths of the direct common tan¬ 
gents, this equation represents the pair of circles having the 

given circles either all inside or all outside. If 23 denotes a 

direct common tangent, and 31, 12 transverse, we get a pair 
of circles each having the first circle on one side, and the other 
two on the other. And, simiharly, wc get the other pairs of 

circles by taking in turn 31, 12 as direct common tangents, and 
the other common tangents transverse. 


* Asotlier proof will be given in the appendix to the next chapter. 
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•CHAPTER IX. 

APPUCATION OP ABHIDGUD NOTATIOIT TO THE EQUATION 

OP THE CIKOm 

r» 

122. If wo have an equation of the Becotid degree expressed 
in the abridged notation explained in Chap, iv., and if we desire 
to know whether it represents a circle, we have only to transform 
to X and ^ coordinates, by substituting for each abbreviation (a) 
its equivalent (x cosa-fy sina—^)); and then to examine whether 
the coefficient of in the transformed equation vanishes, and 
whether the coefficients of and of are equal. This is suffi¬ 
ciently illustrated in the examples which follow. 

When will the locus cf a point he a circle if the product of 
perpendiculars from it on two opposite sides of a quadrilateral he 
in a given ratio to the product of perpendiculars from ii on the 
other two sides ? 

Let a, ; 8 , 7 , 8 be the four sides of the quadrilateral, then the 
equation of the locus is at once written down ay which 

rcpicsents a curve of the second degree passing through the 
angles #f the quadrilateral, since it is satisfied by any of the 
four suppositions, 

a«0, iSssO; a = 0, 8 = 0; /8 = 0, 7 = 0; 7 = 0, 8 = 0. 

Now, in order to ascertain whether this equation represents a 
circle, write it at full length 

(a;co 8 a 4 -y sin a ^p) (a: cosy + y sin 7 —^") 

= i (aj cos^ +y sin^ - p*) {x cosS + y sin 8 - p”'). 

Multiplying out, equating the coefficient of u?® to that of y\ and 
putting that of xy = 0 , we obtain the conditions 

cos(a + 7 ) = ^ cos(^+ 8 ); s{n(a 4 - 7 ) sin(/S + S). 

Squaring those equations, and adding them, we find ^ ± 1 • 
if this condition be fulfilled, we must have 

flt’4*7“/S'+‘8| 01 else «s 180*H*/34*8j 
whence a-i9»s8 —7, or 180 + 8 —y* 
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T. - 

B^eollecting (Art, 61) tbat a^j 8 k the supplement of that 
an^le between a and /3f in which the origfn lies, we sec that this 
<^<Midltlon will be fulfilled if the quadrilateral formed by afiyS bo 
ilaBcribable in a circle (Euc. in. 22 ), And it will be seen on 
ejEamination that when the origin is within the quadiilateral we 
are to take and that the angle (in which the origin lies) 

between a and j3 is supplemental to that between y and S ; but 
that we are to take A;» 4 1 , when the origin is without the quad-* 
rilateral, and that the opposite angles are equal. 

123. Wien will the locus of a point he a circle^ if the square 
of its distance from the ba^e of a ttiangle he in a constant ratio to 
the product of its distances from the side^ ? 

Let the sides of the tiiangle bo a, 7 , and the equation of 
the locus is a/3 «»^ 7 *. If now wo look for the points whei e the 
line a meets this locus, by making in it a — 0 , we obtain the 
perfect square 7 * = 0 , Hence a meets the locus in two coincident 
points, that is to say (Art 83), it touches the locus at the point 
ay. Siinildriy, ^ touches tlie locus at the point I3y. Hence a 
and arc both tangents, and 7 their choid of contact. Now, 
to ascertain whether the locus is a ciicle, writing at full length 
"as in the last article, and applying the tests of Art. 80, we obtain 
the conditions 

cos (a 4 iS) = L cos 27 ; sin (a 4 iS) = h sin 27 ; 

whence (as in the last aiticlc) wo get 7i. = 1 , a — 7 = 7 — /3, or jth/* 
tiiangle is isosceles, lienee wc may infer that if from any point 
pf a cii cU perpendiculars h^lct fall on a7iy two tanguits and on 
chord of contact^ the square of the lost \oill he equal to the 
rectangle under iJie other two. 

\ 

Cbt. When will thf* locusi of a point l>o a rude if the *<iim of tbe squius of the 
pcrpendicnlais from it on the siUeb of any tu iii^lc be const ml ^ 

The locua is + 7 -= «*, and the coiulxtions that this should icpiebcnt 

a circle are 

CO0 2a + cos 2/9 4 cos Sy = 0, sin 2a + sin 2/3 4 p n 27 — 0 

QOS 2a = > 2 COB 03 4- 7 ) cos 03 — 7 ), 6 n 2a — ~ 2 wn 4- y) coa f/3 — y), 
jSquann^ apd addinji^ 

1 =r 4. cos'* (/3 - 7 ); ^ “ 7 - CO® • 

And P 0 | m like manner, each of the other t\io ingle of Utc tnangle ib pio\cd to 
hem, or ^ triangle must be cquil ncml 
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124. To obtain tho equation of tJie circle oircvkm^criM^Si ^ 
triangle formed hy the lines a = 0 , ^ = 0 , 7 as 0 ^ 

Any equation of the form 

l^'y + W7a 4 nafi = 0 

denotes a curve of the second degree circumscribing the given ^ 
triangle, since it is satisfied by any of the suppositions 

a = 0, )9 = 0; ^ = 0, 7 = 0; 7 = 0, a = 0. , 

The conditions that it should represent a circle are found, by the 

Stime process as in Art. 122, to be 

I cos (/8 4 7 ) 4 cos (74 a) 4 w cos (a 4 yS) = 0, 

I sin (/8 4 7 ) 4 sin (7 4 a) 4 n sin (a 4 ^8) = 0. 

Now we have seen (Art. 65) that when we are given a pair 
of equations of the form 

loL 4 nf = 0, 7a" 4 wi/3" 4 nf* = 0, 

7, M, n must be respectively proportional to /3 7 "—/3'V, 7 V'- 7 V, 
In the present case then 7, wi, n must be pro¬ 
portional to sin(i 8 — 7 ), sin ( 7 — a), sin(a —) 8 ), or (Art. 61) to 
sin A, sini?, sin 6 \ Hence the equation of the circle circum¬ 
scribing a triangle is 

,^7 s>n -4 i 7 Qt sin -g -Hx^ aip <7=jO. 

125. The geometrical interpretation of the equation just 
found deserves attention. If from any point 0 wc let fall per¬ 
pendiculars OP, OQy on the lines a, ^ 8 , then (Art. 54) a, 0 are 
the lengths of these perpendiculars; and since the angle be¬ 
tween them is the supplement of 0 , the 
quantity a /8 sin C isdouble the area of the 
triangle OPQ, In like manner, 7 a sinP 
and ^87 sin A are double the triangles 
OPfl, OQIl. Hence the quantity 

/3y sin A 4 7 a sinP4 ol/S sinO 
« 

is double the area of the triangle PQE^ 
and the equation found in the last article 
asserts that if the point 0 be taken on the circumference of 
the circumscribing circle, the area PQlt will vanish, that is 
to say (Art. 36, Cor. 2), the three points P, M will lie on 
one right line. 
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If it were required to find the locus of a point from which, 
if we let £U 1 perpendiculars on the sides of a triangle, and join 
their feet, the triangle PQB so formed should have a constant 
magnitude, the equation of the locus would be 

fiy sin^ + 7 a sin-B 4- sin C = constant, 

and, since this only differs from tlie equation of the circum¬ 
scribing circle in the constant pait, it is (Art. 81) the equation 
of^a circle concentric with the circumscribing circle.* 

126. The following inferences may be drawn from the equa¬ 
tion + mr^OL 4 naji = 0, wdicther or not /, n have the values 
sin J?, sin (7, and therefore lead to theorems true not only 
of the circle but of any curve of the second degree circum¬ 
scribing the triangle. Write the equation in the form 

7 (1/3 4- 7na) 4 - na0 = 0 ; 

and "we saw in Art. 124 that 7 meets the curve in the two points 
where it meets the lines a and /3; since if we make 7 = 0 in the 
equation, it reduces to a )8 = 0 . Now, for the same reason, tlie 
two points in which 1/3 4 - meets the curve are the two points 
where it meets the lines a and j3. But these two points coincide, 
Since l0 + rna passes through the point a0, lienee the lino 
/ 134 -W 2 a, which meets the curve in two coincident points, is 
(Art. 83) the tangent at the point a0. 

In the case of the circle the tangent is a sin 7i 4 -^ sin/I. 
Now we saw (Art. C4) that asin^l+/3 sin/i denotes a parallel 
to the base 7 drawn through the vertex. Hence (Art, 35 ) the 
tangent makes the same angle with one side that the base makes 
with the other (Euc. ill. 32). 


* Consider a quadrilateral inscribed in a circle of whicli a, y, ^ arc sides and e 
a diagonal j then the equation of the circle may bo written in cither of tlie forms 


sin/I sin/? sinsin sin/) 

y + S' 


sin K 

c 


0 , 


where 4 is the angle in the hcgment subtended by a, «fcc., and wo have written « with 

a negative side in the second w^uation, because ciipof-ite sides of the line ni*c cousidcied 

in the two triangles. Hence, every point on the circle satisiies also the equation. 

sin A , sin B , sin G , »in D _ ^ 

—‘ + '■ + ; — 

/t? y o 

This Gc^iatlon when cleared of fractions is of the third degree, and represents, 
together with the cii'cle, the line joining the intei.seciions of ay, /3v. In the same 
manner; if we have an inseribed polygon of any number of sides, Dr. Cdscy has shewn 
that an equation- of similar form will be satisfied for any point'of the circle. 
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Writing tbo equations of the tangents at the tbred vettibes 
in the form 






a Q 
= 0 , ^ + - 
' L m 



wc sec that tlic throe points in which each intersects the opposite" 
side are in one ilglit lino, whose equation is 


a 

I 







7 

n 




Subtracting, one from another, the equations of the three 
tangents, we get the ofjintions of the lines joining the vertices 
of tlic original tiianglc to the corresponding vertices of the 
triangle formed by the three tangents, viz., 


VI V n t I m 
three lines wliicli iWQki in a point (Art. 40).* 


127. If 0Ll3'y\ ( 7 "/^' 7 " be the coordinates of any two points 
on the curve, the equation of the line joining then' is 




7iy 

' 't 

77 



for if we substitute in this equation OLf^'y for (tBy^ tlic equation 
is satisfied, since 7 " satisfy the equation of the curve, which 
may be wilttcii 

I in n ^ 

4 - = 0. 

a P 7 


In like manner tbc equation Is sati'.fied by the coordinates 
It follows that the iqiiatlon of the tangout at any 
point oi/3'y may be wilt ten 


la 

a* 


4" 


»7_q. 

^ 7 '" ~ ’ 


and conversely, that if Xa 4 - 4 - V 7 == 0 is the equation of a 

tangent, the coordinates of the point of contact af^'y are given 
by the equations 

Z ^ 7/1 __ n ^ 

yi-V- 

. .. . . .. . . . . . . . 

♦ Tho ilieoil^Tns of tliw article aio by M. Bobillier {Anna lea dea MathimaUqueB, 
vol. xviii. p. 320). '£hi& aiBt equation of tbc next aiticlc is by M. Hermes. 


■ THK CIRCLE—ARRTDGCD NOTATION. 


121 


SoKiiHg for a', /S', 7 ' from these equations, and substituting in 
the eq[li$ition of the curve^ which must be satisfied by the point 

, ’ . . ' ^(l\) + V(wi/t) -I- = t). 

This IS the condition that th’ line Xa -I fx^ + v^y may touch 
/Sy-4" ^ 7 a + wa/S; or it may be called (s c Art. 70) the tangential 
eq^tion of the curve. The tangential equation might also 
be obtained by eliminating 7 between the equation of the 
lino and that of the curve, and forming the condition that the 
resulting equation in a : /S may have equal roots, 

128. To find tho conditions that the general equation of the 
second degree in a, /9, 7 ^ 

oa^ + + cf + 2/J97 + 2(f/7a + 24 aj 9 = 0, 

may reyresait a circle. [Dublin Exam. Papers, Jan. 1857], 

It is convenient to avail ourselves of the result of Art. 124. 
Since the terms of the second degree, £tj“ 4 y\ are the same in 
the equations of all circles, the equations of two circles can only 
differ in tlie linear part; and if B represent a circle, an equation 
of the form iS'4 lx + niyn — i) may represent any circle what- 
*:ver. In like manner, in trilincar coordinates, if we have found 
oi»* equation wliich represents a circle, we have only to add to 
I U'nori /'a 4 }!}('}(which In order that the equation nuay ho 
aoinog{ hooii, M’c niultiidy by the constant a 8 inyl f)SsIn 7 i 47 siir 6 '), 
and wc shall have an equation which may represent any circle 
.‘/hatever. Thus the.i (Art. J24) the equation of any circle may 
be thrown into the i'orin 

(/a 4 4 n^) (a sin A-\- ^ sin 7? 4 7 sin C) 

4 h sin .id 4 7 a sin 4 sin C) = 0 . 

If now wo compare the c('c/ricicnts of a®, 7 ® in this form 

with those in the general equation, we see that, if the latter 
represent a circle, it must be reducible to the foi'ra 

. a 4 -•-^- o/ 54 “r^ 7 ) (a sin .4 4/8 sin J5 4 7 sinC) 

Vsin.d , sin A sin (7 / ‘ 

4 i (/87 sin ud 4 7a sin 54 a/8 sin ( 7 ) ** ^ 
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au(l a comparison of the remaining coefficients gives 

2/ sin ^ sill C=>c sin’*£-|- h sin^(7-f i sin A sin jB sin (7, 

2(7 sin C sin A — a sin* C + c sinM -f k sin A sin JB sin Cy 
2A sin ^ sin i? = J sinM -i-« stn*/* 4- k sin ^ sin S sin 
■whence eliminating A, we have the required conditions, viz. 

^'h sin* C+c Bin*i?- 2/s\nB sin C = c sin®4- a sin*(7 — 2ff sin C stn A 

= a sin*-B4- b sin®^ — 2k sin A sin /?. 

If we have the equations of two circles written ip the form 
{h 4 m/3 4 ny) (a sin ^ 4 )8 sin jB 4 7 sin C) 

4 k [I3y sin -4 4 7a sin 27 4 otfi sin C) *= 0, 
{Tol 4 4 ny) (a sin -4 4 /S sin 274 7 sin C) 

4 k {^y sin yl 4 7a sin 2? 4 ajS sin C)» 0, 
it is evident that their radical axis is 

la 4 4 tty — (T'a 4 m'/S 4 w 7), 

and that la-^mff + ay is the radical axis of the first with the 
circumscribing circle. 

I. Veiify thurt afi - y® rcpicpentb a ciicle if A ^ ^ (Ait. 12.'!). 

The cipiution may In; wntton 

a(J sin C + /3y sin A + ya sin 2? y (« AnA + (3 sin JJ + y sin C) ~ 0. 

Ex. 2. ^’lien will a a* f + cy* repr(»eiit a ciicle ? 

Ex. a. The thice middle points of sides, and tlic three feet of pei pendicniars Hd 
on n oirclc The equation 

sin A cos -4 + ^ aih /i oos ^ + y- sin C cos C- (^y ^viA + yasmJS + xtfi sin 
represents a ciu>e of the second dcgiee pabshig thiongh the jHiints in question. Fo/ 
if we make y = 0, we get 

a® sin A co^ A + /3® sin — a/3 (sin A cos B + sin B cosA) = 0, 

the factors of wliieii are a sin J — /J «m B and^a co6 A — (3 cosB. Now the enrre is 
a cuicle, fur it may be u 

(a cos 4 4- /S cos B + y cos C) (o frin A + sin B + y sin 

— 2 {fiy sin A + ya sin B + a/? sin (7) = 0 
Tltws the radical axis of the circiimscnbing circle and of the ciicle through the middle 
points of Mdes 18 ^/JosA + /? ce?^B + y CoaC^ that is, the axis of homology of tho 
gi$ren triangle with the triangle fotmed by joining the feet of peipendiculata. 

129. Wc shall next show how to form the equations of the 
circles which touch the three sides of the triangle a, 7 , Tba 
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general equ&tion of a curve of the second degree touching the 
three aides is 

Pa* + m*i 8 * + «V ~ — 2nlya — 2lma^ » 0 .* 

Thus 7 is a tangent, or meets the curve in two coincident 
points, since, if we make 7^0 in the equation, we got the 
perfect square Pa^ •+ — 2lma^ =* 0 . The equation may also 

be Written in a convenient form 

+ V (wtiS) + ^[ny) = 0; 

for, if wc clear this equation of radicals, we shall find it to be 
identical with that just writttn. 

Before determining the values of 7, n, for which the equa¬ 
tion represents a circle, we shall draw from it some inferences 
which apply to all carves of the second degree inscribed in the 
triangle. Writing the equation in the form 

ny [ny - 2 Za - 2m^) + (?a — 

We see that the line (/a - m^\ which obviously passes through 
the point o^, passes also through the point where 7 meets the 
curve. The three lines, then, which join the points of contact 
of the sides with the opposite angles of the circumscribing 
' triangle are 

la — a= 0 , mp — W 7 = 0 , ny la ^ 0 , 

and these obviously meet in a point. 

The very same proof which showed that 7 touches the curve 
shows also that ny - touches the curve, for when this 

quantity is put = 0 , we have the perfect square [la — m^Y = 0 ; 
hence this line meets the curve in two Coincident points, that is, 
touches the curve, and la — passes through the point of con¬ 
tact. Hence, if the vertices of the triangle be joined to the 


* Stncily speaking, the double lectangles m tlus equiLion ought to be written 
with the ambiguous sign +, and the argument m the text would apply equally. If, 
hioweTer, we give all the tec^gles positive signs, or if we give one of them a positive 
eign, and the other two negahvc, the equation does not denote a proper curve of the 
aei'ond degree, but the square of some one of the lines la 4: mft ± ny. And the foim 
m the text may be con'>idorcd to include the cabe wheie one of the reotm^les is 
negative and the other tao positive, if we suppose that /, m, or n may denote a 
negative as well as a positive quantity. 
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points of contact of opposite sides, and at the 
joining lines meet the circle again tangents be 
equations ato 

2/a + 2W/8 — ny B= 0, 2»2)8 4* 2717 - fa * 0, 2 ^ 7 -f 2fa *-^ 9x 

IIcucc we infer that the three points, where each of these 
gents meets the opposite side, lie in one tight line| 


fa + + W 7 » 0 , 

for this line passes through the intersection of tho first line with 
7 , of the second with a, and of the third with /3. 


130. The equation of the choid joining two points 
a"i 8 'Y^ the curve is 


Ot m WW) •+ ^(^701 + /9 VW {VYa'O + V{7V)} 

+ 7 V(n) {V(a'r) + V(a"^0} * 0 .^ 

For substitute a', i 8 ', y for a, ) 8 , 7 , and it will be found that the 
quantity on the left-hand side may be written 

IV(«W') + V(W') + V(7V/3'0} IV(fa') + + V(ny)} 

^ V(a'/ 3 V) {^/(?0 + *J[mn + ^{nr/% 

which vanishes, since the points are on tlic curve. The equation 
of tho tangent is found by putting a", 7 " « a', / 8 ', 7 ^ in tho 

above. Dividing by 2 V(a'i 8 V)) it becomes 


/ “ \/©+^ \/(?) + "^ \/(?) * ®' 

Conversely, if Xa 4 /jt/3 f 17 is a tangent, the coordinates of 
the point of contact are given by the equations 




V. 


Solving for and substituting in the equation of the curve, 
we get 

/ I m n ^ 
r + - 4 - * 0, 


which is the condition that Xa 4 'Aii 84 *v 7 may be a tangent; 
that is to sny, b tho tangential equation of the curve. 


* XI 119 equation 15 Dr. Hati s. 
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"I 

tan^ and ordinaiy equations will bo 
bal^ sato if we solve the converse problem, via. to find the 
of the ouive, the tangcnta to which falfil the condition 



^ - 

We follow the steps of Art. 127. Let + fjt^P + 
X''«+/t"y9+v"*y be any two lines, such that X'/iV» X'VV' satisfy 
the above condition, and which therefore aro tangents to the 
curve whose equation we aie seeking; then 

7X mfi nv 

X'X" /tlV' ^ 77^ ** 

is the tangential equation of their point of intersection. For 
(Art. 70) any equation of the foim A\-\- is the 

condition that the line Xa + f6i34v7 should pass thiough a 
certain point, or, in other words, is the tangential equation of a 
point; and the equation we have wilttcn being satisfied by the 
tangential coordinates of the two lines is the equation of tlicir 
point of intersection. Making X', /a', / = X", /a", r" wo learn 
that if there be two consecutive tangents to the cmve, the 
equation of their point of intersection, or, in other woids, of 
their point of contact, is 

l\ mil , nv 

V'7* “ 

The coordinates then of the point of contact are 

Z ^ w n 

Solving for X', /a', i/ from these equations, and substituting in the 
relation, which by liypotfaesis X'ft^/ satisly, we get the requiied 
equation of the curve 

/ V(Za) + *i/{rnp) + V(m7) * 

181. The conditions that the equation of Art. 129 should 
represent a circle are (Art 128) 

m* aa“(7+ n* sin*5+2?wn sin-B sinCas n* Av^A + /* sin*(7 

+"2wZ sinO sin^ « P Bin^jB + sinM + 2?m sin A sinB, 
for tn sin C?4n sin j5=:?i(n sin A I sinJJ+m sinil). 
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* ’ ( 

Four circles then may be described to touch the sid^S of l|ie . 
given triangle, since, by varying the sign, these equations "may 
be written in four different ways. If we choose in both.cj^s 
the + sign, the equations are 

I sin C—m sinC + w (sin -4 — sin-B) = 0 ; 

I sinB+w (sin4 — sin(7) — n AjxB^(K 

The solution of which gives (see Art. 124) , 

/ = sin A (sin B + sin 0^ — sin 4), m = sin B (sin 0 + sin 4 — sinB), 

n^sinC (sin 4 + sin B — sin C). 

But since in a plane triangle 

8inBH-sin£7-sin4 = 4 cos^4 sin^BsIn^CT, 

these values for^, tw, n are respectively proportional to cQs*i 4 > 
jcos^iB, cos“i(7, and the equation of the corresponding circle, 
which is the inscribed circle, is 

i co 8^4 V(a) + cos^B ^/{0) + cos^(7V(7) = 0 ,* 

or a* cos^i4 + cos^JB + 7 “ cos ^^C — 2^y cos^^B cos ®^G 

— 2ya cos*^ C cos®^4 — 2a/3 cos® J 4 cos ®4 B= 0 . 

We may verify that this equation represents a circle by 
writing it in the form 



( a cos*^4 )8 cos^JB 7 Cos*J 6 ^\ 

sin4 ^ sinB ^ einO ) 


(a sin4 + )8 sinB +7 sin(7) 


4 cos*44 cos®4B cos®4C,^ . . . „ ^ ^ 

—sm^ + 7 a smB+a^ sm(7) = a 


* Dr. Hart derives this equation from that of the circumsciibing circle os follows; 
Iiet the equations of the sides of the triangle formed by joining the points of contact 
of the inscribed circle be a' = 0, /3' = 0, y* z= 0, and let its angles be A\ Iff C *; thei^ 
(Ai*t. 124) the equation of the circle is 

/3'y' sin A* + y'a' sin If + o'/3' sin C* ^ 0. 

But (Art. 123) for every point of the circle we havo^^ — By, y'^j= gjJ, 

and it is eaay to sec tlmt A' = 90 — ^^1, dec. Substituting these valueSi the equation 
of the circle becomes, as before, 

cos \A >j(a) + cos 4(fi) + cos ^ J(y) = 0. 

If the equation of the note, p. 119, be treated similaily, we find that every point of 
the ciiclc, of which a, /), y, 3 are tangents, satisfies the equation, 

cos i (12) ,<^8 4 (23) cos 4 (34) , cos 4 (“11) _ ^ 

J(a/8)'+ JOSy) ' jita) 

where (12) denotes the angle between aj3, Ac. Similarly for any number of tangent 4 i. 
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In Ihe same way, the equation of one of the cxscribed circles is 
found to be 

It 

et* -t- /3* Bin*^i?+7* sin*^ C — 2fiy Bin®^i? sln“^ 0 

+ 27 a sin* cos* 1-4 + 2 a /8 sin*^B cos*^^ = 0 , 

or cosi-4 \/(- «) + Bin JJ? v'(^) + sin^ (7 V(7) - 0. 

The negative sign given to a is in accordance with the fact, that 
this circle and the inscribed circle lie on opposite sides of the 
line a. 


Ex. Find the radical axis of the i^isci ibed circle and the circle through the middle 
points of bides. 

The equation formed by the metbod of Art. 128 is 
2 cos^^A cob“^ U CQa^\C {« cos A + cos B + y cos C] 


= sin A sin B &ui C 


(“ 


i 1 

sin A 


+ /3 


ros^ I Tt 
bill/j 


+ y 


cos* 

bin V ) • 


Divide by 2 cos^A cob \B cob ^17, and the coefficient of a in this equation is 
cos^A {2 cos’* ^A 6 in|/? sin iC - cos A cos \B cos iC), 
or cos JA sin J (A — D) sin i (A — C), 

The equation of the radical axis th(*n may bo wiitten 

« cos .5 1 /? C(W \B y cos _ 

8iui(i^--6^) fcin4(6'—A) ~-^0 ~ * 

and itappeam fi’ora the condition of Art. 130 that this line touches the inscribed circle, 
the coordinates of the point of contact being sin® J (/>'—(7), pin®i (C*—A), {A — B). 

These values shew (Art. GG) thatjbhc point of contact lies on the line joining tbo two 
jjp^^t^^es^Hjr hp&e coordinates are 1,1, 1, and coft(Z? — <7), 00 ^( 6 ^— A), cos (A — C). 

In tho same way it can be proved that the circle through the middle points of ‘'ides 
touches all the circles which touch the sides. Thl'> tlivoreni is duo to Feuerbach.’*' * 


♦ Dr. Capcy has given a proof of Feuerbach’s theorem, which will equally prove 
Dr. Hart's extension of it, vis. that tho circlea which touch three given circles can ho 
distiibutcd into sets of four, all touched by the same circle. The signs in tho follow- 
ing correspond to a triangle whose sides are in order of magnitude a, c. Tho 
exscribed circles are numbered 1, 2, 3, and tho inscribed 4 ; the lengths of the direct 
and transvei’se common tangents to the first two circles are written (12), (12)'. Then 
because the side a is touched by tlie circle i on one side, and by the other tlirec cii'cles 
on tho other, wc have (see p. 115) 

(13)' (24) = (12)' (34) + (14)' (23). 
similarly (12)' (84) + (24)' (13) = (23)' (14), 

(23)' (14) = (13)' (24) + (34)' (12), 
whence, adding, we have (24)' (18) = (14)' (23) + (84)' (12) j 

ahovnng that the four circles are alsa touched by a circle, having tho cirde 4 on one 
1^6 and the other three on the other. 
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132. If the equation of a circle in trllineaV coo:^rai|(^ ie 
equlralcnt to an equation in rectangular coordinated, iln 
the cocfRcient of then the result of aubstittiting in 

the equation the coordinates of any point is m times the sq^uai^e 
of the tangent from that point. This constant m is easily 
mined in practice if there be any point, the square of tbat^lg^Ot 
fiom which is known by geometrical considerations; and than 
the length of the tangent flora any other point may^be inferfed* 
Also, if we have determined this constant m for two circles, and 
if we subtiact, one from the other, the equations divided respeo 
lively by m and the difference which must represent the ra¬ 
dical axis will always be divisible by a sin^ + /9 BinJ7+7 sin(7. 


Ex 1 Find the value of the constant m for the circle throngh the middle pomte 
of the sides 

a* sinyl cos-4 + /3" ‘uni? cosi? + y* sinC'cosC— /9y sm-4 — ya sm^ — a/3 sm^si 0. 

Since the circle cuts any side y at points whose distances from the vertex A aie \o 
and h cos the square of the tnugent from A is cos^ But since for A wo have 
/3 = 0, 7 = 0, the lesult of substituting in the equation the cooidinates of A is 
a! sin ^ cos 4 (wheie a! is tJie perpendicular from A on the opposite side), or is 
^ sin il sm ^ sin6* cos A It follows that the constant m is 2 sin 4 sin J3 sm € 

Ex 2 Find tfio constant m for the circle fiy smA + ya solB + a/3 amC If fiom 
the preceding equation wo subtiact the linear tcims 

(o cos4 + f3 cosJ5 + 7 cosC) (a 8m4 +13 smB I- y sinC), 
the cocflacicnt of a d »/* is un iltcred The constant therefore for /9y sm 4 ^ is 

— sjn4 siii^ sin f It f< Hows that for an equ ition wiitten in the foim at the end 
of Art 128 the const int is I sin A sm B sm C. 


Ex 3 To find the distance between the centies of the inscnbed and cuonmscribing 

Circle We find JD — , the square of the tangent horn the t utre of the inscnhcd to 

, , , ^ ^ XT »^(sin4+sin7?*femr> 

the circumscnbing circle, by substituting tt~j9-y=?, to be - smB wn O — 

or, by a well known foimula, — -*■ 2i?i Hence JD* — — 2JRi • r 


Ex 1 lind the dittmcc between the ccntics of tho inscnbed circle and tha, 
^hiough the middle points of b dee If the i idiusof the litter be p, making use of 
the formal if 

Bin t cod A + BvaBcosBA-smCcosf — 2 sm4 sm27 sin Cf 
wc ha\e B* B 

Assuming thin that we otheiwise know Ii=^2pf we have J)^r — p^ or the 
cireles touch 


Lx 5 £md the constant m foi the equation of tl e inscnbed ciiclo given abov0 

Ans 4 008 |4cos^iBcoe^J(7 

Ex 6 Find the tangential equation of a circle whose centie !s of'/S'y' and 
This 18 investigated os in Ait 86, Lx 4, attendmg to the foimula of Arb 6^ 

Is iound to bo 

(\a' + M/^' + »y^ s r® (\* + H* + — 2mv oo84 2 aX cos B ^ 2 Xja COdC). 
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Tlid tei^iQspondjii^ oqu&fcion in a, y is deduced from this by the method afterwards 
Art. 286, and is 

r* (a sin A + /8 fiin B + y sin C^)* sr (fiy* /^y)* + (ya' - y'u)® + {a^ - a'jS)* 

ta-2 (ya'—y'«) (ajS'—a'/3) COsA—2(a^—a*/J)(/Jy —/3'y) coaS—2 (/^y'—zS^y) (yo—y'a) 008(7. 

This e(|tiation also gives an expression for tlie distanco between any two points* 

Ha. T* The feet of tho x^erpendicnlors on the sides of the triangle of leferonce from 

the pbints a', A i ■”#» (s®® Art. 65) lie on the same circle. By tlio help of 

a p y 

p. 60, its equation is found to be 

(|3y 8£nA+yasmB+a/7smC)(a'BmA f jS* sinB+y'sinC) (/?'>'sinA+yV sin B+a'/3' sinC7) 

= “in A sin B sin (7 (a sin A + /3 sin B + y sin C) 

faa'Cjp'+y'coR/iyy'+jS'cosA) /9/3'(y'+ff'cosB)(a'+y'cos7f) yy'(a^^ /3Vosf*K/3'+a'coa(?)') 

\ “ siuA ‘“ binB~ binC /' 


Ex 8. It will appear afterwards that the centre of a circle is the pole of the lino 
at infinity a sii^l +/3 sinB + y sin(7} and it is evidont that if we bubstituto the 
coordinates of the ccutie in the equation of a ciicle, for which tho coLlficiont of 
+ has bien made unity, wo get the negative sqnai e of the radius. By the&e 
principles we establish the following expichsiona of Mr. Cathcait, The cooidiiiatcs 
of the centre of the ciiclo (Ait. 128) 


(/a + m/3 + ny) (a sin A A &c.) +1 (/?y sin A + Ac.), 

ji n 

ttte ^ cos A + / — m cosC — n cosB), (/• cos B - / co&(7 + vi — n co^ A), 


B 

I 


(/t cos(7 — I cos Ji — Vi 00*5 1 4- n), 


where B is the radins of tho circumscnbiiig elide. The ladius p ib given by tlic 
equation 

ic^p^ =r B® {A* + 2k {t cos A + m cos B + u cosC) 

+ 1® 4- wt® + w® — 2mn cos A — 2nZ cos B ~ 21in cosC], 
and the angle of intersection of two ciicle^ Ls given by 

M 

pp* cos 6 _ , , I cos A + w cos /3 4 n coa(7 ^ V cos .i 4 vi' co^ B 4- v* cost? 

■ k K' 


+ 


IV 4- fnni* 4- «»' — fm??' 4- m'w) cos A — {nV + t;7) cos 1i — (JnV 4- Vm) cos(7 

"kk' 


DETERMINANT NOTATION. 

132(a). In the earlier editions of this book 1 did not venture 
to introduce the determinant notation, and in the preceding 
pages I have not supposed tho reader to be acquainted with it. 
lJut the knowledge of detcrniinants has become so much more 
cotnmon now than it was, that there seems no reason for 
excluding the notation, at least from the less elementary chapters 
of the book. Thus the equation of the line joining two points 
(Art. 29)| the double area of a triangle (Art. 36) and the 

S 
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conflition (Art. 38), that three lines should meet in a point, ibhy 
be written respectively 

A , B , G 
A\ S', (7 
A", Jr\ 0" fO. 

Ex. 1. Find the area of the triangle contained by the three lines la + 

+ &c., &c., (J. J. Walker). ^ 

Ans, lia,b,e\>6 the sides and A the area of the triangle of reference 


X , 

y » 

1 



y^ 

1 



y'. 

1 



y«» 

1 


x'\ 


1 

*0, 


y*> 

1 

9 





U 

m » 

A 






Labe 

V 

m'j 

n' 






j 

V 


n" 





by 

c 


'"b , 

€ 

o, 


c 


m f 

n 


w*, 

n* 

v\ 


n» 



w 1 

V 


a" 

z. 

m , 

n 


Ex. 2. The equation of the perpendicular from on la + w/J + ny = 0, may be 
written 

a, Z — COS C — n cos B 
/3, /3', m — n cos A — I cob C 
y> y'f n — I cosjB —mcosvl | = 0. 


132 (7;). The equations of the circle through three points 
(Art 94), and of the circle cutting three at right angles (Ex. 2 , 
p. 102 ), may be written respectively 

+y* a y ,1 a!“ + y*,-a? ,-y , 1 

+y" c 

x"* g", f',1 

x"'‘+ y"'% x'", y", 1 g"\ 1 

The equation of the latter circle may also be formed by the 
help of the principle (Ex. 6 , p. 102 ), as the locns of the point 
whose polars with I'espect to three given circles meet in a 
point, in the form 

*+/ 1 y+f t +/y 

*+.9",y+/',.9"a;4/'y+C" 

+/", y +/" +/> + C'" = 0 . 


The corresponding equation for any three curves of the second 
^gree will be discussed l^ereaftcr. ‘ :, 

, i 

*■ ' / ' 

^ 132 (c). If the radius of a circle vanishes, (a;—a)*+ (y—/ 8 )* =* 0 

the pohir of any point a^'y', {as' - a; (;c - a) + (y' - ^) (y - = 0 
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evidently passes through the point ayS. Tt is in fact the 
perpendicular through that point to the lino joining a/^, as is 
evident geometrically. Hence then if the circle 

. oj^ + H- 2<7 .c + 2)^ + c = 0 

redaoe?to a point, that point which, as being the centre, is given 
by the equations x+i 7 = 0 , y 4 -/= 0 , also satisfies the equation 
of .the polar of the origin gx + c — 0 . 

If given three circles S'* we examine in wliat cases 

IS^mS'-^-vS" can represent a point, we sec that the coordinates 
of such a point must satisfy the three equations 

i (a? + //) + »4 {pc + g') + w (03 + g") = 0, 

^ {y +/) ^ (y +/') + (y -f/") = 

I (g'x Arfy + c) + m {g'x Prf'y + c") + n {g"x + f'"y + c'") - 0, 

from which if wc eliminate /, wi, w, we get the same determinant 
as in the last article; showing that the orthogonal circle is the 
locus of all the points that can be represented by l8'+mS'-\ nS"\ 
The expression (Ex. 8 , p. 103) for the angle at which two 
circles intersect may be written 2rr' cos^ = 2gg' + 2ff' — o - c'. 
If now we calculate by the formula of p. 7G the radius of tho 
circle lS-¥mS'^ nS'\ and reduce the result by the forinuLa just 
given, wc find 

+ nf r* = Z®/* 4 4 w®/"® 


4 2mnr"r'" cos d' 4 2alr"r' cos Q*' 4 2lmrr" cos 
where fl", Q'" are the angles at which the circles respec¬ 
tively intersect. And since the coordinates of the centre of 

18' + m8" + nS’" If '+ 




are 


, , , we see 

c 4 4 Z 4 4 ^ 

that these coordinates will represent a point on the orthogonal 

circle if Z, ?», n arc connected by the relation ZV®4w/®/^'^4&c. =0. 

If the three given circles be mutually orthogonal this relation 

reduces itself to its three first terms.* 


132 (d). The condition that four circles may have a common 
orthogonal circle is found by eliminating C7, G from the 
four conditions 

20g-\-2Ff~- C7—c = 0, &c., 


* Casey, Phil, Tran$,^ 1871, p. 586. 
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and is , / , 1 

c' r / * /' , 1 

0^3% f% 1 

c'", 1 = 0. 

Since c denotes the square of the tangent from the of$g[ln to 
the first circle, and since the origin may be any point, this 
condition, geometrically interpreted, expresses (see Art. 94) that 
the tangents from any point to four circles having a common 
orthogonal circle are connected by the relation 

OA\BCD^ OC^.ABD^ OB\ACD^ OD\ABGJ» 

132 {e). If a circle 

+ 2 Ox -f 2F^ 4 C7= 0, 

cut three others at the same angle we have, besides the 
equation first given, three othci's ot the foi m 

c' + 2iir'cos5 2F/' + C = 0; 

from which, eliminating 6?, F^ (7, we have 

a' + y , -y, 1 ' 

c' -f 2i?/ oos^, g' , 1 
c" +22Z/' cos^, i",/", 1 
c'" 4 27;/" cos 1 =0, 

Now if we write 2li cos 5 = \, the determinant just written Is 
resolvable into 

a'-i-y*, , -y , 1 0 , -aj , -y 

9 > **» f i ^ 

9\ f ^ /',! 

a y J ) <7 1 7 » 1 = 0 . 

The first determinant equated to zero is, as has just been 
pointed out, the equation of the orthogonal circle, and the second 
when expanded will be found to be the equation of the axis of 
similitude (Art. 117), Thus wc have the theorem (Note, p. 109) 
that all circles cutting three circles at the same angle have a 

* This theorem is Mr. B J Haivcy's (Casey, Trans, Rm/alIrish Acad, xxiv 468). 

t Bmcethis only differs from the equation of the orthogonal citde by writing 
a* + \r* for dec. we obtain another form foi this deteimmant by maJang tho same 
change m the last determinant ot Ait 132 (6). I owe this form to Mr. Cath^art, 
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cotxitiioii .radical axis^ viz*, the axis of similitude. If in the 
aeCoad determinant we change the sign either of /, r", or 
W^e get the equations of the other three axes of similitude. Now 
it'has been stated (Art. 118) that it is optional which of two 
sopplei^ontal angles wo consider to bo the angle at which two 
ciircles intersect; and if in any line of the first determinant of 
this article we substitute for 6 its supplement, this is equivalent to 
changing the sign of the corresponding r. Hence it is evident 
that we may have four systems of circles cutting the given 
three at equal angles, each system having a different one of the 
axes of similitude for radii^al axis; calculating by the usual 
formula the radius of the circle whose equation has been written 
above, we get R in terms of X, and tlicn from the equation 
^iZcosdssX we get a quadratic to determine the value of X 
corresponding to any value of 6^ 

Ex. 1. To find the condition for the co-cxiv^tence of the equations 

aaj + + 0 = cix 4* + c' = a**x 4 4- c" =- a"'j? f 4- rf**. 

Let the common value of those quanUlit*! br \, then (liuiiiiitinsf r, ?/, \ from the four 
equations of the foim cu;4*d^ + c-=:V, wo ha\e the result in the form of a dcttiminant 

1, 1, 1 , t 

tty a\ o", a"* 

by b\ l^y //" 

Cj C*y o'*' ““ 0, 

or .4 4* r== B I B, where 4. /?, Cy Z) aic the foui mmois got by eianing in turn each 
column, and the to)) low in this detoi minant 

To find the condition that four lines should touch the same on do, is the same as lo 
find the condition for the co-exi‘=*touce of tlie equatioiis a ~ ft = y— 6 In this use 
the determinants Ay JBy Cy I) geomctiicilly^ ieprc<5ent tho product of cich sjJc of the 
quadrilateral formed by the four lines, by the sines of the two adj icont angles 

3Sz. 2* The expie*»&ior, p 129, foi tho distance bctw^ccn two point may be wntten 

r® (o sm4 4-i9smB 4* y BiaC')*™ 0, 0, a , /3 , y 

0, 0, OL* y ft* y y* 

a, a', 1 , — cos Cy — cos B 

ft, ft*y — cos r, 1 , — cos .1 

y, y*y — COS By — cos 4, 1 , 

ftnd tibia det^minaat may be resolved into the product 


a, a*, - 1 


a, a*, - 1 

fi', 


A A, 



< 

'>1 7i ® 


7, 7, » 


oram^ogonjiiiMstora aiibing fiom A + B + C-v, 



13i 


DETERMINANT NOTATION, 


Ex. 3. To find the relation connecting the mutual distances of four points on a 
circle. The inyesLigation is Prof. Oayley*s (see lessons on Higher AlgohrOi p« 
Multiply together according to the ordinary rule the detenninants 

+ ~2a?i, 1 1, Xi, ffi, a?,® + yi* 

3*4** + Pi®, - ^2, - 2^2* 1 If »2f 

“ 2a*s, - 2yj, 1 ^ 1, Xg, y,, arj* 4- yj® 

«4® + y4®> - 2-<*4 i - 2y4, 1 3, 8*4, y4, a'4® + yr 

which are only different ways of writing the condition of Art. 94; and we get the 
required relation 

0 , (12)?, (13)^ (14)» 

(12) *, 0 , (23)*, (24)* 

(13) *, (23)*, 0 , (34)* 

(14) *, (24)*, (84)*, 0 =:0, 

where (12)* h the square of the distance between two points. Tliis determinant 
expanded is equivalent to (12) (34) + (13) (42) ± (14) (23) = 0, 

Ex. 4. To find the relation connecting the mutual distances of any four points in a 
plane. Tliis investigation is also Prof. Cayley’s {Le'isou^ on Higher Algebra, p. 24). 
Prefix a unit and ciphers to each of tho doterminants in the last example; thus 

1, 0, 0, Q 0, 0, 0, 1 

+ yi*i - 2 * 1 , - 2yi, 1X1, Xx, y„ aj,* + y,* 
d;c. 4^c. 

We have then five rows and four columns, tho determinant formed from which, accord¬ 
ing to the rules of multiplication, must vanish ideutically. But tins is 

0 , 1 , 1 , 1 , 1 
1, 0 , (12)*, (13)*, (14)* 

1, (12)*, 0 , (23)*, (21)* 

1, (13)*, (23)*, 0 , (34)* 

1, (14)*, (24)*, (34)*, 0 = 0; 

which, expanded, is 

(12)* (84)* {(12)* + (34)* - (13)* - (14)* - (23)* - (24)*} 

+ (13)* (21)* {(13)* + (21)* - (12)* - (14)* - (23)* ~ (34)*} 

+ (14)* (23)* {(14)* + (23)* - (12)* - (13)* - (24)* - (34)*} 

+ (23)* (34)* (42)* + (31)» (14)» (43)* + (12)* (24)* (41)* + (23)* (31)* (12)* = 0. 

If we write in the above a, b, e for 28, 31,12; and J2 + r, jB + r', li + r" for 14, 24, 
84, we get a quadratic in R, whoso roots are the lengths of the radii of the circlos 
touching either all externally or internally three circles, whose ladu aie r, r', r'\ and 
whose centres form a triangle whose sides arc ci, h, e. 

Ex. 5. A relation connecting the lengths of the common tangents of any five 
circles may be obtained precisely as in the lost example. Write down the two matrices 

1, 0, 0, 0, 0 0, 0, 0, 0, 1 
+y'* -r'*, -2x', -2y', 2r', 1 1, x*, y, r’, x^ 4-^* -r’* 

- r"* - 2a;", - 2y", 2r", 1 1, a?" y", r", »"* + y"> - 

&Q, 1 d^C. 
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where there axe six rows and five columns, and the determinant formed occoiding to 
the rules ot multiplication must vanish. But this is 

I 0, 1 , 1 , 1 , 1 , 1 

1, 0 , (12)» (I3)», (14)^, (16)^ 

1, (12)», 0 , {2J)‘ (24)«, (26)* 

1, (13)«, (28)», 0 , (94)*, (36)» 

1, (14)*, (24)*, (34)*, 0 , (46)* 

1, (15)*, (25)*, (35)*, (45)», 0 1 = 0, 

whore (12), Ac. denote the lengths of the common tangents to each pair of circles. If 
we suppose the circle 5 to touch all the others, then (15), (25), (35), (45), all vanish, ond 
we get, as a particular case of the above, Dr. Casey’s relation between the common 
tangents of four circles touched by a fifth, in the form 

0 , n2)^ (13)*, (14)* 

(12) *, 0 , (23)*, (24)* 

(13) *, (23)*, 0 , (34)* 

' (14)», (24j*, (31)*, 0 1 = 0. 


Ex. 6. Kelrition between the angles at which four circles who^c radii are r, t*', r", 
intersect. If the ciicle r have its centre at the point 1 in Ex. 4, r* at 2, Ac. wo may 

put for 12* — r* + r'* — 2rr'cosTi, Ac. in the dctciminant of that example which 
becomes then 

0, I , 1 , 1 , 1 

I, 0 ,r'*4J’* —2r'r cos2l,r"*+r* —2r'V cos31,7’"'*-fr* —2;’"V oc^Tl 

I, r*4r'* -2rr' cosT2, 0 , r"*+r'* -2r"r' cos^ -2r"y coifj 

I, r*-H*"* -2rr" 00*^13, r'* H*"* -2i‘'r" cos23, 1 , r'"*+r"2-2/-'''i-''co6T) 

l^r^^r'''^-^2rr'''(X)sITy^'‘''^2ry''cob2r,r'^^^ 0 

= 0 , 

subtracting from each row and rotnmn the first multiplied by corresponding stiiiuio 

of radius and writing p for -, p* for ~, Ac. this reduces to 

r r 


0 , 

p 1 

p' t 

P » 

p'” 

p > 

1 , 

cos 21, 

cos 31, 

cos41 

p' I 

cos 12, 

1 , 

cos 32, 

cos 12 

p", 

cos 13, 

cos 23, 

1 , 

cos 43 

p"'. 

cos 14, 

cos 2-1, 

cos 34, 

1 


If in this we let cos 21 = cos 31 = cos 41 = cos 6, wo Lave the quadratic in X 
mentioned at the cud of Art. 132 e. 
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CHAPTER X. 


PROPEBTIES COMMON TO ALL CTJBVE3 OF THE SECOND DBGEE35, 
DEDUCED from: THE GENERAL EQUATION. • 


133. The most general form of the equation of the second 
degree is 

+ 2/i.ry + 4- 2^ + '‘Ify + c = 0, 

where a, ft, c, /*, < 7 , It arc all constants. 

Tt is our object in tlii'j chapter to classify the different curves 
liich can be represented by equations of the general form just 
written, and to obtain sonic of the properties which are common 
to them all.* 

Five relations between the coefficients are sufficient to deter¬ 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the absolute magnitude^ but on the mutual ratios of these 
coefficients; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by c, so as to make tho absolute 
term == 1 , and there will thou remain but five constants to bo 
determined. 

Thus, for example, a conic section can be described through 
five 'points, Substituting in the equation (as in Art. 93) tho 
coordinates of each point {x if') throu^i which tho curve must 
pass, wc obtain five relations between the coefficients, which will 


a 


enable us to determine the five quantities, - , &c. 

c 


134. We shall in this chapter often have occasion to use the 
method of transformation of coordinates; audit wilUbe useful 

"‘We shall piove hereafter, that the acetiou made by any plane in a cone etsadihg 
on n ciicnlar ba'C i'* a curve of the pecorul degfiee, and, conversely, that there U ho 
curve of tho bc'ccuid degree whicli may not be considered as a conic section. It vftm hi 
tliis point of view that tbese curves were first examined by geometers. We mentipn 
the property 1u ic, bccAusc we shall often find it convenient to oso tho ternte Conlo 
section/' or “conic/’ inbiead of the longer appellation, “curve of the second degree*^ 
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to find what the general equation becomes when transformed to 
parallel axes through a new origin (ieV). We form the new 
equation by substituting X’{- x' for a?, and ^ ^ for y (Art. 8), 
and we get 

a (jr+a/)*+2A(a?+a?') (^+,y') + ^(y4y)“+ 2^ (a;+a;')+2/(y+y')+o=0. 

Arranging this equation according to the powers of the vari¬ 
ables, "we find that the coefficients of jj’*, and y*, will be, as 
before, u, 2^, h ; tliat 

the new = ax^ 4 ^; 

the new yj 4- hy' + f ; 

the new c, c' *= + 2hx'^ + hy'^ + ^gx^ 4 ^fy^ 4 c. 

Hence, if the equation of a curve of the second degree he trans^ 
formed to parallel axes through a new origin^ the coefficients of the 
highest powers of the variahles will remain unchangid^ while the 
new absolute term will be the result of suhshtuting in the original 
equation the coordinates of the mw orijinJ^ 

135# Every right line meets a curve of the second degree in 
two real^ coincident^ or imaginary j^omts. 

This is inferred, as in Art. 82, fjom the fiict that we get a 
quadratic equation to determine the points where any line 
y = mx 4 n meets the curve. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine tlio x of the points of intersection. In particular 
(see Art. 81) the points where the curve meets the axes aVc 
determined by the quadratics 

ax^ + 2gx + c = 0, by'^ 4 ^fy 4 o — 0. 

An apparent exception, however, may arise which does not 
present itself in the case of the circle. The quadratic may 
reduce to a simple equation in consequence of the vanishing of 
the coefficient which multiplies the square of the variable. Thus 

4 2^® + a? + 5^ 4 3 = 0 

is an equation of the second degree; but if wc make y = 0j wo 
get only a simple equation to determine the point of meeting 
of the axis of x with the locus represented. Suppose, however, 
that in any quadratic Ax^ + 2Bx+O^Of the coefficient O 

* Tlus is equally true for c<iuati 0 us of any dcgiee, as can be piovcd in Lke manner. 

T 
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vanishes, we do not say that the quadratic reduces to a simple 
equation; but we regard it still as a quadratic, one of whose 

2B 

roots is .'^ = 0, and the other £i? = —Now this quadratic 


may be also written 

and we see by parity of reasoning that, if A vanishes, we otiglit 
to regard this still as a quadratic equation, one of whose roots is 

i = 0, or 05 = GO ; and the other - = — , or 05 = — The 

X X (J ^ 


same thing follows from the general solution of the quadratic, 
which may be written in either of the forms 

the latter being the form got by solving the equation for the 
reciprocal of 05, and the equivalence of the two forms is 
easily verified by multiplying across. Now the smaller A is, the 
more nearly docs tlie radical become =±J5; and therefore the 
last form of the solution shows that the smaller A is, the larger 
is one of the roots of tlie equation; and that when A vanishes 
we ai*c to regard one of the roots as infinite. When, therefore, 
we apparently get a simple equation to determine the points in 
which any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form 0. a?’* 4- 2Bx +(7=0, one 
of whose roots is infinite; and we are to regard this as indi¬ 
cating that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, selected as an example, 
which may be written (y + 1) (a; + 2^ +3) = 0, represents two 
right lines, one of which meets the axis of as in a finite point, 
and the other being parallel to it meets it in an infinitely 
distant point. 

In like manner, if in the equation Act? + 2iXr+ (7=0, both B 
and 0 vanish, we say that it is a quadratic equation, ^l>oth of 
whose roots are a5 = 0; so if both B and -4.vanish we are to say 
that it is a quadratic equation, both of whose roots are » 
With the explanation here given, and taking account of infinitely 
distant as well as of imaginary points, we can assert that svery 
right line meets a curve of the second degree in two pointy, v. 
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136. Tho equation of the second degree transformed to 
polar coordinates* is 

(a cos“fl+ 2^00303^0+ Jsin’fl) p *4 2 ( 5 'Cos 5 +/sm 0 )p + (5 = O; 

and the roots of this quadratic arc tho two values of the length 
of the radius vector corresponding to any assigned value of 0, 
Now wo have seen in the last article that one of these values 
will J}c iniinItO) (that is to say, the radius vector will meet the 
curve in an infinitely distant point,) when the cocfiiciciit of />* 
vanishes. But this condition will be satisfied for two values 
of 0j namely those given by the quadratic 

a 4 2 A tan 6 ^ 4 S tan'*^ = 0 . 

Hence, there can be drawn through the origin two real^ coincident^ 
or imaginary lines^ which will meet the curoo at an infinite 
distance ; each of which lines also meets the curve in one finite 
point whose distance is given by the equation 
2 [g COS 0 4 f sln 0 ) p 4 c = 0 . 

If we multiply by p® the equation 

a cos^tf 42A cos 0 sin 0-\-b sin*0 = 0, 

and substitute for p cosd, p slnd their values x and we obtain 
for the equation of the two lines 

add 4 Hixy 4 by^ = 0 . 

There arc two directions in which lines can be drawn through 
any point to meet the curve at infinity, for by transformation 
of coordinates we can make that point the origin, and the* 
preceding proof applies. Now it was proved (Art. 134) that 
A, b are unchanged by such a transformation; the directions 
are, therefore, always determined by the same quadratic 

a codd 4 2A cos ^ sin ^ 4 i sin®6^ = 0. 

Hence, if through any point two real lines can he drawn to meet 
' the curve at infinity^ parallel lines through any other point will 
meet the curve at infinity, 

* The following processes apply equally if the original eqiuilion had been in oblique 
coordinates. We then substitute for «, and np fory, where m 's and n is 

°gin to proceed os in the text. 

f This indeed is evident geometrically, since parallel lines may be considered as 
pSssing thxongh the same point at infinity. 
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137. One of tliG most important questions we can con* 
cernlng tlio Jorm of the curve represented by any equatio^) is, 
whether it be limited in every direction, or whether it ec^ltend in 
any direction to infinity. We have seen, in the case of the eirele, 
that an equation of the second degree may represent a limited 
curve, while the case where it re|)rc8cnts right lines shOw^s us 
that it may also represent loci extending to infinity. It is 
nccessaiy, therefore, to find a tost whereby we may distinguish 
wliicb class of locus Is represented by any particular equation 
of the second degree. 

With such a test wo are furnished by the last article. For 
if the curve be limited in every direction, no radius vector drawn 
from the origin to the curve can have an infinite value; but we 
found in the last article that when the ladius vector becomes 
infinite, wc have a f 2A tan 0 + i tan''^ = 0 

(1) If now we suppose ¥ — to be negative, the roots of 
this equation will bo imaginary, and 
no real value of 6 can be found which 
wdll render 

a cos^0 + 2h cos 6 sin 0 J sin®^ = 0. 

In tliis case, therefore, no real line 
can bo drawn to meet the curve at 
infinity, and the curve will he limited 
in every direction. We shall show, in the next chapter, that 
its form is that represented in the figure. A curve of this clasa 
is called an Mlij^se. 

(2) If A* — ah be positive^ the roots of the equation 
a 4 2A tan d + J tan“d = 0 

will be I'eal; consequently there 
are two real values of B which will 
render infinite the radius vector to 
the curve. Hence, two real lines 
(aaj® 4 2A,ry 4 hy^ = 0) can, in this 
case, bo drawn through the origin 
to meet the curve at infinity. A 
curve of this cUss Is called a 
Jlypao'jla^ and wc shall show in the next chapter that its form 
is that 1 epresentod in the figure. 
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j[S) If A* — o6 = 0, the roots of the equation 
a + 2A tan 5 + i tan*^ = 0 

iviU then be equal, and, therefore, 
the two directions in which a riglit 
line can be drawn to meet the 
curve at infinity will in this caso 
coincide. A curve of this class is 
called a Parabola^ and we shall 
(Chap. XII.) show that its form is 
that hero represented. The condition here found may be other¬ 
wise expressed, by saying iliat the curve is a parabola when 
the first three terms of the equation form a perfect square. 

138, We find it convenient to postpone the deducing the 
figure of the curve from the equation until we have first, by 
transformation of coordinates, reduced the equation to its 
simplest form. The general truth, however, of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation in the manner explained 
(Art. 16). Solving for y in terms of cr, we find (Art. 76) 

Jy = - {hx +/) i \/{(A* - ah] x"" ^ 2 [hf- by) a; -f (/* - he)]. 

Now, since by the theory of quadratic equations, any quantity 
of the form as’ 4 jooj 4 J is equivalent to the product of two real 
or imaginary factors a) (sr — the quantity under the 
radical may be written [l^ — ah] (a? —a) (jj —/ 8). If then — 
bo negative, the quantity under the ladical is negative (and 
therefore y imaginary), when the factors a? —a, 05-/8 are cither 
both positive or both negative. Real values for y arc only 
found when x is intermediate between a and /8, and therefore 
the curve only exists in the space included between the lines 
a5«=/3 (see Ex. 3, p. 13). The case is the reverse when 
A“ — ab is positive. Then we get real values of y for any values 
of 05, which make the factors as — a, 05 — /8 either both positive 
or both negative; but not so if one is positive and the other 
pegativj^. The curve then consists of two branches stretching 
to infinity both in the positive and in the negative direction, but 
separated by an interval included by the lines a;s/3, in 
which no part of the curve is found. If — ab vanishes, the 
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quantity under the radical is of the form either or ^ a or fle — a?. 
In the one case we have real values of provided only that 
is greater than a; in the other, provided only that it is less. 
The curve, therefore, consists of a single branch Stretching to 
infinity either on the right or the left-hand side of the lino 55 = a. 

If the roots a and j8 be imaginary, the quantity under the 
radical may be thrown into the form a 6 ) {(a? — 7 )“-I- 8 ’}. 
If then K^ — ah is positive, the quantity under the radical^is 
always positive, and lines parallel to the axis of y always meet 
the curve. Thus in the figure of the hyperbola. Art. J37, lines 
parallel to the axis of y always meet the curve, although lines 
parallel to the axis of x may not. On the other hand, if — ab 
IS negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 


Ex. 1. Construct, as in Art. 16, the figures of the following curves, and determine 
their species: 

Zjr + Axy + — 3aj — 2^ + 21 = 0. Am, Hyperbola. 

bi? + Axij + — 5^ — 2y — 19 = 0. Am, Ellipse. 

4j;® + 4.ry + — 6aj — 2y — 10 = 0. Ana, Parabola. 

Ex. 2. The circle is a particular case of the ellipse. For in the most general foinn 
of the equation of the circle, a = bf h = a cos to (Art. 81) j and therefore A* — ab is 
negative, being = — a* sin-w. 


Ex. .3. What is the species of the curve when A = 0 ? Am, An ellipse when a and 
b have the same sign, and a hyperbola when they liave opposite signs. 


Ex. 4. If either « or i = 0, what is the species? Am. A parabola if also A =r 0; 
otherwise a hyperbola. When o = 0 the axis of x meets the curve at infinity j and 
when A = 0, the axis of y. 


Ex. 6. What is represented by 

2Ty 
a* tib 


^4* a b 


Am, A parabola touching the axes at the points a; = a, y = A. 


139. If in a quadratic Ax^ + (7=0, the coefficient B 

vanishes, tlie roots are equal with opposite signs. This then 
will be the case with the equation 

{a cos“^ H- 2/i cos 0 sin 4 - 8 sin“5) p* 4 - 2 {g cos 0 4-/*sin 0 ) p 4 - c = 0 , 

if the radius vector be drawn in the direction determined by 
the equation <7 cos 9 4 -/ sin = 0 . 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of ,it} 
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' qesebal equation of the second DEOUEE. 

Itfcjerefofe the chord represented by the equation is 

biWct^d at the origin. 

Hence, through any given point can in general be drawn one 
chord which will be bisected at that point, 

140, There is one case, however, where more chords than one 
caji be drawn^ so as to be bisected, through a given point. 

If, in the general equation, wo had g = 0, = 0, then the 

quantity g cos0 + /sin d would bo = 0, whatever were tlie value 
of 0\ and we see, as in the last article, that in this case ecery 
chord drawn through the origin would be bisected. The origin 
. would then be called the centre of the curve. Now, we can in 
general, by transforming the equation to a new origin, cause 
the coefficients g and f to vanish. Thus equating to nothing 
the values given (Art. 134) for the new g and/, we find that 
the coordinates of the new origin must fulfil the conditions 

+ hy -f- <7 = 0, hod + byf -f/= 0. 

These two equations are sufficient to determine x and /, and 
being linear^ can be satisfied by only one value of z and y ; 
hence, conic sections have in general one ai'id only one centre. Its 
coordinates are found, by solving the above equations, to be 

“ ah - A'* * ^ ab - U 

, « 

In the ellipse and hyperbola ab - 1^ is always finite (Art 137); 

but in the parabola id) - K = 0, and the coordinates of the centre 
become infinite. The ellipse and hyperbola arc hence often 
classed together as central curves, while the parabola is called 
a ncm^central curve. Strictly speaking, however, every curve 
of the second degree has a centre, although in the case of 
the parabola this centre is situated at an infinite distance. 

* 

141. To find the locus of the middle points of chords^ parallel 
io a given line^ of a curve of the second degree, 

. "\Ve saw (Art. 139) that a chord through the origin is bisected 
^ cos i? 4/sin ^ = 0. Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will bo 
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bisected at the new origin if the new g multiplied by cos^ 4 ' the 
now f multiplied by sin 0 — 0 , or (Art, 134) 

cos 6 [ax' 4 li]/ + g) + sin 6 {hx 4 hy' 4 ^*) ss 0 , 

This, therefore, is a relation which must be satisfied by the do** 
ordinates of the new origin, if it he the middle point of a chord 
making with the axis of x the angle 0. Hence the middle point 
of any parallel chord must lie on the right line * 

.cos 0 [ax -\:hy 4 g\ 4 sin 0 (Jix 4 4 f) = 0 , 

which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a dinnetcr^ and the lines which it bisects are called its ordinates* 
The form of the equation shows (Art. 40) that every diameter 
must pass through the intersection of 
the two lines 

aj; 4 % 4 j 7 = 0, and Aa; 4 4/= 0; 

but, these being the equations by 
which we determined the coordinates 
of the centre (Art. 140), we inler that 
every diameter passes through the centre of the curve* 

It appears by making 0 
alternately = 0 , and = 90° in 
the above equation, that 

oa* 4 % 4^ = 0 

is the equation of the diameter 
bisecting chords parallel to the 
axis of a?, and that 

hx 4 hy 4y= 0 

is the equation of the diameter bisecting eliords parallel to the 
axis of y.* 

In the,parabola — or 7 ^= 7 ;} and hence the Kho 



7 




M 



1 


/m' 



L' 

- f - 


X 


* The equation (Art. 138) which is of the form hy = — {hx +/’) ± R ib mosle^wsUy ' 
oonstmeted by la.viuf? down the line hx + hy -l-yj and then taking on each OtdV- r 
nate MP of that line portions PCi^ PQ,\ above and below P and equal to R, 
ulgo it appears that each ordinate is bisected by hx + hy ^ 
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parallel to tho line 
f ; consequently, all 
tneters of o 'parabola arp pa rail el 
tO^each other. Thi^, indeed, is 
evident, since wo have pro\cd 
that all diameters ot any conic 
section must pass through the 
centre, which, in the ta’^c of the - 
paiabola, is at an inhiiitc distaiu e, 
and since paiallel right lines may be coiibideied as meeting in 
a point at infinity.^ 

The familiar examjdo of tlio ciiclc \\ill buffieiontly illustrate to 
the beginner the natuic of the dianictcis of cuivcs of the second 
degree. lie must ohseive, however, that diameters do not in 
general, as in the case of the ciicle, out then oxdmxtcs at right 
angles. In the pauibola, foi instance, the dnectioii of the' dia¬ 
meter being iiivaiiablc, while that of the oidiiiatis nii> be any 
whatever, the angle between them mag taJu aag possihh lalut. 


142. The d!u(tarn of fhi diamehi ^ cf a pat ahata A the same 
os tltat of the Unc thiotajh ihu u tjiu uhah m((ts the (fu n at an 
injlnite distance. 

For the lines through the oiigin whhh meet the cui\c at in¬ 
finity aic (Alt. 130) 

a/* V'2h/y^ 7>y = 0, 
or, writing for /^ its \alue \/(alA^ 

oj + ^[1*^ !jY = 0. 

But the diamcteis are paiallel to ax = 0 (by the last arti(le\ 
which, if we wiitc for h the same value V will also lediiee to 

^/{a) ^ — 0. 

Hence, every diameter of the parabola meets the curve once at 
infinity, and, thcictore, can onl^ meet it in one finite point. 


^ a portion of any conic section being diawn on papei, we can find its 

o^tlhB and deteimme its species Foi if we diaw any two psiallcl choida, and ]oin 
tlteir middle points, we hive one diametfi In like niniiin i wc cm find onotbei dii- 
motor. Then, if those two diameters be parallel, the emve is a paiaboU, but if not, the 
point of lutoiieection is the centre It wiU be on the concave side when the cm ve is an 
^ipse^ and on the convex when it is a hyperbola. 


U 
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143. If two dianuters of a conic section he such that one of 
them bisects all chords parallel to the other^ then^ conversely^ the 
second will hisect all chords parallel to the first 

The equation of the diameter which bisects chords making 
an angle 6 with the axis of x is (Art. 141) 

{ax 4- hy +g) + {hx + by +/) tan (9 = 0. 

But (Art. 21) the angle which this line makes with the axis ig 
where 

, /I, « + tan 9 

tan V — 'jf • •f~~ Tj j 
A 4 0 tan 0 

whence Jh tan 6 tan 0' + A (tan 6 4- tan 0') 4 - a = 0. 

And the symmetry of the equation shows that the chords making 
an angle 6' are also bisected by a diameter making an angle 0, 
Diameters so related, that each bisects every chord parallel 
to the other, are oJilled conjugate diameters/^ 

If in the general cquiition A = 0, the axes will be parallel to 
a pair of conjugate diameters. For the diameter bisecting chords 
parallel to the axis of x will, in this case, become aa5 4-(7 = 0, 
and will, therefore, be parallel to the axis of y. In like manner, 
the diameter bisecting cliords parallel to the axis of y will, in 
this case, be hy-\-f—% and will, therefore, be parallel to the 
axis of X, 

144. If in the general equation e=0, the origin Is on the curve 
(Art. 81); and accordingly one of the roots of the quadratic 

{a cos^0 4- 2/i cos 0 sin 0 4- siu“^) 2 {g cos 0 +/sin0) p = 0 

is always p = 0. The second root will be also p = 0, or the 
radius vector will meet the curve at the origin in two coincident 
points, if//cos54’/'Rin^ = 0. Multiplying this equation by p, 
we have the equation of the tangent at the origin, viz. 4 ^=O.f 
The equation of the tangent at any.other point on the curve 
may be found by first transforming the equation to that point 
as origin, and when the equation of the tangent has been then 
found, transforming it back to the original axes. 

' It ib evident that none but central curves can have cosjugate diameters, since in 
parabola the direction of all diameters is the same. 

t The <4ame argument proves that in an equation of any dc^e when the absolute 
t^rm vani«>lie4 the oiigin is on the curve, and that then the terms of the first degree 
‘ loprcscnt the tangent at the oiigiu. 
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Silk The point (1^ 1) id on the cuTre 

> 8«* — 4ny + 2^^ 7a; 6y — 8 =: 0; 

tmnsfonn the equation to parallel axes through that point and find the tangent at it. 

Ans» 9a; — = 0 tefciied to the new axes, or 9 (a? — 1) = S (y — 1) lefeired to 

the old. 

If this method is applied to the general equation, we get for 
the tangent at any point x'y' the same equation as that found 
by^a different method (Art. 86), viz. 

ax'x + A (a?y + y'x) + +ff [x + a?'j +f{y + y) + c = 0, 

145. Tt was proved (Art. 89) that if it be required to draw 
a tangent to the curve froir any point x'j/^ not supposed to be 
on the curve, the points of contact are the intersections with 
the curve of a right line whoso equation is identical in form 
with that last written, and which is called the polar of 
Consequently, since every right line meets the curve in two 
points, throvgh wy point oiy' tiiere can he drawn two real^ coin^ 
cident^ or imaginary tangenta to the curve?* 

It was also proved (Art. 89) that the polar of the origin is 
gX’\‘fy4‘ c = 0. Now this line is evidently parallel to the chord 
gx +fy, which (Art. 139) is drawn through the origin so as to 
be bisected. But this last is plainly an ordinate of the diameter 
passing through the origin. Hence, j/i#! polar of any point is 
parallel tojhe ordinates of the diameter passing through that point, 
*j?his includes as a particular case; tangent at the extremity 
cf my diameter isjparallel to /As ordinates of that diameter^ Or 
again, in the case of central curves, since the ordinates of any 
dianjeter are parallel to the conjugate diameter, we infer that 
jhepolar of any point on a diameter of a central curve is parallel 
to the conjugate diameter, 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98) that if a point A lie on the polar of jB, then B lies on 
the polar of A, This may be otherwise stated: If a point move 
(ilonQ a fixed line [the polar of i?] its j^olm passes through a 

point fB\: orip ConverBelv, 7/* a line [the polar of A^ pass 

* A curve ie said to be of the fli*^** daa$ when through any point n tangents can bo 
dxuwn to the curve. A come ft, therefore, a ciiivc of the second degiee ami of tlio 
secemd clase; but in higher curves the degree and class of a cuivo are commonly not 
the same. 


118 


GENERAL EQUATIO^T OP THE SECOND DEGREE, 



JUed j^oint^ then the locus of its ^ ^ 

r^/it l ine. Or, again, Jj^ejn^s<cjis&j^ 
jyoje of the line joining their polesj and, conversely, 
joining any tv>o points is the polar of the intersections of ih^j^ a r s 
'of these points. For if wo take any two points on the polar 
of the polars of these points intersect in A, 

It was proved (Art. 100) that if two lines he drawn through 
any pointy and the points joined where they meet the cUHe^ tks 
joining lines will intersect on the polar of that poinU Let the 
two lines coincide, and we derive, as a particular case of this, 
If through a point 0 any line OB be drawUy the tangents jat IP 
and H' meet on the polar of 0; a property which might also he 
inferred from the last paragraph. For since B'TX\ the polar of 
jP, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex 3, p. 9b), that if on any radius 
vector through the origin, OB be 
taken a harmonic mean between OIP 
and OB!\ the locus of B is the polar 
of the origin; and therefore that, 
any line drawn through a point is 
cut harmonically by the pointy the 
curvBj and the polar of the point j as ^ 

■was also proved otherwise (Art. 01), 

Lastly, we infer that if any line 
OB bo drawn through a point 0, and 
P the pole of that lino be joined to 0, then the lines (7P, OB 
will form a harmonic pencil with the tangents from 0. For 
since OB is the polar of FTBT' is cut liarinonically, and 

therefore^OP, OP, OP, OP' form a harmonic pencil. 

E'c. 1. iJt a qiiadiilataal ABCJ) be insciibfd m a eooic Bection, any of the pointa 
Ff 0 IS the pole of the line ] 0 imng the other 
two. 

Since ECj JED are two hnes drawn through 
the point Ff and CDf Aliy one parr of linc«< juin- 
ing the points where they meet the conic, these 
lines must intersect on the polai of A; <io must 
AD and CB y therefore the line Of is the 
I uhii of E, In like manner it can be piovcd that 
FF is the polar of 0 and £0 the polar of F, 






Ex 2. To draw a tangent to a given conic 
^tion fiom a point outside, with the help of the ruler only 

Diaw any two Imeb tluongh the giien point L, and complete the quadrilateral aS 
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ilm tjte thetf the line OF will meet the conic in two points, wliieh, being joined 
Ip give the two tangents required. 

* i * V ^ , 

' Bz»^ li a quadiilaterAl be ciicumscribcd about a conic section, any diagonal is 
pqhki' of the intersection of the othei two. 

, ^ shell prove this Example, as wo might have proved Ex, 1, by means of flio 
Ibarmonic properties of a quadiiUtcial. It was proved (Ex. 1, p. 57) that £’-4, FO, 
iBBf MF are a harmonic poncU. Hence, smee 7.M, J?7? aie, by hypothesis, 
tangents to a conic section, and EF a line through their point of intei'section, by 
Art 146, EO must pass through the pole of 74/’; for the same reason, FO must pa s 
|/hr99ghi^e pole of EF'f this pole must, theiefoie, be 0, 


A 

147# We have proved (Art. 92) that the equation of the pair 
of tangents to the curve fi’oni any point is 

ihafy'-\r o) («•«*+ 2hjcy + jy+ 2gx + 2fg + c) 


« + h {xg + gx) + hg'g 4 g [x' 4 x) 4/(/ 4 4 

The equation of the pair of tangents through the origin may bo 
derived from this by making x'=^g'=^0] or it may be got directly 
by the same process as that used Kx. 4, p. 78. If a radius 
vector through the origin touch tlie curve, the two values of p 
must be equal, wlileh are given by the equation 

(a coB^d + 2 A cos 6 > sin04 6 siii“ 0) p^ -{ 2 {g co^0 +/»in0) p + c = 0 . 
Jfow this equation will have equal roots if 0 satisfy the equation 
{a cos*^ 4 2h cos 0 sin 0 4 i sin“^) c^{g cos 0^fmx 0'f, 
Multiplying by ^ we get the equation of the two tangents, viz. 
(ac - 5 *) a?’* 4 - 2 (c/i - gf) xy + {be -/") / - 0. 

This equation again will have equal roots; that is to say, tLo 
two tangents will coincide if 

(aJJ - /) [lo -/*) = (rA -fg)\ 

or 0 {gho 4 ^fg^ — cA’*) = 

This will he satisfied if c = 0 , that is if the origin be on the 
curve. Hence, any point on the curve may he considered as the 
intersection of two coincident tangents^ just as any tangent may 
be considered as the line joining two consecutive points. 

The equation will have also equal roots if 

ahe + ^fgh — q/® — hg^ ~ cA® = 0. 

iffow we obtained this equation (p. 72) as*the condition that the 
equation of the second degree should represent two right lines. 
To explain why we should hero meet with this equation again, 
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it must be remaiked that by a tangent we mean in general^a line 
which meets the curve in two coincident points; if then the 
curve reduce to two right lines, the only line which can mo^t 
the locus in two coincident points is the line drawn to the point 
of intersection of these right lines, and since two tangents can 
always bo drawn to a curve of the second degree, both tangent$ 
must in this case coincide with the line to the point of inter¬ 
section. 


148. If througli any point 0 two chords be drawn^ meeting the 
curve in the points iZ', li'\ /S', S", then the ratio of the rectangles 

n n s?" constant^ whatever he the position of the jpoint 0 , 


provided that the directions cf the lines Oltj OS he constant 
For, from the equation given to determine p in Art* 13C, it 
appears that 

OR OR'sz _ - _ 

a coB^d 2 /i cos 0 sin & + 2 ) siii ''0 ‘ 

In like manner 


OS. OS 


Vf 


hence 


a coa'*^' + 2A cos 0 ' sin ff + b siu‘' 0 ' * 
OR. OR' a cos‘^ 0 ' + 2 A cos 6' sin 0' + i siu*0' 


08'. OS' a cos ‘*0 + 2 A cos 0 sin 0 + 6 sin ^0 
But this is a constant ratio; for a, h remain unaltered 
when the equation is transformed to parallel axes through any 
new origin (Art. 134), and 0, 0' arc evidently constant while the 
direction of the radii vectores is constant. 

The theorem of this Article may be otherwise stated thus: 
If through two fixed points 0 and O' a7iy two paraUtl lines OR 

OR. OR' 

\ll 


and O'p be drawn^ then the ratio of the rectangles g 


, // 
P 


be constant^ whatever be the direction of these lines. 

For these rectangles are 

c _ ___ 

a cos *0 + 2 A cos 0 sin 0 + J sin ®0 * a cos “0 + 2 A cos 0 bin 0 + /> sin 0 
(o' being the new absolute term when the equation is transferred 


to O' as origin); the ratio of these rectangles = - , and is, thcrc- 
fore, independent of 0, 

This theorem h the goncralizatlon of Euclid III* 35, 36. 
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,149* The theorem of the last Article includes under it several 
pafiicqlar cases, which it is useful to notice separately. 

I. Let (7 be the centre of the curve, then (/p' = 0 '^" and 
the quantity 0'p\ O'p" becomes the square of the semi-diameter 
parallel to 01i\ Hence, The rectangles under ike segments of 

JiVQ chords which intersect are to each other as the squares of the 
^ jdiayteters parallel to those chords. 

II. Let the line OR be a tangent, then OJS'= OjB", and the 
quantity OR^OR" becomes the square of the tangent; and, 
since two tangents can be drawn through the point 0 , wo may 
extract the square root of the ratio found in the last paragraph, 
and infer that Two tangents drawn through any point are to each 

jother as the diameters to which they are parallel. 


III. Let the line 0(7 be a diameter, and Oi?, O'p parallel to 
its ordinates, then OR'=^OR" and 0 'p'= O'p". Let the diameter 


OR^ O'o^ 

meet the curve in the points A, B, then AO' O'B 


Hence, squares of the ordinates of any diameter are proper- 
tional to the rectangles under the segments which they make on the 
diameter. 


150. There is one case in which the theorem of Article 118 
becomes no longer applicable, namely, when the line OS is 
parallel to one of the lines wdiich meet the curve at infinity; the 
segment OS" is then infinite, and OS only meets the curve nu 
one finite point. We propose, in tho present Article, to inquire 

OS' 

whether, in this case, the ratio will be constant. 

Let us, for simplicity, take the line OS for our axis of a?, and 
OR for the axis of y. Since the axis of x is parallel to one of 
the lines which meet the curve at infinity, the coclBcient a will = 0 
(Art. 138, Ex. 4), and the equation of the curve will be of the form 

2hxy + hy^ + 2gx + 2^ + o = 0. 

Making ^ = 0 , the intercept on the axis of x is found to be 


08^^ and, making a;ssO, the rectangle under the inter- 
n 


cepts on the axis of y 
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lienee 


_ OS' 

Oil”, oir “ 


A 


Now, if wo transform the axes to parallel axes through any point 
a't/ (Art. 13t), b will remain unaltered, and the new -\’g* 

lienee the new ratio will be 


- ^ 

2 (/-/ +j7) ‘ 

Now, if the curve bo a parabola, A = 0, and this ratio is con-* 
8tant; hence, If a line parallel to a given one meet any diameter 
(Art. 142) of a parabola^ the rectangle under its sjgmente is in a 
constant ratio to the intfrvept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while y is constant; hence, The intercepts made by two parallel 
chords of a hypetbola^ on a given line meeting the curve at infinity^ 
are proportional to the rectangles under the segments of the chords* 


*151. To find the condition that the line + + may 

touch the conic npnseated by the general equation. Solving for y 
from Tw-i /t^4-v = 0, and substituting in the equation of the 
conic, the abscissa of the intersections of the line and curve are 
determined by the equation 

- 2h\fi + bX^) 2 {gy,^ — hyv -fyX 4 J\v) x 

4- {cfj^ — 2^v 4 bv^)^ Oi 

The line will touch when the quadratic has equal roots, or when 

(<7/A* — 2hXy + S\*) (cy^ — ^fp^ 4 bv^) = — hyv -^fyX 4 hXvf, 

Alultiplying out, the equation proves to be divisible by /a®, and 
becomes 

Qc -f) X^ + (ca -./) y^ 4 {ab ^ h^) 4 2 [gh - af) yv 

4- 2 (A/— hg) v\ + 2 [fg - ch) Xy = 0. 

We shall afterwards gi\e other methods of obtaining this 
equation, which may be called the tangential equation of the 
curve. Wc shall often use abbreviations tor the coefficients, and** 
write the equation in the form 

^ 4 “ d^y^ + Cp^ + 2 OyX ^ 0 . 

The values of the coefficients will be more ca/ily remembered by 
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Let A denote the dibcrtininoHt 
tW €qtiation; that is to say, the function 

* «6c +sy57Ai|a<:i/'*--&^*--cA*, 

> 

wnosis vanishing is the condition that the equation may represent 
.right Unfes. Then A is the derived function fonnod from A, 
regarding a as the variable; and ( 7 , 2(7, 2/7 arc the 

derived functions taken respectively with regard to o,/, h. 

The coordinates of the centre (given Art. 140) may be written 
G F 
O' 


Misosllaneous Example*?. 

* Ejt. 1, Form the equation of the conic making intercepts X, /a, /a' on the axes. 
^Lace if we make =x 0 or a; = 0 in the equation, it mubt leduco to 

— (X -I- X') X + XX' = 0| y® — (/i + / a ') y + fifx = 0} 


/AjaV* + 2hxy + XX'y® *- / a / ia ' (X + X') ® — XX' (/ia + /«') y + \\'^/a' “0, ^ 

and h is undetei mined, unless another condition be given. Thus two jaiabolab ran 
be drawn through the four giveu points; for m this cobo 

4 = ± J(XX'fA/A'). 

fix. 2. Given four points on a conic, the polar of any fixed point passes tlimugh 
a fixed point. We may choose the axes so that the given points may lie tu o on c.icli 
axis, and the equation of the cuivo is that iound m £x. 1. But the equation of the 
polar of any point a'y' (Art. 145) involves the indeterminate h in the fiiht degree, 
and, thciefoie, p' 'tses thiough a fixed pomt* 

fix. 8. Find the locus of the ccidtrc of a conic passing through four fixt d poirfts. 
The centre of the conic in fix. 1 is given by tlie equations 

2/A/A'a; + 2Ay — (X + X') = 0, 2XX'y + Vtx — XX' (/a + /a') = 0; 
whence, eliminating tlic iudetorminate A, the locus is 

— 2XX'y* — «/ a ' (A -t- X') j* -h XX' 0“ + /i') y = 0, 

a conla passing through the intersections of each of the three pahs of lines uhich 
can be drawn through the fonr points, and through tho middle points of thebo hues. 

locus will be a hyperbola when X, X' and / a , / a ' have either both like or both 
t^olfice signs | and an ellipse in the contrary case. Tlius it will be an ellipse when the 
tWtt points oh one axis he on the same side of tho origin, and on the otlicr axis on 
qp|X»ite sidttf 1& other words, when the quadnlateral formed by the four given 
has a xe-entrant angle. This is also geometrically evident; for a quadnlateral 
a iWHnttriaBlt angle evidently cannot be inscribed in a figuie of the shapo of tho 
.eUipSS 03b parabola. The drcnmscribing conic must, therefore, always be a hypeibela, 
OC^Ibah IHOpia vertices may lie in opposite branches. And since the centre of a hyi>cr* 
navttr at infinity, the toons of centres is in this case on ellipse. In the other 
t^woposltions of the o^txe will be at infinity, corresponding to the tuo parabolaa 
Whdoh oop b^desor^bod throun^h the given points. 


X 
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CHAPTER XL 


EQUATIONS OP THE SECOND DEGREE REFERRED TO THE ^ 

CENTRE AS ORIGIN. 


152. In investigating the properties of the ellipse and hyper¬ 
bola, we shall find our equations much simplified by choosing 
the centre for the origin of coordinates. If we transform the 
general equation of the second degree to the centre as origin, we 
saw (Art. 140) that the coefficients of x and y will =0 in the 
transformed equation, which will be of the form 

CLo^ + ^hxy + hy^ + = 0 . 


It is sometimes useful to know the value of in terms of the 
coefficients of the first given equation. We saw (Art. 134) that 
c' = ao;'* + + by^^ + + 2/y + o, 

where x\ y' arc the coordinates of the centre. The calculation 
of this may be facilitated by putting d into the form 

d = [ax' 4- hy' od + Qix' + hyf -f/) yf -^gx' 

The first two sets of terms are rendered = 0 by the coordi¬ 
nates of the centre, and the last (Art. 140) 

. ,_aic+2fffh-af*-hg*-cht ^ 
ah-h*'^ ab-h* ‘ ' 


153. If the numerator of this fraction were =0, the trans¬ 
formed equation would be reduced to the form 

ax^ + 2kxy + hy^ = 0, 

and would, therefore (Art. 73), represent two real or imaginaiy 

* Observing thnt when f and g vanish the discriminant reduces to c (nd — wo 
can see that what has been here proved shows that transformation to parallel axes 
does not alter the value of the discriminant, a particular case of a theorem to be 
proved afterwanla (Art. 371). 

It is evident in like manner that the result of substituting the coordinates 

of the ccutic, in the equation of the polar of any point viz. 

{ax* + hy* 4- g) jc" + {kx* + hy* +/) y" + gx* + c, 
is the same os the result of substituting in the equation of the curve. For the 
first two sets of terms vanish in both coses. 
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right fines, according as ah - is negative or positive. Hence, 
as we have already seen, p. 72, the condition that the general 
equation of the second degree should represent two right lines, is 

ahe + ^fgh - — bg^ — ch ^« 0, 

For it must plainly be fulfilled, iu order that when we transfer 
the origin to the point of intersection of the right lines, the 
absi>lute term may vanish. 

Ex. 1. Transform — 6*-^ — 3 = 0to tho centie (J^ — 4), 

Ans* 12aj* + \^jcy + 4^ + 1 sr 0* 

Ex< 2. Transform a? + 2j*^ - + 8.^ 4- 4y — S = 0 to the centre (- 3, — 1), 

Ana. aj® + 'lay — ^ = 22. 


154. We have seen (Art. 136) that when 6 satisfies the 
condition 

a cos*0 + cos 0 sin ^ + 6 sin^^ = 0, 

the radius vector meets the curve at Infinity, and also meets 
the curve in one other point, whose distance from the origin is 

c 

^ g CO3 0 + / sin 0 ’ 

But if the origin be the centre^ wo have <7 = 0, /=0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan¬ 
gents to the curve whose points of contact are at infinity. These 
linos are called the asymptotes of the curve; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. Wo 
shall show hereafter, that though tho asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
Pgents drawn through the centre are at an infinite distance, the 
line joining those points of contact is altogether at an infinite 
distance* Hence, from our definition of polos and polars (Art. 89), 
jie centre may be considered c^s the pole of a line situated altogether 
at an in finite distance. This inference may be confirmed from’ 
the equation of tho polar of the origin, + c « 0, which, 

if the centre be the origin, reduces to c«s0, an equation which 
(Art* 67) represents a lino at infinity. > 
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^ *"1* 

155. Wa have seen that hy taking the centre for the 

coefficients ff and / in the general equation can be miode to 
vanish; but the equation can be further simplified by tab)fig>a 
pair of conjugate diameters for axes, since then (Art, 143} h tiril} 
vanish, and the equation be reduced to the form 

aa? + %* + c « 0. 


It is evident, now, that any line parallel to either axis is bisected 
by the other; for if we give to x any value, we obtain equal *and 
opposite values for y* Now the angle between conjugate diame* 
ters is not in general right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters arc called the axes of the curves 
and the points where they meet it are called its vertices. 

We have seen (Art. 143) that the angles made with the axis 
by two conjugate diameters are connected by the relation 
h tan5 tans' + h (tan^ + tan0') ■+ a =» 0. 


But if the diameters are at right angles, land's:^ 


1 

tan 9 


(Alt. 25). Hence 

h tan®5 +(<*-&) tan5 — 4 = 0. 

We have thus a quadratic equation to determine 0, Multiply¬ 
ing by p“, and writing a?, y, for p cos0, p sin^, we get 

Jij? — (a — ft) ay — hy* =3 0. ^ 

This is Ae equation of two real lines at right angles to each other 
(Art. 74); we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 

On referring to Art. 75 it will be found that the equation 
which we liavo just obtained for the axes of the curve is the same 
a that of the lines bisecting the internal and external angl||^ 
between the real or imaginary lines represented by the equation 

aa? 4 - 2hxy 4* Jy* = 0. \ 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes; and (note, p. 71) they will 
be real wdiether the asymptotes be real or imaginary; that is to 
say, whether the curve be an ellipse or a hyperbola. 


156. Wc might have obtained the results of the last Arti^ 
by the method of transformation of coordinates, since we 
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diiMtly that it is always possible to transform the 
e^tM^tion to a pair of rectangular axes, such that the coeiBcient 
or in the transformed equation may vanish. Let the original; 
""axes be rectangular; then, if we turn thorn round through any 
angle 0^ we have (Art. 9) to substitute for a?, vc cos5-y sin^, 
and foT X And+ 1 / cosd; the equation will thercfoie become 
a[x cos^—y nmO)*2h{x cos^ — y sui^j (a? sind + y costf) 

• -f i(jJ siuff + y cosd)* + cssO 

or, arranging the terms, we shall have 

the new a^a co8^0 + 2A cos^ sin0 f b sin*^; 

the new A = J sin^ cos5+ A(cos^^ —sin“^) —asin^ cos^; 

the new i =0; sin®^— 2A cos^ sind + A cos“0. 

Now, if we put the new A«0, we get the very same equation 
as in Art. 155, to determine tand. This equation gives us a 
simple expression for the angle made with the given axes by 
either axis of the curve, namely, 

2A 


tan 2d s 


a-i* 


157. When it is required to transform a given equation to 
the form Ay+ c«0, and to calculate numerically the value 
of the new coefficients, our woik will be much facilitated by tho 
following theorem: If we tranform an equation of the second 
degree from one set of rectangular axes to another^ the quantities 
a + A and ab — A® wiU remain unaltered. 

The first part is proved immediately by adding the values of 
the new a and A (Art. 156), when we have 

d + 5' =s a + A. 

To prove the second part, write the values In the last articio 
* — ^ 2a'a‘a+A h- 2A 8in2d+(a —A) C0B2d, 

2A' s= a + A — 2A 8in2d — (a — A) C082d. 

Hence 4a'A's* (a + A)* — {2A sin 2d + (a — A) cos2d}®. 

But 4A'* as {2A cos2d — (a — A) sin 2d}®; 

therefore 4 (a'A' — A'®) =» (a + A)* — 4A^ — (a - A)* = 4 (aA — A*). 

When, therefore, we want to form the equation transformed 
to the axes^ we have the new A » o, 

a' + A'»a + A, a'V^ab'-h^. 
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Having, therefore, the sum and the product of d and we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the elhpse = 60, and ti;analonn. thh 

equation to thorn. 

The axes aie (Art. 165) 4®^ + Qxy — 4^* = 0, or (2a? — y) (a? + 2y) = 0, 

Wo have a' + 6' = 25; a'l/ = 150; a' = 10 j, 5' =? 15; and the tiansformcd equation 
i8 2j^ + 3y* = 12. 

Ex. 2. Transform the hyperbola lla^ + 84a;y — 21y* 156 to the axes. 

+ aV = -St028; a' = 89j 5'=~62, 

Transformed equation Is 4y^ =12. 

Ex. 8. Transform ax^ 4- = c to the axes. 

An$, (a + 5 — i?) a?® + (a + 5 + i?) y- = 2(1, where iZ® = 47/* + (a 5)*. 


*168. Having proved that the quantities a + J and ah A* 
remain unaltered when we transform from one rectangular system 
to another, let us now inquire what these quantities become if 
wo transform to an oblique system. We may retain the old axis 
of 07, and if wo take an axis of y inclined to it at an angle a>, 
then (Art. 9) we are to substitute coseo for and y sinca 
for y. We shall then have 

a' = a, A^ = a COSO) + A sino), 

V^a coa^ia 4 2A cos cd sinoi + A sin^oo. 


Hence, it easily follows 


a' + A' —27/ cos© , 

-1-- a + A, 

sm © ^ 


a'A' -7/^ 
sin^© 


^uA-A» 


If^ ihen^ we transform the equation from one pair of axes to any 

,, ,, a + A —2Acos© ,aA~7^* . , , 

other^ the quantities -- and —t-s— remain unaltered^ 


sin^© 


sin^© 


We may, by the help of this theorem, transform to the axes 
an equation given in oblique coordinates, for we can still 
express the sum and product of the new a and A in terms of 
the old coefficients. 


Ex. 1. If COB 01 = transform to the axes lOx* + 6ry + 5y* = 10. 
a + 5 = «* == a = 5, 5 = 

Ana, 16a;* + 41y* =r 82. 

Ex. 2. Transform to the axes — dxy + y* + 1 = 0, where w = 60**, 

Ana. ** — 15y* ss 8. 

Ex. 3. Transfoim a«* + 2Axy + = <? to the axes, 

Ans. (a + d - 2k coata — E) r* + (a + 5 — 2^ cosoi + J2) ^ =s 2« 6ia*w, whm 
JB* = {25 — (u + 5) cosoi}* + (a — 5)* bui*o). » 
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♦169* We add the demonstration of the theorems of the last 
articles given by Professor Boole [Cambridge Math, Jour,y 
in. 1| 106, and New Series, vi. 87). 

Let us suppose that we are transforming an equation from 
axes inclined at an angle o>, to any other axes inclined at an 
angle 12; and that, on making the substitutions of Art. 9, the 
quantity ojj* + becomes a'Jr*+2A'A'F+5'3^, Now 

we*know that the eifect of the same substitution will be to make 
the quantity oj* ■+ 2a?y cosco + y’* become + 2-3ry"cosl2 + F**, 
since either is the expression for the square of the distance of 
any point from the origin* It follows, then, that 

aaj* +2hxy +6y* +X(£C* +2j3ycoso> +y*) 

= a'X* + 2A'Zr+ 6' F* + \ [X^ + 2XY cosH + F*). 

And if we determine X so that the first side of the equation may 
be a perfect square, the second must be a perfect square also. 
But the condition that the first side may be a perfect square is 

(a + X) (6 -t X) = (A + X cos ft))®, 
or X must be one of the roots of the equation 

X® sin®ft) + (a + J — 2A cos to) X + — A® = 0. 

We get a quadratic of like form to determine the value of X, 
which will make the second side of the equation a perfect square; 
but since both sides become perfect squares for the same values 
of X, these two quadratics must be identical. Equating, then, 
the coefficients of the corresponding terms, wo have, as before, 

a + J — 2A cosft) ^ a' + J' — 2A' cosH ^ aA — ^ a^b' — Ji* 

sin®oi sin^l2 ^ sin'll sia'12 


Ex. 1 . The sum of the Bquarcs of the reciprocals of two seiiu-djamcteis at right 
ahgles to each other is constant. 

Let their lengths be a and /J; then making alternately a: = 0 , y - 0 . in the equation 
of the curve, we have ao*=:^, and the theoiem ju'-t btated is only the 

geometrical intcipretation of the fact tliat a + ^ is oonstint. 

Ex. 2. The area of the tnanglc formed by joining the extremities of two conjugate 
Bemi'diameters is constant. 

The equation referred to two conjugate diameters is ^#2 ^ “ h *“^<1 

is constant, we have emta constant. 


Ex. 8 . The sum of the squares of two conjugate semi'diameters is constant. 

/ oi » + * —2Acosa>. . . 1 /I 1\ + , 

Eince-- --is constant, i- (-72 + ~ - zu, is constant, and 

sm^w sin^oi \o ^ pV o ^/r^siii^w ' 

(dace sin (0 is constant, so must a** ^ 
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160 We saw that the equation referred to the axes waft of 
the form 


+ jBy = <7, 

B being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 138, Ex. 3). We have replaced the 
small letters by capitals, because we arc about to use the letters 
a and d with a diflereut meaning. 

The equation of the ellipse may be written in the following 
more couvenient form; 

Let the intercepts made by the ellipse on the axes be a; as a, 
^ = i, then making y = 0 atid a;» a in the equation of the curve, 


O C 

we have Aa^ = C. and = In like manner .5=,-. Sub* 


stltuting these values, the equation of the ellipse may be written 

“j ■h *71 == 1* 

a b 


Since we may choose wliicliovor axis wo please for the axis 
of flj, we shall suppose that we h»ivo chosen the axes so that a 
may be greater than h. 

The equation of the hyperbola, which we saw only differs 
from that of tlie ellipse in the sign of the cocilicieiit of y®, may 
be written in the corrc'^pomliug foim : 

- 1 

a" b^ " 


The intercept on the axis of x is evidently but that on 

the axis of being found from the equation J'*, is imaginary j 
the axis of ?/, therefore, does not meet tlic curve in real points. 

Since wo have chosen for our axis of x the axis which meets 
the curve in real points, we arc not in this case entitled to 
assume that a is greater than h. 


161. To find the polar eiiuation of the ellipse^ the centre being 
the pole. 

Write pcos0 for x. and psind for y in the preceding equa* 
tlon, and we get 

1 cos“0 sin“5 
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an equation vbich we tnaj write in any of the equivalent forms, 

, a*i* _ aV a»J* 

^ +> cos*^ ~ i* + (a* - U*) sin’^ ~ a*- (o” - i*) cos’d * 

It is customary to use tho followino^ abbreviations: 


and* the quantity e is called the eccentricity of the curve. 

Dividing by c? the numerator and denominator of tlio fraction 
last found, we obtain the form most commonly used, viz. 

V 

^ 1 — e* cos’‘(9 ' 


162. investigate the figure of the ellipse. 

The least value that &* + (a*“ J*) sln*^, the denominator in 
the value of/o'*, can have, is when 0 = 0; therefore the 
value of p is the intercept on the axis of a:, and is = a. 

Again, the greatest value of V + {(^ — V) sin®0 is when 
sin0= 1, or 0 = 90°; hence, the least value of p is tho interoopt 
on the axis of ?/, and is = h, Tho greatest line, therefore, that 
can bo draAvn thioiigh the centre is the axis of jr^ and the least 
line the axis of ?/. From this pro])erty these lines aa’e railed 
the axis major and tn^* axis minor of the curve. 

It is plain that the snialler 0 is, the greater p will be; hence, 
the nearer any (Hainetr is to the a^ris 
major^ the greater it will he. 1'hc 
form of the curve will, therefore, be 
that here represented. 

We obtain the same value of p 
whether we suppose 0 = a, or 0 = - a. 

Hence, ^wo diameters which malce 
eg ual angles with the axis will he equal. And it is easy to show 
that the converse of this theorem is also true. 

This property enables us, being given the centre of a conic, 
. to determine its axes geometrically. For, describe any concen- 
> Me circle intersecting the conic, then the serai-diameters drawn 
to the points of intersection will be equal; and by the theorem 
just proved, the axes of the conic will be the lines internally 
and externally bisecting the angle between them, 

y 
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1G3. The equation of the ellipse can be put into another 
form, which will make the figure of the curve still more 
apparent. If we solve for y wc get 

Clf 

Now, if we describe a concentric circle with the radius a its 
equation will be 

Ilcnce we derive the following construction: 

Describe a circle on the axis major^ and take on each ordinate 
LQ a point P, such that LPmay he to 
L Q in the constant ratio i : n, then the 
locus of P will he the required elUpsei^^ 

Hence the circle described on the 
axis major lies wholly without the curve. 

We might, in like manner, construct the 
ellipse by describing a circle on the axis 
minor and increasing each ordinate in 
the constant ratio a : b. 

Hence the circle described on the axis minor lies wholly 
within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose b — a. 



p*= 


164. To find the polar equation of the hyperbola. 
Transforming to polar coordinates, as in Art, 161, w'C get 

nW 


cos^0 - sin^0 6“ - (a^ + V) sin^ B [a^ + h^) cos^ 0 - * 

Since formulae concerning the ellipse are altered to the corre¬ 
sponding formulae for the hyperbola by changing the sign of b\ 
we must in this case use the abbreviation for + V and 

e® for ^ ^ — , the quantity e being called the eccentricity of the 


a 


hyperbola. Dividing‘then by a* the numerator and denominatgr 
of the last found fraction, we obtain the polar equation of tl»e 
hyperbola, which only differs from that of the ellipse in the 
of Vs viz. 
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265r To investigate the figure of the hyperhola* 

^ terns axis major and axis minor not being applicable 
to* th^ hyperbola (Art. 160), we shall call the axis of x the 
axis, and the axis of y the conjugate axis, 

' ’SFow &* — (a* + d*) sinV, the denominator in tlic value of p®, 
will plainly be greatest when ^=0, therefore, in the same case, 
p will be least; or the transverse axis is the shortest line which 
can he drawn from the centre to the curve. 

As $ increases, p continually increases, until 

sin^gi 7 / j tan^s: , 

V(« + i®) ’ \ ay ’ 

when the denominator of the value of p becomes = 0, and p 
becomes infinite. After this value of 0, p* becomes negative, and 
the diameters cease to meet the curve in real points, until again 

aind—- 7 —ir~T5T» for tan0=a — 

when p again becomes infinite. It then decreases regularly as 
€ increases, until 6 becomes = 180*", when it again receives its 
minimum value •== a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure, ugxt article. 


166. We found that the axis of y does not meet the hyper¬ 
bola in real points, since w e obtained the equation to 

determine its point of intersection with the curve. We shall, how¬ 


ever, still mark off 
on the axis of y por¬ 
tions 0/y, 

and we shall find 
that the length CB 
bas an important 
connexion with the 




curve, and may be conveniently called an axis of the curve, 
la tike manner, if we obtained an equation to determine the 
^ let^gtb of any other diameter, of the form p^ = — jB®, although 
.this diameter cannot meet the curve, yet if we measure on it 
from the centre lengths =» ± i2, these lines may he conveniently 
^koa of as diameters of the hyperbola. 
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The locua of the extremities of tlieae diameters which do Qot 
meet the curve is^ hy changing the sign of p* in the Equation of 
the curve, at once found to be 

^ sin“^ co8*5 


or 



This is the equation of a hyperbola having the axis of y for 
the axis meeting it in real points, and the axis of x for the axis 
meeting it in imaginary points. It is represented by the dotted 
curve on the figure, and is called the hyperbola conjugate to the 
given hyperbola. 


167. We proved (Art. 165) that the diameters answering to 


tan0 =5meet the curve at infinity; they are, therefore, the 

same as the lines called, in Art. 154, the asymptotes of the curve. 
They are the lines CK^ CL on the figure, and evidently separate 
those diameters which meet the curve in real points from those 
which meet it in imaginary points. It is evident also that two 
conjugate hyperbolae have the same asymptotes. 


The expression tan5 = ±- enables us, being given the axes 

in magnitude and position, to find the asymptotes, for if we 
form a rectangle by drawing parallels to the axes through B 
and then the asymptote CK must be the diagonal of this 
rectangle. 


Again 


cos 6 


1 

e 


Via' H- **') 

But, since the asymptotes make equal angles with the axis of a?, 
the angle which they make with each other must be 
liencCj being given the eccentricity of a hyperbola^ we are given 
the angle between the asymptotes^ which is double the angle whose 
secant is the eccentricity. 


Ex. To find the eccentricity of a conic given by the general equation. ^ 

We can (Art. 74) write down the tangent of the angle between the lino*< denbfc^^ 
by ax’ + 2Aa:y •f iy’ = 0, and thence form the expreasiun for the secant of its half j 
or w§ may proceed by the help of Art. 157| Ex. 3. 
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+ 1 <j + i + J8 

a*"' ^ /3*~ 2o ' 

J8» = 4 V + (a - d)* = 44* - 4o4 + (a + 6)*. 

i-i-5 tt*"i8* _ 2ig 
/3* a* ”* 0 * cr* ^ “ a + d + if * 


CONJUGATE DIAMETERSe 

168. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to 
consider both curves together, for^ since their equations only 
differ in the sign of they have many properties in common 
which can be proved at the same time, by considering the sign 
* of as indeterminate. We shall, in the following Articles, use 
the signs which apply to the ellipse. The reader may then 
obtain the corresponding formulas for the hyperbola by changing 
the sign of b\ 

a? V* 

We shall first apply to the particular form ^ = 1, some 


of the results already obtained for the general equation. Thus 
(Art. 86) the equation of the tangent at any point x'y^ being 
got by writing a!x and y'y for a?* and y^ is 



The proof given in general may be repeated for this particular 
case. The equation of the chord joining any two points on 
the curve is 



(os' + af')x (/+y")3' _ . V'f . ,. 

__ J. _ - -f. ^ -I- 1 ^ 


which, when x% if = a?", y'% becomes the equation of the tangent 
already written. 

The argument here used applies whether the axes be rect¬ 
angular or oblique. Now if the axes be a pair of conjugate 
diameters, the coefficient of xy vanishes (Art. 113); the coefficients 
of X and y vanish, since the origin is the centre; and if a' and U 
he the lengths of the intercepts on the axes, it is proved exactly, 
as in Art. 160, that the equation of the curve may be written 

X y 
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And It follows from this article the.t ia the same c&s^ 
equation of the tangent is 



U 


K 


169. The equation of the polar, or line joining the points 
of contact of tangents from any point is similar in form to 

the equation of the tangent (Arts. 88, 89), and is therefore 

/ / / / 


orx 

—% -1“ 


yif -X 


or 


XX 






the axes of coordinates in the latter case being any pair 
conjugate diameters, in the former case the axes of the curve. 

In particular, the polar of any point on the axis of x is « 1. 

Cb 


Hence the polar ot any point P is found by drawing a diameter 
through the point, taking CP.OP'*to the square of the semi-* 
diameter, and then drawing through P' a parallel to the 
conjugate diameter. This includes, as a particular Ga<( 0 , the 
theorem pioved already (Art. 14.5), viz, The tangent at the 
extrtfnify of any diameter is parallel to the conjugate diameter, 

gi f/t 

Ex 1. To find the condition that Xxe + = 1 may touch ^ = i. 


Compiling ^ ^ X® + /uy = 1, we find ^ = Xa, j and rt*X® + = 1. 

Tx 2 lo find the equation of the pair of tangents fxom ®y to the curve (see 
Alt 92) 

^ (<»«■'■ P ~ U« b‘~y ~\a‘* i*~^J ' 


Ex 3 To find the angle between the pair of tangents fiom ay to the curve 

When on equation of the second degiee lepiesents t\vo nght hnes, the thiee highest 
teims being put = 0, denote two Imes thiough the origin parallel to the two foimer^ 
hence, the angle included by the first pair of light Imes depends solely on the three 
highest tcims of the gener^ equation. Arranging, thea^ the equation found in the 
last Example, we find, by Art. 74, 

V 

tan^ = 

Ex 4 Find the locus of a point, the tangents thiough vhich intersect at right ^ 
angles 

Equating to 0 the dcnommatoi m the value of tan^, we find + y = o** + 4^^, 
oqiution ot a cucle concentiio with the ellipse The locus of the niteiseotloh 41 \ i 
tangents which cut at a given angle is, in geneial, a curve of the fourth degree. ^I 

170. To find the equation^ referred to the axes^ of the 
conjugate to that passing through any point x^y' on tho 
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ke required peases through the ongiu, and (Att. 169 ) is 
to the tan|pela( at ic'y; its equation is thcrcfoie 

0 . 


XX yjf 

o* 


Iiet ^ be the angles made with the axis of x bj the otiginal 
diameter and its conjugate; then plainly tan^a 4 i and from 


tbe equation of the conjugate we have (Ait. 21) taud»— , 

j* * 

^ Hoiice tan^ tanfl'sa-^ as might also bo infcnod from Ait. 143. 
The corresponding relation for the hyperbola (see Art. 168) is 

tan0 tank's 

a 


171. Since in the ellipse land tanis negative, if one of 
tbe angles d, ff be acute (and, therefore, its tangent positive), 
tbe other must be obtuse (and, theiefore, its tangent negative). 
Hence, diarfief,^r$^iri Ua Qii diffu&nt sides. 

axis minor (which answers to 0 = 90®). 

In the hyperbola, on the contrary, tan 6 tan ff is positive; 
therefore 6 and must be either both acute or both obtuse. 
Hence,jtn the hjip^hola^ conjugate diameters lie on the same side 
^Jhe conjugate axis. 

In the hyperbola, if tand be less, tand^ must be greater than 


-, but (Art. 167) the diameter answciing to the angle whose 
^ b 

tangent is -, is the asymptote, which (by the same Aiticle) 
a 

separates those diameters which meet the curve from tiiose which 
not intersect it. Hence, if one of two conjurjate diameter** 
meet a hyperbola in real points^ the other will not. Tieiicc aho 
it may bo seen that each asymptote is its own conjugate. 


172. To find the coordinates of the extremity of the 

diameiter conjugate to that passing through X/. 

These coor<Unates are obviously found by solving for x and y 
l^etw^u the equation of the conjugate diameter and that of 
the curve, via. 

oaf ^ 
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Bubstitntuig in the second the valaes of a and y found fooiA th0 
first equation, and remembering that a^, ^ sa^fy the equation 
of the curve, we find without difficulty 

r-^o* 

173. To express the lengths of a diameter (a^), and its 
gate in terms of the abscissa of the extremity of the diameter. 

(1) We have + 

But = («*-«'»). 

Hence a^ = i*++ 

a 

(2) Again, wc have 

/»* A* 

b =® +y ■*■«?* » 

or * {a* — af‘) 4 as": 

' * a ^ 

hence — e 

From these values we have 

or, The svm of the squares of any pair of conjugate diameters of 
an ellipse is constant (sec Ex. 3, Art. 159). 

*174. In the hyperbola we must change the signs of V and 
and we get 

ovy JThe diffi rence of the squares of any pair of conjugate diarmter^ 
of a hyperbola is constant. 

If in the hyperbola we have aszby its equation becomes 

and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 
equilateral hyperbola is equal to its conjugate.^ 

The asymptotes of the equilajteral hyperbola being given by 
the equation 
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at angles to each oiher* Hence this hyperbola is often 
celled e rectangular hyperbola. 

^ ,^^he condition that the general equation of the second degree 
H&omd represent an equilateral hyperbola is a for (Art. 74) 
^ this is the condition that the asymptotes {ax* + 2hxy + hg*) 
should he at right angles to each other; but if the hyperbola be 
ire tanguhr it must be eguilatetal^ since [Art. 167) the tangent 

of half the angle between the asymptotes ss~; therefore, if 
this angle » 4&'’, we have 

&3BU. 


175. To find the length of the perpendicular from the centre 
on the tangent* 

The length of the perpendicular from the origin on the line 


a‘ + J* 


is (Art. 23) 




77Ti 


7(v^ 

but we proved (Art 173) that 

^ ay\ 

^ -• + "J* ) 


hence 


a 

ah j 


176. To find the angle heiween ang pair of conjuj Un dia^ 
meters* 

The angle between the diameters is equal to the angle be¬ 
tween either, and the tangent parallel to 


the other. Now 


OT 





ab 


8in^(orPC'P')-^/. 


B^nce 

t 

' The equation a^V Atx(p^ah proves that the triangle formed 
imivy the extremMes of conjugate diameters of on elKpee or 
‘ da ha$ a eonetant cerea (see Art. 159, Ex. $). 
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177« The sum of the squares of any conjagate 
of an ellipse being constant, their rectangle is a maximum wbell 
they are equal; and, therefore, in this case, sin0 is a 
hence the acute angle between the two equal conjugate 
meters is less (and, consequently, the obtuse angle greater) th^^ 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making a' s= b' in the equation a'* + i'®« a“ + b\ whence a'* is half 
the sum of a* and b\ and in this case 



2ab 


The angle which either of the equi-conjugate diameters makes 
with the axis of x is found from the equatioii 

tan^ tanfl'ss-a, 

a ' 


by making tan0 = —tan0'j for any two cqtnl diamelcrs mate 
equal angles with the axis of a; on opposite bides of it (Art. lG2j. 


Hence 



) It follows, therefore, from Art. 167, that if an ellipse and hyper- 
^bola have the same axes in magnitude and position, then the 
^asymptotes of the liyperbola will coincide with the equi-conjugate 
,diameters of the ellipse. 

, The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes a;* + y“ = a'*, when a' = &'. We 
sec, therefore, that, by taking the equi-conjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
as the equation of the circle, + ^ r*, but that in the case of 

the ellipse the angle between these axes will be oblique. 


178. To express the perpendicular from the centre on the 

tangent in terms of the angles which it makes with the axes* 

If we proceed to throw the equation of the 

( xod uif \ ^ * 

— ij into the form a; cosasinassj^ (Art. 2t^ 

wc find immediately, by comparing these equations, 

a/ _ <^08a y' _ etna 
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m the equation of the curve the values of x\ y', 
^jheneilji ohtained, we find 

f j?*»a*cos*a +J*8in*a.* 

SJbe tjqtiation of the tangent may, therefore, be written 

X cosa + y sina- cos^a +Rin“a)« 0. 

4 

Hence, by Art. 34, the perpendicular from any point {x'y) on 
the tangent is 

% 

cos*a + V sin*a) — a?' cosa - y' sina, 

where we have written the formula so that the perpendiculars 
^hall be positive when x'y' is on the same side of the tangent 
as the centre. 

Ex. To find tTie Iocub of the interBeclion of tnngentB wliicli out at light angitsa, 

|jet7), p* be the perpendiculars on those tangents, then 

cos’a + frin'^d, 7 )'® = < 1 * sm®a + coa^d, ;?* + 7 /* = a* -i 

But the square of the distance fjom tlic centre, of the intoisection of two lines vhi<*li 
cut at light angles, is equal to the bum of the sqnaics of lU dist u)C( s fiom the lines 
(hemselvea. The distance, thciefoio, is constant, and the icqiuitd locus is a oucle 
(see p. 166^ Bx. 4). 

179. The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters parallel to any pair of supplemental chorda are 
conjugate. 

For if we consider the triangle formed by joining the extre¬ 
mities of any diameter AB to any point on the cui'vo D ; sime, 
by elementary geometry, the line joining the middle points of 
two sides must he parallel to the third, the diameter bis(^eting 
A.D will be parallel to jBZ>, and the diameter bisecting BI> will 
be parallel to AD, The same thing may be proved analytically, 
by forming the equations oi AD and BD^ and sliowing that the 
product of the tangents of the angles made by these lines with 

the axis is , 
a 

' This property enables us to draw geometrically a pair of con- 
diameters making any angle with each other. For if we 
on any diameter a segment of a circle, containing the 

*> ». ' 

l,N M .. . .. . . . .. . . . . . .. 

* Is tike msnuer, 7 ?* = a'* cos*a + cos^/9; a and 0 being the oogles the perpen- 

, mikes with any pair ol coniugate diametezs. 
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given angle, and join the points where it meets the curve to the? 
extremities of the assumed diameter, we obtain a pair of topple** 
mental chords inclined at the given angle, the diameters parole! 
to which will be conjugate to eaeh other. 


Ex. 1. Tangents at the eictrcmities of any diameter are ];»ral]el 
Their equations are ^ ^ 


* This also follows from the first theorem of Art. 146, and from considering that the 
centre is the pole of the line at infinity (Ait. 16.4). 

Ex. 2. If any variable tangent to a central conic section meet two fixed porall^ 
tangents, it will intercept poztions on them, whose rectangte is constant, and eq^ua) 
to the *3quare of the penii-diameter parallel to them. 

Let ns take for axes the diameter parallel to the tangents atld its conjugate, theq 
the equations of the cui-ye end of the variable tangent will be 


~ 4. ^ - 1 ^ . K?/' 


1 . 


The intei!CC)>tR on the fixed tangents are found by making x elterriately = d: w' in thq 
latter equation, and we get 

6'* (, _ a-'\ 

yK t ^' 2 \ 

end, therefore, their product is j 

which, substituting for y'* from the equation of the curve, reduces to 


j Ex. 8. The same construction remaining, the rectangle under the segments of the 
variable tangent is equal to the square of tlie semi-diameter paiallel to it. 

For, the intercept on tithcr of the parallel tangents is to the adjacent segment 
of the variable tangent as the parallel scmi-diametcis (Art. 149) ,* therefore, the rect¬ 
angle under the intercepts of the fixed tangent is to the rectangle under the segmenta 
of the variable t/ingent as the squares of thc^ bcmi-diametcrs; and. since the first 
lecLaiigle is equal to the square of the semi-diameter parallel to it, the second rect¬ 
angle mu it be equal to the stiuare of the semi-diameter parallel to 

^ Ex. 4. If any tangent meet any two conjugate diameters, the rectangle under ita 
' segments is equal to the square of the parallel semi-diamerqp. 

Take for axes the sem^-diameter parallel to the tangent and its conjugate; thei^ 
the equations of any two conjugate diameters being (Art. 170) 



the intercepts made by them on the tangent are found, by middng sr = a\ to be 


y 



and y = 




whose rectangle is evidently = b'*, 

. We might, in like manner, have given a purely algebraical proof of Ex. 3. 

} Hence, also, if the centre be joined to the points where two parallel tangents meet 
I any tangent, the joining lines will be conjugate diameters. ^ 


Ex. 6. G-iven, in magnitude and position, two conjugate semi-dianietere^ Oa, 
qt a central conic, to determine the position of the aa^es. 
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, The following oonatruotfon is founded on the theorem proved In the last 
feammpleThrough a the extremity of either diameter, 
draw a pamlld to the other; it must of course be a tan* 
gent to the curve. Kow, on Oa take a point P, such 
that the rectangle Oa,aP =; 0!^ (on the side remote fiom 
0 fOr the eUipse, on the same side for the hypcibola), ^ 
and describe a ciitde through 0, P, having its centre on 
* then the lines OA^ OB are the axes of the curve; 
for, since the rectangle Aa,aB = Oa.aP •= Ob\ the lines 
OAy OB are conjugate diameters, and since AB is a dia- 
^rneter of the circle, the angle AOB is right. 

Ex. 6. Given any two semi-diameters, if from the extremity of each an ordinate 
be drawn to the other, the triangles so formed will bo equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles so formed 
will be equfd in area. 
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180. A line drawn through any point of a curve perpen* 
dicular to the tangent at that point is called the Normal, 

Forming, by Art. 32, the equation of a line drawn through 

( HCtXj \ 

-f -ja “Ml we find for the equation 

of the normal to a conic 


or 


a“a5 

oj' 



c* being used, as In Art, 161, to denote a* — 

Hence we can find the portion ON intercepted by the noruial 
on either axis; for, making y = 0 in 
the equation just given, we find 

<?* / w 

a? a= T 0 ?, or ap = e a?. 
a ' 

Wc can thus draw a normal to 
an ellipse from any point on the axis, 
for given GN we can find a?', the abscissa of the point through 
which the normal is drawn. 

The circle may be considered as an ellipse whose eccentricity 
e 0, since c* = a* — J* = o. The intercept GN^ therefore, is con¬ 
stantly = 0 in the case of the circle, or every normal to a circle 
posses ikro^yh its centre* 
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181. The portion M2T intercepted on the axle betweRH' Bib 
normal and ordinate is called the Suhnormal. Its length ifyhy 
the last Article, 

JC ■" “o CO w * 

a a 

The normal, therefore, cuts the abscissa into parts which are iu 
a constant ratio. 

If a tangent drawn at the point P cut the axis in P, the in¬ 
tercept MT is, in like manner, called the SuhtanqenU 

Since the whole length (Art. 169), the subtangeut 


X 


~ - a;' = 

X 


i fi 

a — a? 


X 


The length of the normal can also be easily foani. For 

PN^ - PiP + j y'‘ + ^ ■ 

But if V be the semi-diameter conjugate to OP, the quantity 
within the parentheses (Art. 173). Hence the length of the 

normal PN = —, 
a 

If the normal be produced to meet the axis minor, it can be 

ab^ 

proved, in like manner, that its length = . Hence, the rect» 

angle nn Jer the segments of the normxl is equal to the square of 
die conjugate semi^diamcter^ 

Again, we found (Art. 175) that the perpendicular from the 

centre on the tangent »^, Hence, the rectangle under the 

normal and the perpendicular from the centre on the tangent {$ 
constant and equal to the square of the semi^axis minor. 

Thus, too, we can express the normal iu terms of the angle 
it makes with the axis, for 

__(Apf • ss ^ 

P cos^a + b* sin*a) ^ ’ tj{\ - e* si|^*a) * 


Ex 1 To diaw a noimil to an ellipse or hypoiboh passing thioigh a given pointk 
The tqiution of the normal, a*a'y “• ~ expresses a relation between 

the coor liniitcs ly of any point on the caive, and xy the coordinates ot ntty pomt 
on the noiinil it a V. Wc Gi.pL^3a that the point on tho noitnji la known, and tb^ 
pomt on lliQ ciuvo doiight, by icmoving the dcoento from tlm oooj^mates of the latter 
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7 





those of the fonoer Thus we fiiwl tint Iho polnis on tl o 
wllO'te noimals will ps&a through (jj^) ftre the points ol mtcihcctiou ot the 
giveh ourve with the hypeibola 

e^vy = aVy - iy^?. 


IQii: ?, If through a gjLrea point on a oomo any two lines at right angles to eich 
Other he drawn to meet the cuitO) the line joining then extremities will pi:^ thcuugti 
a fiiced point on the normal, 

let ns take for axes the tangent and normal at the given point, then the equation 
cE the onrve mnst be of the foim 


o»* + 2 Aa?y + + 2fy = 0 , 


(for c sc 0, beoanse the ongin is on the curve, ami 9 — 0 (Ait 1 11), bocauso the tan¬ 
gent 4 ft supposed to be the axis of x, whose equation is y 0 ) 

Now, let the equation of any twr lines tbiough the oilgm bo 

+ 2pxf/ + 57 * =3 0 . 

Multiply this equation by a, and subtiact it fiom that of the curve, and wo get 

2 (h - ap) ary + (i - aq) y® + 2/y - 0 

^nuB(Art, 40 ) is the equation of a loous pissing thiough the points of inloisection 
of the lines ind conic, but it may evidently be resolved into y cs 0 (the equation of 
tlie tangent at the given point), and 

2 (A — a/i) 4 j + (d — oy) y + 2 /= 0 , 


which must be the equation of the chord joining the exticmitics of the given hncft. 

9/* 

The point where this choid meets the noi raal (tlie axis of y) is y — ~ , but if 

aq h 

the lines aie at iighc angles y-= — 1 (Ait, 7t), and the intercept on the noimal has 
the constant length 

=_ 2/ * 

« + A 


If the curve be an equilateral hyperbola, a -t- A = 0 , and the hue in question is 
constantly paiallel to the uonnal Thus then, if through my point on an equil ituiul 
hyperbola bo drawn two chords at nght angles, tho iieipendiculai let fall on the hue 
joming then extiomitics is the tangent to the cuivc. 

Ex 3 To find the coordinates of the mteisection of the tangents at the points 
flf'y', V'y"- 

The coordinates of the intersection of the linos 


a'a? f/y _ , 


+ a» - 


Site 


-y '“oj'y'- y'. ' 


Ex, 4 To find the coordinates of the intersection of the normals at the points 


* This theorem will bo equally true if tho lines be diawn so as to make i^ith the 
noripal angles ^e pioduct of whose tangents is constant, for, in this Gai»c, q is 




'ednstaUb, jmd^ therefore, the intercept ^,is constant 
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where Z, 7 are the coordinates of the mterBectlon of tangents, found in the last 
Example. 

Iho values of X and JT may be written in other foims. Since by oombming thd 


equations 


«e get the tesnlts, x'Y^ — (a^ - *"•) = - a* - y"*) | 


hence 

We con also prove 


y __ xY + vV' « _ nY + yV 
y' + y' ’ ” + ‘ 


-s:= 




^ ^ a* 6* 


r= 




1 . " . y V' 


181 (a). Let GP^ CQ be a pair of conjugate semi-diameterd 
of an ellipse; let the normal 
PN meet CQ in B ; take PDj 
Piy each equal to CQ] then 
the lengths of the lines Clf^ 

Ciy are a —ft, n + & lespec- 
tively. 

For 

Ciy^^ CP^-vPiy^-V9PD\ FB, 

but 

<7P*+Pir^=a4J“ (Art. 173), 
awd 2PP'.PB=:2ai (Alt 175). 

Hence Ciy^ = (a + />)*. Similarly for CD. 

The axis-major bisects the angle DCIf. For the line 

UNx, UP + JW- i' + — = - (a + 5). 

V 

Similarly DN^ — (a - b). At the point Nj therefore, the 

base of the triangle PCZy* is divided in the ratio of the sides, 
and, therefore, ON is the internal bisector of the vertical angle. 
In like manner, it is proved that CN^ is the external bisector. 

Hence then, being given two conjugate semi^diametera 
CP^ CQ in magnitude and position, we are given the axes in 
magnitude and position. For we have only from P to let fall 
on OQ the perpendicular PB\ to take PP, PI/ each equal CQj 
then the axes are in direction the bisectors of the angle DOI/\ 
while their lengths are the sum and difference of Ci), 01/. 
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^^162* If on the axis major of an ellipse vre take two points 
^otdiattot from the centre whose com- 
, mon distance 

or ««±c, 

these points are called the /oci of the 
curve. 

The foci of a hyperbola are two points on the transverse 
^KiSi at a distance &oin the centre still o being in tho 
hyperbola 

«V(a‘ + y). 

To esepress the distance qf any jpoint on an ellipse from the 
focus. 

Since the coordinates of one focus are (05 = 4 - 0 , y*®0), the 
square of the distance of any point from it 

ss(a^ — c)* + y'* = a5'“+y'“ —2ca?' + c*. 

But (Art. 173) 

*iod fc* + c?*3=a*» 

Uence jFP®=tt"--2ca5' + e*.n'“} 

and recollecting that c « ao, we have 

FP^a^ecf. 

fWe reject the value [ex' — a) obtained by giving tho other 
sign to the square root. For, since od is loss than a, and e less 
than 1, the quantity ex' •--a is constantly negative, and there¬ 
fore does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector Fl*.^ 
We have, similarly, the distance from tho other focus 

F'P^ a + exf, 

since we have only to write — c for + c in the preceding formulas. 
Hence FPi^F'P:^2a, 

TAe sum of the distances of any point on an dlipse from the 
is constadt^ and equal to the axis major* 

' 18S. In applying the preceding proposition to the hyperbola, 
we obtain the same value for FP *; but in extracting the square 

AA 
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root vre must cliange the sign in the value of for in the 
hyperbola o! is greater than n and e is greater than I, Henee, 
a--ex' is constantly negative; the absolute magnitude thereto¬ 
fore of the radius vector is 

FP^ex' » 

In like manner F'P « ex' + a. 

Hence F'P— FP^ 2a. 

(Therefore, in the hyperbola^ the difference of the focal radii is 
\eon$tant^ and equal to the b'ansverse axis. 

I The rectangle under the focal radii *±(a^ —eV), that is^ 
(Art. 17a)=i'‘. 

184 The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides bo given. 

Taking the middle point of the base (=s2o) for origin, the 
equation is 

V{y* + (c + Oj)*} ± ^/{y^ + (c - xY] = 2a, 
vrhich, when cleared of radicals, becomes 



Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coefficient of y^ is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of 
is negative, and the locus a hyperbola. 

185. By the help of the preceding theorems wo can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
F aud it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and F'^ and whose axis major is equal to the length of the thread.' 

In order to describe a hyperbola, let a ruler be fastened at 
one extremity (^’), and capable of moving 
round it, then if a thread, fastened to a 
fixed point and also to a fixed point on 
the ruler {R)y be kept stretched by a ring 
at P, as the luler is moved round, the point 
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will describe a hyperbola; for, since the sum of -P'P and PR 
*18 odnstant, the difference of FP and F^P will be constant. 


1864 The polar of either focus is called the direc^ix of tlie 
eontc section. The dircettix nuist, therefore 
(Art. 169), be a line perpendicular to the axis 

major at a distance from the centre ss ± ^. 

c 

Knowing the distance of the directrix from 
the centre, we can find its distance from any 
point on the curve. It miut be equal to 

- 0 ?, or « - fa - tx) = - [a - ex u 

C ’ 0 ^ * 



Bnt the distance of any point on the curve from the focus 
«a —ea?'. Hence we obtain the important propeity, that the 
dibtance of any powt on the curve from the focub is in a <onstant 
ratio to its distance from the directrix^ viz. as c to 1 . 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a con¬ 
stant ratio to its distance from a fixed line (the directiix). On 
this definition several writers have based the theory of conic 
sections. Taking the fixed lino for the axis of a?, the equation 
of the locus is at once written down 


(y-yO* = «yf 

which it is easy to see will represent an ellipse, hypcihola, or 
parabola, according as e is less, greater than, or equal to 1 . 

Ex If •\<urvehe such that th<» dwtducf of any pomt of d fiom i fixt<l poui^ 
can be evpKy'sed as aiational function of tlu first degic^ of its tor»rilinater«, then tJie 
cum; must be a oomc section, and the hxed pomi its locus (ste O Biicn b tow dmate 
Oe(metiy^ p 85). 

fori ]| the distanoe can be expressed 

p 35 Aj6 4* JB^ 4" f'j 

istnce Ax+By+ f7 u proportfonal to the perpendicular let fall on the right line wlio*?© 
equation is (Ax ByCs:0) the equaticn «)igmfies that the distance of any point of 
curve from the ^ed point is m a constant latio to its distance tiom this line 


187. To find the length of the perpendicular from thefoem on 
the tangent. 

The length of the perpendicular from the focus (+»c, 0 ) on 



180 


THE EOCI. 


the tine + ^ ■* »»by Art. 84, 



Hence (see fig. p. 177) 

Pr=|,(o-eaO-|i^. 

Likewise (a + ««') = |, FP. 

Hence JPT.i^r- (sincea’-c^a!^* S'*), 

or, TIte rectangle under the focal jmpendiculars on the tangmt i$ 
constant^ and equal to the square of the snni^axis minor. 

This property applies equally to the ellipse and the hyperbola. 

188. The focal radii make equal angles with the tangent* 

For we had FT^ ^ FP, or ^ j 

but ^^sinJrPr. 

Hence the sine of the angle which the focal radios vector FP 

makes with the tangent But we find, in like manner, 

the same value for sinP'PP, the sine of the angle which the 
other focal radius vector F'P makes with the tangent. ^ 

The theorem of this article is tiue both for the ellipse nnd 
hyperbola, and, on looking at the 
figures, it is evident that the tangent 
to the ellipse is the eortemal bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. 

Hence, if an ellipse and hfperhola^ 
having the samefoci^ pass through the same pointy the^ mil 
each other at right angles^ that is to say, the temgentte tho clUltS^ 

u. inji Vr 




XlaC^ L ‘Bxove analyticallj that confocal couica cut at nght angles. 
Xl^ coonlinates of the intersection of the conics 






*1 . ^ 


= 1 , 


ifttlgfy the relation obtained by snbtiactmg the equations one from the other, viz. 


a^a'* 


* Bnt if ^e conics be confocal, := ~ 6'^, and this relation becomes 

y2 ,/9 

4 -—' —0 


Bnt this is the condition (Art 32) that the tao tangents 

XX* vv' 1 

a* ■*" " * a'* b'^ ■" * 


shonld be perpendicnlar to eadi other. 


Ex. 2 Find the length of a line drawn thiough the centie parallel to cither focal 
radius vector, and terminated by tlie t in,j;ent 

This length is found by di\iding the perpendiculu from the untie on the taugc £ 



the sine of the angle between the ladius vector and tant^ini, and is 


theiefoie = a 


Ex 3. Yeiify that the normal, which is a biseetoi of the angle between the focal 
radii, divides the distance between the foci into paits wlncli irc pioportional to the 
focal radii (Euc Ti 0) The distance of the foot of the noinial fiom the cenltc is 
(Art 180) -=; eW Hence its distances from the foci are c 4 and « - eV, quaniilitii 
which aie evidently e times a + ex* and a -> ex', 

^ El. 4. To draw a normal to the ellipse from any point on the axis minor 

Am, The circle through the given point and the ti\o foci, will mtcb the out\( at 
the point whence the normal is to be diawn. 

189. Another important consequence may be deduced frmn 
the theorem of Art. 187, that the rectangle under the local per¬ 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure, next 

Tprp Tpf/ 

FT.F^r » Ft . FY, or ^; 

FT 

is the ratio of the sines of the parts into which the lino 

^ F'lf 

FP divides the angle at P, and the ratio of the bines of 




182 


THE FOCI. 


the parts into which divides the same angle j we have^ there¬ 
fore, the angle TFF^ 

we conceive a conic section to pass 
through P, having F and F' for foci, it 
was proved in Art. 188, that the tangent 
to it must be equally inclined to the lines 
PP, P'P; it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PP, Ft ; hence wo learn that if ijirough any 
point (P) if a conic section \ce draw tangents (PP, Ft) to a con- 
focal conic section^ these tangents will he equally inclined to the 
tangent at P. 



190. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting aj' = c, y = 0 in the 
formula of Art. J7S, viz., 

p = cos'* a f If si 11 ^ rjLj—x cos a — y sin a, 

llencc the polar equation of tlie locus is 

p = ^/[df vos^oL -i F sin^ a) - c cos a, 

or p* + ^cp cos a + c/ cos*** a = cf cos'* a + F sin* a, 

\ 

or p* 4* 2tp cos or ==• //. 

This (Art. 95) is the polar equation of a circle wliose centre 
is on tl'C axis of .r, at a distance from the focus ~ — c; the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, by the same Article, ~ a. 

Hence, If icc describe a circle having for diameter the trans-^ 
verse axis of an ellipse or hyperbola^ the perpendicular from the 
focus will nwt the tangent on the circumfrence of this circle. 

Or, conversely, if from any point F (sec figure, p. 177) wo 
draw a radius t^ector FT to a gU\n circle^ and draw IF jycipea-^ 
dicular to Fl\ the line TP will always touch a conic section^ having 
Ffor its Jbeusj which iviU he an ellipse or hypirbola^ according as 
F is within or vnthout the circle. 

It may bo inferred from Art. 188, Ex. 2, that the line CTy 
whose length = a, is parallel to the focal radius vector P'P. 
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191. To find the angle subtended at the foctts ty the tangent 
drawn to a central conic from any point (ay). 

Let the point of contact be {x'y')^ the centre being the origin, 
then, if the radii from the focus F to the points {xy\ (try'), 
be p, p% and make angles 0j with the axis, it is evident that 

cos0=-, Sind—-; cos^ —- , , fain0 =*-7* 

P P P P 

Hence cos(0 -6') = t ; 

PP 

but from the equation of the tangent we must have 

. 1 /// ^ 

Substituting this value of yy', we get 

F 

pp' cos (0 — 6') = XX' + CX + cx' -I- ^ xx' + ?>*, 


or = e^xx' cx -f cx' + a® =s (a + ex) (a + ex') ; 

or, since p' = a + ex\ we have, (sec O’Brien’s 
Geometry^ p. 15G), 


cos {0 ^ 0') - - 


a -f- px 


Coordinate 


Since this value depends ^^olely on the coordinates .ry, and does 
not involve the coordinates of the point of contact, either tangent 
drawn from xy subtends the same angle at the focus. lienee, 
n e nngh snhte^ided at the foe an by any chord is hmefed by the 
line joining the focm to its pole. 


192, line joining the focus to the pole of any chord 
passing through it is perpendicular to that chord. 

This may be deduced as a particular case of the la^t Article, 
the angle subtended at the focus being in this ease ISO"'; or 


directly as follows:—Tl)e equation of the perpeiidi(‘ular through 
any point xfy' to the polar of that point = 1 j is, as in 


Art. 180, Q^x Fy ^ a 

7" " ,r-— C f 

X y 

But if x'y' be anywhere on the directrix, we have x' 


a 


s 


0 


J 


and 


it will then be found that both the equation of the polar and that 
of the perpendicular are satisfied by the coordinates of the focus 
(4>=6c,y=0). 



184 


ME FOCI 


When in any curve we use polar coordinates^ the por^tit, 
intercepted by the tangent on a perpendicular to the radius 
drawn through the pole is called the j^Imt B^tangmU Hexf^ ^ 
the theorem of this Article may be stated thus: 2^ 
the pole^ the locus of the extremity of the^ polar aultangi^ 
directrix. - , 

It will be proved (Chap, xii.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex 1. The angle is constant which la subtended at the focus, by the portion in* 
teiccpted on a variable tangent between two fixed tangents 

ByArt 191,it is half the angle subtended by the chord of contact of thefized tangents. 

Ex 2. If any chord PP'cut the direc¬ 
trix in P, then PP is the external bisector 
of the angle PFP* For f Pis the internal 
bisector (Art 191), but P is the pole of 
11 (since it IS the intersection of PP', the 
polar of P, with the directiix, the polai of 
P), theiefore, PPis perpendiculai to PP, 
and IB theiefore the external bisector. 

[The following theorems (communi¬ 
cated to me by the Rev W P. Sadlcu) are 
founded on the analogy between the equations of the polar and the tangent ] 

Ex 8 If a point be taken anywhcio on a fixed perpendicular to the axis, the per¬ 
pendicular from it on its poloi will piss thiou^li a fixed point on the axis Foi the 
uiteicept made by the perpendiculai will (as in Art. 180) be eV, and vill theiefore be 
constant when a/ is constant* 

Ex 4 Find the lengths of the perpendicular from the ceutie and fiom the foci on 
the polai of 

Ex 6 Prove CM PJV' = This is analogous to the theorem that the lectangle 
under the noimal and the cential peipendicular on 
tangent is constant. 

Ez 6. ProTe J»JV' JW - ? (o* - *V>). 'Whoa 

P IS on the curve this equation gives us the known 

W 

expression for the normal = ^ (Art. 181), 

Ex. 7 Prove FQ . FG* = CM.NN^ When P is 
on the curve this theorem becomes FG.Jt^G' = 6®. 

193. To find the polar equation of the ellipse or hyperbola^ 
the focus F' being the pole. 

The length of the focal radius vector (Art. 182)«Ba*-e/; 
but x' (being measuied from the centre) cos& + c. 

Hence p « a — ep cos 0 — cc, 

P 


"" I + 6 COSp a * 1 + c CQsd * 




or 
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^ Tlie double ordinate at the focus is called the parameter ^ its 
half is found, by making 6 = 90"* in the equation just given, to be 

The parameter is commonly denoted by the 

letter p. Hence the equation is often written 

^ 2 ’ X e cosd ’ 

The parameter is also called the Latus Secttmi, 


^ Ex. 1. T})e harmonic mean belween the segments of a focal clioid is constant, 
and c<iual to tlie Bcmi-paiameter. 

For, if the radius vector /T, when produced backwards thiough the focus, meet 


P 1 

the curve again in P', then FP being ^ cosS» 


2 1 ~ e cos u 


FP\ which answers to (d +180°), 


Hence 


114 
Ip* H>'~p • 


, Ex. 2. The rectangle under the segments of a focal chord is pixtprrtional to the 
whole chord. 

This is merely another ^ay of stating the result of the last Example ,• but it may 
be proved ducrtly by calculating the quantities IP, FP% and FP + IP\ which aio 
easily seen to be zcspcctivcly 

b* _1_ ^_1 _ 

1 — c® cos*6^ o 1 — cob*0 ' 


Ex. 3. Any focal choid is a third pioportional to the transverse axis and the 
parallel diameter. 

For it will be lemcmboied that the length of a semi-diamclcr making an angle 8 
with tlie tronsveise axis is (Ait. 161) 

1 — 6 “ COS 0 

2f?* 

Hence the length of the choid FP + FP* found in the last Example - — • 

Cv 


Ex. 4. The sum of two focal chords drawn paiallel to two conjugate diameteis i» 
constant. 

For the sum of the squares of two conjugate diameters is constant (Ait. 173). 

Ex 5. The sum of the reciprocals of two focal chords at light angles to each other 
is constant. 


194. The equation of the ellipse, referred to the vertex, is 



or 




a 


V ^ V ^ 

X --=0:. 

cr ^ a 


n n 
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Hence, in the ellipse, the square of the ordinate 4$ teas than 
rectangle under the p.'irametcr and abscissa. 

The equation of the hyperbola is found in like manner, 

a ^ V , 

y -5 a?% 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola 
these quantities are equal. 

It was from this property that the names parabola^ hype^iola^ 
and elUpbi^ were first given (see Pappus, Math. ColL^ Book VlL)* 

CONFOCAL CONICS.* 

194(a). Since the distance between the foci is 2 r, where 
0 * = a^ — &*, two concentric and coaxal conics will have the same 
foci when the difference of the squares of the axes is the same 
for both; and if wc take the ellipse whoso semi-axes are a 
and any conic will be confocal with it, whose equation is 
of the form 

If we give the positive sign to \®, the confocal conic will be 
an ellipse; it will also be an ellipse when is negative as 
long as it is less than J*. When \* is between V and a®, the 
curve will be a hyperbola, and when X® is greater than a^, the 
curve is imaginary. If = the equation reducing itself 
to = 0, the axis of x is itself the limit which separates con¬ 
focal ellipses from hyperbolas. But the two foci belong to this 
limit in a special sense. In fact, through a given point can 
in general be drawn two conics confocal to a given one, since 
wc have a quadratic to determine X®, viz. 

a?'® _^ 

a — A 0 — A 

or X® - X* (a® + &® - - y'*) + a“ 6 ® - J®a?'® - a®y'®« 0. 

When y' = 0 , this quadratic becomes (X® - V) (X* — a* + a/*)» 0, 
and one of its roots is X®«&®, but if we have also a?'^asa® — i5®, 


* Tliw section mny be omitted on a first leading. 




- ^ 
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T second root U also X* *& 6*, and therefore the two foci arc in 
a special sense points corresponding to that value of X*. 

If in the quadratic for X* we substitute X“ = «*, we get the 
positive result (n“ — J”) ; if we substitute X* = i* we get the 
negative result — a^) ; if we substitute negative infinity we 
get a positive result; hence, one of the roots lies between 
u* and i", and the other is less than that is to say, ono 
pf the conics is a hyperbola and the other an ellip^so, as la 
evident geometrically. In fact, through a given point P can 
clearly be described two conics having two given points F' 
tor foci; viz. the ellipse, vhoso major axis is the sum of FP^ 
f^'P, and the hyperbola whoso transverse axis is the diffcicnce 
of the same lines. Conversely, if a', a" be the semi-axes major 
of the ellipse and hyperbola, FP and F'P aic a' + a'' and 


194 {Z»). This theory can be made to furnish a kind of 
coordinate system which is sometimes employed; viz. any point 
P is known when we know the axes of the two conics, confocal 
to a given one, which can be drawn through it; and in terms 
of these axes can bo expressed the ordinary coordinates of P, 
and the lengths of all other lines geouietrically connected with 
it. Perhaps the easiest way of getting such expressions is 
to investigate anew the problem of drawing through P a conic 
with given foci, taking for unknown quantity the transverse 
axis of the conic. lUien since c* is known, we y>i\ic /j^^-c^lor 


Fj and have 



or 0 * — a* (.c'^ + y'® + c*) + cV® = 0. 

In like manner, if 1/ had been taken as the unknown quantity 
wo should have had 

F + 2^^ -c®) - c*y'* = 0. 

The products of the roots of these equations arc respectively 
and — oy*. Hence, we have at once expressions for the 
coordinates of the intersections of two confocal conics, viz. 

cy* s= - The last value being negative, 

It follows that one of the values of F is positive and the other 
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negative; that is to say, that one of the conics is an ellipse 
and the other a hyperbola. Considering then as containing 
implicitly a negative sign, the values we have obtained for the 
coordinates may be written symmetrically 

S-- ® J? 4/'» — ^ ^ 


194(c). From the second term in cither of the equations 
'we get an expression for the square of the radius vector to 
the point P, viz. 

= a'* + a"* - c* = a'“ + = 5'® + a"*. 

This also may be got by adding the expressions for a;'* and y* 
just found, since 

a'V* - == a'* (a"** - 6"") + (a'“ - S^), 

and = = 


The square of the semi-diameter of the ellipse conjugate to» 
CP is given by the equation /3^ = a'“ + b'^ - (a'® + and is 
therefore J'-* - or - a"\ 

If be the perpendicular on the tangent to the ellipse at P, 
we have = a'b\ and therefore 


In like manner if be the perpendicular on the tangent to 
the hyperbola we have 





The reader will observe the symmetry which exists between 
these values for and the values already found for 

aj'^, If the two tangents at P be taken as axes of coor¬ 
dinates, jp', />" are the coordinates of the centre (7. The 
analogy then between the values for and those for ^ 

may be stated os follows: With the point P as centre, two 
^confocal conics may be described having the tangents at P 
^as axes, and intersecting in 0. The axes of the new system 
jarea', a"; b\V^] and the tangents at 0 to the new by&tem 
mre the axes of the old system. 
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194 (<f). Betnming to the qaadratic of 194 (a), if X", X"* 
be the roots, wo have X'*X"* =» a*i* - — «y. Now if tufij 

be a point external to + = we have \'*=sa'“ —a*, 

—a*; and it will be observed that X"* is essentially 
negative, since the axis of any hyperbola of the system is less 
than that of any ellipse. Thus we have 

^ 1 « l^LZL?Li 

- i - ^ 9^9 

The expression given (Ex. 3, Art. 169) for the angle between 
the tangents to an ellipse from an external point may be thiown 
into the form 

tan^)- • 

Now, when wc have a formula tan^= have at onco 

A — /Xp 

tan^0 = ^, or in the present case = • 

Wc have scon (Art. 139) that tlie tangents PT^ Pt are 
equally inclined to the tangent to the confocal ellipse at P, or, 
in other words, that that tangent is the external bisector of tho 
angle 2Pl If then that tangent make an angle yjr with 
^ will bo the complement of and we have 

= a /’ • 

Cor. 1 . We have always 

^ a'“ cos’*'^ -t a"** 8in‘*>^ = a^ 

Cor. 2 . If on the tangents P2] Pt he taken fioiu P 
portions, equal respectively to the local di-^lancts 1iP\ 
the length of the line joining their extremities will be 2ci. For 
if we consider the triangle whose sides are a' 4 a", «' — a" (see 
Art. 194a) and 2a, and apply the ordinary trigonometric formula 

tan*i(7= ^, we find for the angle between the fir.st 

8 C) 

two linos tBb same value as that just ibund for 0. 

Cor. 3. If from a point P tangents be drawn to (wo lixel 
confocal ellipses, the ratio (sin : bln of the sines of the 
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tingles which these tangents make with the tangent to the 
confocal ellipse passing through Pwill be constant while P moves 
on that ellipse. For if ct and A be the semi-axes of the 
interior ellipses, we have, from what has been lust proved, 

sinf _ 

sin^' Y — Ay ’ 

an expression not involving a"\ and therefore the same for 
ovciy point on the ellipse a\ 
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195. We have hitherto discussed properties common to the 
ellipse and the hyperbola. Tliere is, however, one class of pro-* 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes^ 
which in the cllipbc are imaginary. 

We saw that the equation of the asymptotes was always 
obtained by putting the terms containing the highest powers of 
the variables = 0, the centre being the origin. Thus the equation 
of the curve, referred to any pair of conjugate diameters, being 



that of the asymptotes is 


- iu = 0, or = 0, aud + 0. 


Hence the asymptotes arc parallel to the diagonals of the paral¬ 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of 

CTis'^ = , and must, therefore, 

coincide with one asymptote, while 

the equation of AB (j ~ 

is parallel to the other (sec Ai t.lC7). 

Hence, given any two conjugate diameters, wo can find the 
asymptotes; or, given the asymptotes, wo can find the diameter 
conjugate to any given one; for if we draw A 0 parallel to one 
asymptote, to meet the other, and produce it till OB^AO^ we 
find B^ the extremity of the conjugate diameter. 
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196. The pdftion of any tangent intercepted hy the asyinplotee 
is hiaected at the curve^ and is equal to iJie conjugate diameter. 

This appears at once from the last Artido, where wo have 
pt<>vciAT=h'=Ari or directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp* 
totes is 





= 0 . 


Hence, if we take x = a', we have y^±V] but the tangent at 
A being parallel to the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 


197. If any line cut a hyperbola^ the portions DE^ FG^ in* 
tercepted between the curve and its asymptotes^ are e^aah 

For, if we take for axes a ^ ^ 

diameter parallel \o DG and 
its conjugate, it appears from 
the last Article that the por¬ 
tion 2>6r is bisected by the 
diameter; so is also the portion 
EF) hence 

The lengths of these lines can immediately be found, for, 
from the equation of the asymptotes ( = Oj , wc have 

y{=-DM^MQ)^±^x. 

Again, from the equation of the curve 



wc have y (= EM^ FM) = ± - l). 

Hence EE (* FG) = V || - - l)|, 


’ 198, From these equations it at once follows that the recU 
cingle DE»DF is constant^ and — * Ilcncc, the greater DFis, 

the smaller will DE be. Now, the further from the centre we 
draw DF the greater will it be, and it is evident from the value 
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{ii^iven in tlic fast article, that bj taking x sufficiently large, we 
can make DF greater than any assigned quantity. Hence, 
ike further from the centre we draw any line^ the less mil be the 
intercept between the curve and its asympiotCy and by inareasing 
the distance from the centre^ we can make this intercept less than 
any assigned quantity. 

199. If the asymptotes be taken for axes, the coefficients g 
and f of the general equation vanish, since the origin is the 
centre; and the coefficients a and b vanish, since the axes meet 
the curve at infinity (Art. 138, Ex. 4); hence the equation re¬ 
duces to the form 

xy = Z;“. 

The geometrical meaning of this equation cvidenlly is, that 
the area of the paraXlelogram formed ly (he coordinaUs is constant. 

The equation being given in the form xy = the equation 
of any chord is (Art. 86), 

{x-x') {y-f')^iry^J<?^ 
or x'y + y"x = k^ + 

Making x* = a;" and f = y", we find the equation of the tangent 

x'y + ijx = 

or (writing x'f for W) 

^ V ^ 

-7 + ^=2. 

X y 

From this form it appears that the intercepts made on the 
asymptotes by any tangent and 2y'; their rectangle is, 
j therefore, 4A*. Hence, the triangle which any tangent forms vnth 
[the asymptotes has a constant area^ and is equal to double the area 
\pf the parallelogram formed by the coordinates. 

Ex, 1. If two 6xcd points (a*y, on a hyperbola be joined to any Tariablo 
point on iho curve {^**'y**'\ tlie portion which the joining lines intercept on either 
asymptote is constant. 

llie equation of one of the joining lines being 

the intercept made by It from tho oiigin on the axis of a; is found, by making 0, to 
be x'" + BiiniJarly the intercept from the origin made by the other joining Mne is 
+ a", and the dilFcrcnce between these two (»' — is independent of the position > 

of the 
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Es 2 Find the ooordinatea of the intersection of the tangents afrVy', 
Solve for c <iQ(i y from 

+ y*x = 2A®, x**y + ^ 2A®, 


and ^e find 


X 


x'y" — yV* * 


which if we substitute for 




as" 


becomes 


2aV 
a' + * 


Similoily 


y 


2yV' 
'■y'^ y'' 


200. To express the quantity in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
coordinates of its vertex are found, by putting x^y in the 
equation xy =^7c*j to be cc=y = Je. 

Hence, if 0 be the angle between the axis and the asymptote 


a = 2Jc cos 

(since a is the base of an isosceles triangle whose sides ^ k and 
base angle =0)j but (Art. lG5j 


hence 


cosd = 




a 

V(«^ + 0^) ^ 


And the equation of the curve, referred to its asymptotes, is 


a*+ 



201. The perpendicular from the focus on the asymptote is 
equal to the conjugate $emi»axis h. 

For it is CF sin 0, but CF = \/(a“ + J®), and sin 0 — . 

This might also have been deduced as a particular case of the 
property, that the product of the perpendiculars from the foci on 
any tangent is constant, and = — F. For the asymptote may be 
considered as a tangent, whose point of contact is at an indnite 
4istance (Art. 154), and the perpendiculars from the foci on it 
are evidently equal to each other, and on opposite sides of it. 

202. The distance of the focus from any point on the curve is 
equal to the lengA of a line drawn through the point parallel to an 
o^niptote to meet the directrix. 

rc 
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For the distance from the focu^ Is e times the distance flrou^ 
the directrix (Art. 18G), and the distance from the directriii^ te? 

the length of the parallel line as cos5 ^, Art* 167^ is io i*%f 

ITcnre has been derived a method of describing the hyperl^ote 
by continued motion. A ruler ABMj bent D 
at J5, slides along the fixed line Bjy \ a * 

thread of a length = BB is fastened at the ^ 

two points B and F, while a i ing at P keeps B / 

the tin cad always stretched; then, as the 
ruler is moved along, the point P will de¬ 
scribe an hyperbola, of which is a focu'^, 

Biy a directrix, and BB paiallel to an 
asymptote, since PFmust alwaja =PJ?* r,# 
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CHAPTER XII. 

THE PARABOLA. 

REDUCTION OF THE EQUATION, 

203. The equation of the second degree (Art. 137) will rc- 
^ present a parabola, when the first three terms form a perfect 
or when the equation is of the form 

(aaj + ^y)* + 2</.«+ + 

We saw (Art. 140) that we could not transform this equation 
f }0 as to make the coefficients of x and y both to vanish. The 
foiTu of the equation, however, points at once to another method 
tt simplifying it. We know (Art. 31) that the quantities 
«£C + 2ffx -f 2fy + 0 , are respectively proportional to the 
lengths of perpendiculars let fall from the point {jcy) on the 
l^ght lines, whose equations arc 

Hence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the first of 
these lines is proportional to the perpendicular from the same 
point on the second line. Now if wo transform our equa¬ 
tion, making these two lines the now axes of coordinates, then 
^ince the now x and y are proportional to the perpendiculars 
from any point on the new axes, the transformed equation must 
*be of the form = px. 

. The new origin is evidently a point on the curve 5 , and pinco 
|br eveiy value of x we have two equal and opposite values of y, 
'uOiiir new axis of x will be a diameter whose ordinates are parallel 
stQ the new axis of y. But the ordinate drawn at the extremity 
any diameter touches the curve (Art. 115); therefore the now 
y is a tangent at the origin. Hence the line ax + fiyis 
passing through the origin, and 2gx ^\■^fy + c is 
Ithew^gent at the point where this diameter meets the curve. 

aquation of the curve referred to a diameter and 
itijf o^ctremity, as axes, is of the form y* = px. 
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204. The new axes to which we were led In the last article 
are in general not rectangular. We shall now show that it is 
possible to transform the equation to the form the neW 

axes being rectangular. If we introduce the arbitrary constant 
it is easy to verify that the equation of the parabola may bo 
written in the form 


(oKC + + lif + 2 (^ - aA) 2 C + 2 (/- ^h) + c - i!:* = 0. 

Hence, as in the last article, oo; + % is a diameter, 

a? + 2 (/— j8A)y + is the tangent at its ex** 

tremity, and if we take these lines as axes, the transformed 
equation is of the form Now the condition that thesQ 

new axes should be perpendicular is (Art. 25) 

a iff ~ ale) + P (/- Pk) = 0 , 


whence 




Since we get a simple equation for k^ wo see that there is om 
diameter whoso ordinates cut it perpendicularly, and this dia** 
meter is called the axis of the curve, 


205. We might also have reduced the equation to the form 
by direct transformation of coordinates. In Chap, xi, 
we reduced the general equation by first transforming to parallel 
axes through a new origin, and then turning round the axes so 
as to make the coefficient of xy vanish. We might equally 
well have performed this transformation in the opposite order; 
and in the case of the parabola this Is more convenient, since 
we cannot, by transformation to a new origin, make the coeffi^ 
cients of x and y both vanish. 

We take for our new axes the line aa? + i%, and the lino 
perpendicular to it ^x — ay. Then since the new X and Y are 
to denote the lengths of perpendiculars from any point on the 
new axes, we have (Art. 34) 

WTWV V(a*+/a')' 

If for shortness wo write a“ + i 8 *=: 7 *, the formulas of tran»« 
formation become * * 

7^=00?+^y, 7Z=^£c-ay, 
yx^aY+/3X, yy^^Y-^aX. 


whence 
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Haking Aese eubstitntions in the equation of the curve it hecomea 
ffY* 4 2 (grj8 -Jh) Z4 2 (ja4//3) F4 yc=0. 

Tl^ne, by turning round the axes, we have reduced the equation 
to the form jy + ^g'x 4 2/V 4 c' - 0. 

If we change now to paralfcl axes through any new origin ai'y, 
substituting £b4 y 4^' for a? and the equation becomes 

+ 2/aJ 4 2 (Sy 4/') y 4 &y* 4 2/ic' 4 2/*'/ 4 o' = 0. 

The coefficient of x is thus unaltered by transformation, and 
therefore cannot in this way be made to vanish. But wo can 
evidently determine otf and y', so that the coefficients of y and 
the absolute term may vanish, and the equation thus bo reduced 
to y^^px. The actual values of the coordinates of the new 

origin are y' , aj' = — 5 andp Is evidently - -y-, or 

t/ 

in terms of the original coefficients 

(a* 4)8*)^ ’ 

When the equation of a parabola is reduced to the form y*a=^a', 
the quantity p is called the parameter of the diameter, which is 
the axis of x ; and if tho axes be rectangular, p is called tiio 
principal parameter (see Art. 104). 

Ex. 1. Euitl the principal parameter of the parabola 

So*® + 24i V 4* + 2 + 4G// + 9 ■= 0, 

Fir«it, if we proceed as in Ait. 201, we detcimmc ^ := 5. The a]uatIou may Um u 
be wuttiu 

(3aj + 4if 4 5)® - 2 (lar - .Sy 4 8). 

Now if the distances of any point from 3 j* 4- 4;/ f 5 and li - 3^^ + 8 be K and A, \\o 
have 

6 F = 3a; 4- 4y 4 5, 5-Y — 4 j* ~ 3y f 8, 
amd the equation may bo written F® r ■» A. 

The piocess of A it.’205 is fiist to transform to tho hnos Sjc 4- 4y, 4jc — 3y as s, 
when the equation bteomea 

25F®4'50r-10A’ |-9 = 0, 
or 25(F4-1)® -10A4 IG, 

which becomes F* = when tianvfoimcd to paiallcl axes thiough (— — 1 ). 

* Ex. 2. Find the parameter of the paialola 


^ Sry ^ 2. _2y 

a® “ “ o 


Atis. 




This Taltie may also be deduced directly by tho help of the following tlicoif m, 
lyhi^ Tfiill he proved aftuwaids‘<9 he focus of a pmnl ola is the foot of a x eii * luu- 
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If 


^ nt 

Qtilai* let fall fiom the uiterecction of two tangents which cut at right aoglo^ on thclv 
choid of contact /' and ** The parameter of a como is found by dividing four ttiUes 
the rectangle under the segments of a focal chord by the length of that 
(Alt. 103, Ex, 1). ' ^ ' 

Ex. 8 If a and b be the lengths of two tangents to a parabola which mtei^eot at 
right angles, and m one quaitu of the paiametci.^ piove \ 

0 

ft 

206. If in the original equation = /a, the cocflScient of as 
vanlbhes In the equation transformed as in the Last article; and 
that equation Vy^ -+ ^ 'y + c' = 0 , being equivalent to one of the 

represents two real, coincident, or imaginary lines parallel to the 
new axis of a?. 

Wo can verify that in this case the general condition that 
the equation should represent right lines is fulfilled. For this 
condition may bo written 

c [ah — 7^®) = af^ — 2hfg + hg^. 

3Jut if we substitute for «, 7d, J, respccllvely, a“, ^9’, the left- 

hand side of the equation vanishes, and the right^iand side 
becomes (/’ot—^/3)*. Writing tlic condition /a=^,S in cither 
of the forms foL^=^ga.^^ fal3^gf3\ we see that the general equa¬ 
tion of the second degree represents two parallel right lines 
vhen ^ ahj and also cither o^^lig^ or/A = hg, 

*207. If the original axes were oblique, tlic equation is still 
reduced, as in Art. 205, by taking for our new axes the line 
and the line perpendicular to it, whose equation is 

(Art. 26) (/8 - a cosa>) a? — (a — /9 cosa>) ^ = 0. 

And if we write 7 “=sa*H-—2a/S coso), the formulas of trs.i!S-. 
formation become, by Ait. 31, 

7 !^= (a£r + /S^) sinw, yX=^[j3 — a cosw)a*- (a —/ 8 cos<tf)y j 
whence 70 ? sin <» = (a - J3 cos a>) F+ j3X sin a>; 

yg sin tt) = {/3 — a cos w) F- olX sin a>. 

Making these substitutions, the equation becomes 
7 *+ 2 sin “00 (g/3 -/a) JC 

+ 2MB® —i9cps»)+/(y8* «co8®)} 
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m 


the transformation to parallel axes proceeds as in Art. 205. 
^he principal parameter is 



2 (fa ^glS) sin'o) 

: j 

(a“ 4- /9^ — 2aj8 cos<») 


Ea. the ptincipal parameter of 





Ans, - 


■*^r 


(a*H i** + 2a6 C08 w). 


FIGURE OP THE CURVE. 

208. From the equation y^—px wc can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of or, since every value for x gives two 
equal and opposite for y. None of it can 
lie on the negative side of the origin, sinco 
if we make x negative, y will bo imagi¬ 
nary, and as wo give increasing positive 
values to a?, we obtain increasing values 
for y. Hence the figure of the curve Is 
that here represented. 

Although the parabola resembles the hyperbola in having in¬ 
finite branches, y|it there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, wc saw, tend ultimately to coincide with two diverg- 
ing right lines; but this is not true for the parabola, since, if wc 
seek the points where any right line = + Q meets the 

parabola [y^—px)^ we obtain the quadratic 

whose roots can never be infinite as long as h and I arc finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity; for any diameter (y — Tn), which 
meets the curve once at infinity (Art. 142), meets ic once al&o iu 

. w* • • 

the point although this value increases as m in- 

OH'oases, yet it will never become infinite as long as m is finite. 

209, The figure of the parabola may be more clearly con- 
^ $iMved from tbe following theorem: If^vo suppose one vertex 
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and focus of an ellipse given, while its axis major increases with* 
out limit, the curve will ultimately become a parabola* 

The equation of the el¬ 
lipse referred to its vertex 
is (Art. 194) 




* OG — QS m 

a a 


We wish to express b in terms of the distance VF[^m\ 
which we suppose fixed. We have - V) (Art. 182), 

whence V = 2am — w®, and the equation becomes 



Now, if we suppose a to become infinite, all but the firat terra of 
the right-hand side of the equation will vanish, and the equation 
becomea / = 4»nj;, 

the equation of a parabola. 

A parabola may also be considered as an ellipse whose cccen- 

. /y® 

tricity is equal to 1. For 6® = 1 — Now we saw that ^ , 

which is the coelHcIcnt of £c® in the preceding equation, vanished 
as we supposed a increased, according to the prescribed condi¬ 
tions; hence e® becomes finally = 1. 


THE TANGENT. 

210. The equation of the chord joining two points on tho 
curve is (Art. 80) f) =^y‘-p.c, 

or {y' 

And if we make y" ^y\ and for y* write its equal jOvc', we have 
tho equation of the tangent 

If in this eqUcTtion we put y = 0, we get a; = - x\ hence TM 
(see fig. next page), which is called the Subtangont, is bisected 
at the vertex. 

These results hold equally if the axes of coordinates are 
oblique; that is to say, if the axes are any diameter and the 
tangent at its vortex, ip which case we saw (Art. 203) that the 
equation of the parabola is still of tlie fonn 
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< Article enables us, there- 
foBS| 4o draw a tangent at any 
point on the parabola, since we 
bave^only to take and 

join PjT; or again, having found 
this tangent, to draw an ordinate 



from P to any other diameter, 
since we have only to take F'Jlf'== P'F', and join PJ/'. 


211. The equation of the polar of any point x'j/ is similar 
in form to that of the tangent (Art. 89), and is, therefore, 

Putting y — 0, we find that the intercept made by this polar 
on the axis of is — xf. Hence the intercept which the polars of 
any two points cut off on the ctxis is equal to the intercept between 
perpendiculars from those points on that axis; each of these 
quantities being equal to (a;' — aj"). 


DIAMETERS. 

212. We have said that if we take for axes any diameter 
and the tangent at its extremity, the equation will be of the 
form 

We shall prove this again by actual transformation of the 
equation referred to rectangular axes {y^^px)^ because it is 
desirable to express the new in terms of the old p. 

If we tran^sform the equation ^px to parallel axes through 
any point [x'y') on the curve, writing rr + af and y + y for x and 
the equation becomes 

^* + 23 ^/ ^px. 

Now if, preserving our axis of cc, we take a new axis of y, 
inclined to that of x at an angle we must substitute (Art. 9), 
y Bind for y, and a; +y cos0 for a;, and our equation becomes 
y* sin*^ + 2y'y sin 0=px+py cos 
In order that this should reduce to the form y^^px^ wc must 
have 

2y' sin 0 «jp cos^, or tan5 =s -^7 , 

Now this is the very angle which the tangent makes with the 
axis of Xf as we see from the equation 

2y'y (a? a;'), 

PD 
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The equation, therefore, referred to a diameter and tangent^ 
will take the form . 

The quantity p* is called the parameter corresponding to the 
diameter V^M\ and we see that the parameter of any diameter is 
inversely proportional to the square of the sine of the angle tvhieh 

its ordinates make with the axis, since p* = -pTa • 

We can express the parameter of any diameter In terms of the 

coordinates of its vertex, from the equation tan 6 = —,; hence 


hence 


V(/ + 4i7*)' \/( 

p' z^p + 


— 

p H- 4tx'J 


THE NORMAL. 

213. The equation of a lino through {x'f) perpendicular to 
the tangent 2yf =p (x + x') is 
pin -y) + 2?/(aj-a7')=0. 

If we seek the intercept on 
the axis of x we have 

x{=VN)=^x^ + y- 
and, since VM—x\ we must have 

MN (the subnormal^ Art. 181) = 

Hence in the parabola the subnormal is constant^ and equal to 
the semi-yarameter. The normal itself 

= + J/iV*) = isl[yf^ + Jp®) = v'fp (a?' 4 Ip)} = \ V(i?p')- 

THE FOCUS. 

211. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, 
is called the focus of the curve. This is the point which, 
Art. 209, has led us to expect to find analogous to the focus ^ 
of an ellipse; and we shall show, in the present section, that,a 
parabola may in every respect be considered as an ellipse, 
having one of Its foci at this distance and the other at infinity* 
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To avoid fractions wc shall often, In the following Articles, use 
the'abbreviation m — Jjp. 

To find the distance of any point on the curve from the focus. 

The coordinates of the focus being (wi, 0 ), the square of Its 
distance from any ])oint is 

(af — my + — 2m,c -t- ?/i* + 4mx' = [jf + my. 

Hence the distance of any point from the focus = jc 4 - m. 

This enables us to express more simply tlie result of Art. 212 , 
and to say that the parameter of any iHamtUr is four times the 
distance of its extremity from the focus. 

215. The polar of the focus of a parabola is called the 
dinctrix^ as in tlio elli|3se and hyperbola. 

Since the distance of the focus from the vertex ~ its polar 
is (Art. 211 ) a Hue perpendicular to the axis at the same dis¬ 
tance on the other side of the vertex. The distance of any point 
from the directrix must, therefore, =a;' + ?w. 

Ilence, by the last Article, the disUtnce of any point on the 
curve from the directrix is equal to its distance from the focus. 

Wc saw (Art. 18 G) that in the ellipse and hyperbola the 
distance from the focus is to the distance from tlic directrix in 
the constant ratio e to 1 . We sec, now, that tliis is true for the 
parabola also, since in the parabola 6 = 1 (Art. 209). 

The method given for mechanically describing an hyperbola, 
Art. 202 , can bo adapted to the mechanical description of the 
parabola, by simply making the angle ABU a right angle. 

216. The point where any tangent cuU the axis^ and its point 
of contact^ are equally distant from the focus. 

For, the distance from the vertex of the point vrherc the 
tangent cuts the axis = 0 ?' (Art. 210 ), its distance from the focus 
is therefore x' + m. 

217. Any tangent makes equal angles with the axis and with 
the focal radius vector. 

This is evident from inspection of the isosceles triangle, 
which, in the last Article, we proved was formed by the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
(Art. 188), that the angle TFF^ T'FF'] for, if wc suppose the 
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focus F' to gt) off to infinity, the line PF' will become |>araUel 
to the axis, and TPF= PTF, (See figure, p, 200) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45% 

218. To find tie length of tie perpendicular from the focus on 
the tangent. 

The perpendicular from the point (tw, 0 ) on the tangent* 
{yy' = 2m{j’H is 


2vi{x +m) 2m(x +m) 

V(.y +47 w ) Vi 4was h-4772) ^ ^ '' 

Hence (see fig., p. 202) Fit is a mean proportional between FV 
and FP. 

It appears, also, from this expression and from Art. 213 that 
FR is half the normal, as we might have inferred geometrically 
from the fact that TF^ FN, 


219. To express the perpendicular from the focus in terms qf 
the angles which it males with the axis. 

We have 

cosa = sin FTB = (Art. 212) 

Therefore (Art. 218) 

== V{w 2 (a:'+ 770} = —. 

The equation of the tangent, the focus being the origin^ caU 
therefore be expressed 

X cosa + y sin a + — =0, 

^ cosa ' 

and hence we can express the perpendicular from any other 
point in terms of the angle it makes with the axis. 



220. The locus of the extremity of the perpendicular fi om die 
focus on the tangent is a right line. 

ho?', piking the focus for pole, we have at once tho polat* 

f mv?n 


m 

cosa* 


p cosa = 972, 


which obviously reprefeonts the tangent at the vertex. 

Cuuvcrbcly, If fiom any point Fwe draw FR a radius vector 
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’ to a right lino FB, and draw PR perpendicular to it, the lino 
iFjZ will always touch a parabola having i^for its focus. 

, We shall show hereafter how to solve generally questions of 
this class, where one condition less than is 8a65cient to determine 
a line is given, and it is required to find Its envelope^ that is 
to say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investiga¬ 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular coordinates. 

221. To find the locus of the intersection of tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219} 
x cos*asina cosa + w = 0; 

the equation of a tangent pej^endicular to this (that is, whoso 
perpendicular makes an angle'‘=90* +a with the axis) is found 
by substituting cos a for sina, and — sina for cos a, or 

X sin^a — y sina cosa + = 0. 

a is eliminated by simply adding the equations, and we get 

X + 2 /n = 0 , 

the equation of the directrix^ since the distance of focus from 
directrix =- 2 m. 

222 . The angle between any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFT^ the angle PTF^ which the tan¬ 
gent makes with the axis, is half the angle PFN^ which the focal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the dlifcronce 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem: for if two tangents make with each 
other an angle of 90*, the focal radii must make with each other 
an angle of 180*, therefore the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line joining ike focus to the intersection of two tangents 
bisects the angle which their points of contact subtend at the focus. 
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Subtracting one from the other, the equations of two tan¬ 
gents, viz. 

X cos“a + y siii a cosa + w = 0 , x cos ®/8 + y sln/S cos/S + m = 0 , 
we find for the Hue joining their intei’section to the focus, 

X sin (a + /S) - y cos (a + /3) = 0 . 

This Is the equation of a line making the angle a + with the 
a 3 ^is of X. But since a and are the angles made with the axis 
by the perpendiculars on the tangent, wo have VFP^^ol and 
VFP' =i 20 ; therefore the line making an angle with the axis 
s= a + /S must bisect the angle PFP\ This theorem may also be 
proved by calculating, as in Art. 19J, the angle {^ — 5') subtended 
at the focus by the tangent to a parabola from the point £cy, when 

X 

it will be found that cos {6 — O') =5 -, a value which, being 

P 

independent of the coordinates of the point of contact, will 
be the same for each of the two tangents which ean be drawn 
through xy, (See O’Brien’s Coordinate Geometry^ p. 156.) 

Cor. 1 . If we take the case where the angle PFP' = ] 80"^, 
then PP' passes through the focus; the tangents TP^ TP' will 
intersect on the directrix, and the angle TFP^ 90“ (See Art* 
192). This may also be proved directly by forming the cqua** 
tions of the polar of any point (— y[) on the directrix, and 

also the equation of the line joining that point to the focus« 
These two equations are 

y'y = 2m (a? — wi), 2m {y — y') +y' (x + m)^ 0, 

which obviously represent two right lines at right angles to 
each other. 

Cor. 2 , If any chord PP' 
cut the directrix in P, then FD 
is the external bisector of the 
angle PFP', This is proved as 
at p. 184. 

Cor. 3. If any variable tan¬ 
gent to the parabola meet two fixed tangents, the angle sub¬ 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents is the supplement of 
the angle between the fixed tangents. For (sec next figure) 
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th$ angle QET is half pFq (Art. 222 ), and, by the present 
.:^'^rticle, FFQ is obviously also half^;JP^, therefore PFQ is 
; or is the supplement of P£Q, 

CoK. 4. cir<}h. circumscribing the triatigie formed by any 
ian^mts to a 

' pdrahola will pass „ / i 

^rmak th e 
For the circle de- 

^_ . _ ft _ 

scribed through /\f' 

PR Q must pass 
through F^ since 
the angle contained 

in the segment PFQ will be the supplement of that contained 
in PRQ, 



224. To find the polar equation of the parabola^ the focus 
being the pole. 

We proved (Art. 214) that the focal 
radius 

s=:a/+w^=sFJ/+w^ = i^J/+2?y2=p cos0H-27W. 

Hence p = -—““71 • 

This is exactly what the equation of Art. 193 becomes, if 
we suppose e=l (Art. 200). The properties proved in the 
Examples to Art. 193 are equally true of the parabola. 

In this equation 6 is supposed to be meosured from the side 
FM\ if we suppose it measured from the side FV^ the equation 
becomes 

_ 2m 
^ i + cos 6 * 

This equation may be written 

p cos*'=772, 

or cos^^ = (^'OS 

and is, therefore, one of a class of equations 

p"cosM0 = a’*, 

% 

some of whose properties we shall mention hereafter. 
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CHAPTER XIIL 

EXAMPLES AND MISCELLANEOUS PEOPERTIBS OF CONIC SECTIONS. 

225. The method of applying algebra to problems relating 
to conic sections is essentially the same as that employed in the 
case of the right line and oircle, and will present no difficulty to 
any reader who has carefully worked out the Examples given In 
Chapters in. and vii. We, therefore, only think it necessary 
to select a few out of the great multitude of examples which 
lead to loci of the second order, and wc shall then add some 
properties of conic sections, which it was not found convenient 
to insert in the preceding Chapters. 

Ex. 1. Through a fixed point P is drawn a line LK (see fig., p. 40) terminated by 
two given lines. Find the locus of a point Q taken on the line, so that PL = QK* 

Ex, 2. Two equal rulers AB^ BCj are connected by 
a pivot at B ; the extremity A is fixed, while the ex¬ 
tremity C is made to traverse the right line AC\ find 
the locus described by any fixed point P on BC, 

Ex. 8. Given base and the product of the tangents 
of the halves of the base angles of a triangle ,* find the ^ ^ 

locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it will be found 
that the sum of sides is given j and, therefore, that the locus is an ellipse, of which the 
extiemities of the base are the foci. ^ 

Ex. 4. Given base and sum of sides of a triangle; find the locus of the centre of 
the inscribed circle. 

It may be immediately inferred, from the last example, and from Ex. 4, p. 47, that 
the locus is an ellipse, whose vertices are the extremities of the given base. 

Ex. 6. Given base and sum of sides, find the locus of the intersection of bisectors 
of sides. 

Ex. 6. Find the locus of the centre of a circle which makes given intercepts on 
two given lines. 

Ex. 7. Find the locus of the centre of a circle which touches two given circles, ot 
which touches a right line and a given circle. 

Ex. 8. Find locus of centre of a circle which passes through a given point and 
makes a given intercept on a given line. 

Ex. 9. Or which passes through a given point, and makes on a given line an ih- 
toTcept subtending a given angle at that point. 

Ex. 10. Two vertices of a given ljian;,lo move along fixed right lines; find the 
locus of the third. 
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Ex. 11 A tnftnglf* ABC circumscribes a giren circle, tbe asgle at C is given, and 
Jj t^ovea along a fixed line, find tbe locus of A 

Let ns ttse polar coordinates, tbe centie 0 being tbo pole, and the angles being 
)}9teasiued from tbe peipendicular on tbe fixed line, let tbe coordinates ot 1, be p, 
$ip*t O'* Then we have p* cos 6' = p But it is easy to see tliat the angle AOB is 
given (=r a). And since tbe perpendicular of the triangle A is given, we have 

^ ^ J_/op' sm a _ 

”* JOo* + •" ^PP* cos o) * 

But 6 + fi' ^ a, therefore the polar equation of the locus is 

" p* COB* {a —0) +p — 2pp cos a cos (a — 0) * 
which represents a conic 

Ex 12 Tind the locus of the pole with lespcct to one conic A of any tangent to 
another conic B 

Let a/3 be any point of the locus, and Xo? + pty + i/ its polar with respect to the conic 
A, then (A.Tt 89) p, v arc functions of the lust degree in a (3 But ( \it 151) tho 
condition that Xx + py + v should touch £ is of the second degree m X, p v Iho 
locus IS tlieicf jre a conic 

Ex 13 Find the locus of tbe mtersection of the perpendicular from a focus on any 
tangent to a ceutial come, with tho radius vecboi fiom ccntie to the po nt of coni ct 

Anf The coiresponlm^, due tiix 

Ex 14 Fin 1 the locus of tho intersection of the perpend cular fiom the cent e < ii 
anytangent, with the radius lector fiom a focus to the point of contact A Act! 

Ex 1? Find the locus of the intcrbcction of tangents at the txtr ni t of c j i- 
gate diameteiB ^ y 

This 18 obtaine 1 at once by squaring and addmg the cqn itions of the two I in cuts, 
attending to the rtl itious, Art 172 

Lx 16 1 nsbcf a given arc of a circle The points of tiisectiou aio fouu 1 s tl o 
intersection of the cucle with a hyperbola See Lx 7, p 47 

Fx 17 One of tie two paiallel sides of a trapezium is given in mnm In It and 
poaition, mil the otl ei m magnitude 1 he sum of the reuiaiiiing tw i r Is ven , 
find the locus of the intersection of diagmals 

Ex 19 One vertex of a pirallelogram ciicamsciibmg an ell psc s aloi^ one 
directiix, piove that tho opposite veitex moves along the otlici ani tl t Llie two 
remammg veitices aie on the circle desciibed on the axis maj as dm t i 

226. We gi\e m this Aiticlc some examples on ihc focal 
properties of conics. 

Ex 1 2[he distance of any point on a conic from tbe fccus is equal to tli i wl ol3 
length of the oidinato at that point, piodueed to meet the t indent at the l\ icinity of 
the focal ordinate 

Ex 2 If from the focus a line be drawn making a given angle with any tine,tnt, 
find the locus of th^ ix>inb where it meets it 

Ex 3 To find the locus of the pole of a fixed hue with rcgaid to a sen « of con- 
centnc and confocal conic sections 

We know that the pole of any Ime ^ “ 0 * repaid to th< conic 

^ found fiom the equations mx — a* and ny = i* (Art 169) 

LE 
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Now, if the foci of the conic are given, a* — = t* is given; hence^ the Iq<^ of the. 

pole of tlie fixed line is ' '" 

wa: — = c®, 

the equation of a right line perpendicular to the given line. 

If the given line touch one of the coiiicS) its pole will be the point of cotitti6l|L. 
Hence, given two confocal conics, if we draw any tangent to one and tangents to thls'\ 
second whci-e this line meets it, these tangents will intersect on the normal to the '' 
fii-st conic. 


Ex. 4. Find the locus of the points of contact of tangents to a series of confoc^ 
ellipses from a fixed point on the axis major. Ans, A ciirde. 


Ex. 5. The lines joining each focus to the foot of the perpendicular from the oth^ 
focus on any tangent intersect on the corresponding normal and bisect it. 


Ex. 6. llie focus being the pole, prove that the polar equation of the chord 
through points whose angular coordinates are a + 

~ = e cos fi + sec cos (0 — a). 

This expression is due to Mr. Frost {Cambridge and Dublin Math. Journal, i., 6^“, 
cited by Walton, Examples, p. 375). It follows easily from Ex. 3, p. 37. 


Ex. 7. Tho focus being tbc pole, prove that the polar equation of the tangent, at 

P 

th6 point whose angular coordinate Is a, is ^ ® "" “)• 

This expression Is due to Mr. Davies {^Philosophical Magazine for 1842, p, 192^ 
cited by Walton, Examples, p. 368). 

Ex. 8. If a chord PP* of a conic pass through a fixed point O, then 


tan^PFO.UniP’FO 

is con*«tant. 

The reader will find an investigation of this theorem by the help of the equation oi 
Ex. G (Walton’s Examples, p. 377). I insert here the geometrical proof given by 
Mr. Mac Ciillagh, to whom, I believe, the theorem is due. Imagine a point 0 taken 
anywhere on PP* (see figure p, 206), and let the distance FO be e' times the distance 
of 0 from the directrix: then, since the distances of P and 0 from the directrix arc 
proportional to PD and OD, we have 

FP FO e Bln PDF ^ sin ODF^ ^ 


Hence (Art. 192) 


cos OFT _ e ^ 
COB PFT “ e’' 


or, since (Art. 191) PFT is half the sum, nndOFT half the difference, of PFO and P^FOf 
- timjtPFOMnir'FO = *~"’,. 

® it 


It is obvious that the pixxhicl of these tangents remains constant if O be not fixed, b«i 
be anywliere on a conic having the same focus and directrix as tho given conic. 

Ex. 9. To express the condition that the chord joining two points on the 

curve passes through tlie focus. 

This condition may be .expressed in sevcml equivalent forms, two of the most 
useful of which are got by expi*es8ing that 6" = 6' + 180®, where 6', 6" are the angles 
made with the axis by the lines joining the focus to the points. The condition 
Bin 6" = - sin 6' gives 


a — ex* a — ex*' 


= 0; 


a (y' + y'O = « {xy* + x**p*). 
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Tlw ocauBNoti cos 0" = — cos 0* gives 

2ea!'x'’-(« + ce)(aj' + i»") + 8oc = 0, 


Ex. 10. If normals be drawn at the extremities of any focal cliord, a lino drawn 
through their intersection parallel to the axis major wiU bisect the chord. [T)us 
solution is by Lartose, Nouvelles Annalen, xix. 85.j 

Since each normal bisects the angle between the focal radii, the intersection of 
normals at the extremities of a focal chord is the centre of the circle inscribed in the 
triangle whose base is that chord, and sides the lines joining its extremities to the other 
focus. Now if Of bf c be the sides of a triangle whose vertices are rV, jc'y*, 
then, Ex, 6, p. 6, the coordinates of the centre of tlie inscribed circle are 

O x* 4- 4 caf' ' ^ ay* 4- hy'* + C}f** 

* o+d+o * ^ O+i+tf 

In the present case the coordinates of the vertices arc a^, y *; y"; — c, 0; and 
the lengths of opposite sides are a + ex", a + ear*, 2a — ex' — ex". We have therefore 

_ + ^') y" + (« 4- e x") y* 

^ 4a ’ 

or, reducing by the first ration of the last Example, y = i (y' + yDt which proves the 
theorem. 

In lihe manner we have 

(a 4- tx") r* 4- (a 4- er') — (2a — cb' — ex") c 

X =- . -1 

4a 

which, reduced by the second relation, becomes 

(a 4- ec) {x* 4- Jr") — 2ca 

gj — ---- ^ 

2a 


We could find, similarly, expressions for the coordinates of the intersection of 
tangents at the extremities of a focal chord, since this point is the centre of the cirele 
exsciibed to the base of the triangle just considered. The line joining the mtorscclion 
of tangoiita to the corresponding intoracction of normals evidently passes through a 
focus, being the bibeetor of the vertical angle of the same trianglo. 

_ • 

Ex. 11. To find the locos of the intersection of normals at the extremities of a 

focal chord. 

Let a, /3 be the coordinates of the middle point of the chord, and we havo, by the 
last Example, 

« = i (»' + = V* i ^ = 4 (j' + »") = J- 


If, then, wc knew the equation of tlie locus described by o/9, we .should, by making 
the above substitutions, have tlie equation of the locus described by xy. Now the 
polar equation of the locus of middle point, the focus being origiir, is (Art. 19ii) 




e cos 0 

« 1 — e® cos- 0 ’ 


which, transformed to rectangular axes, the centre being origin, becomes 

b^a^ 4- a7i2 - b-'ra. 

The equation of the locus sought is, therefore, 

a^b‘ (jc + <J)® 4- (a* 4- c^)Y - b^c (a« + e^(x + c). 
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Ex, 12. If 6 be tbe angle between the tangents to an ellipse from any point 
and if /E>f p' be the distances of that point from the 

ala a— 4(1^ 

foci, prove that cos0=:f^- "" 

Art. 191 d). 

For (Art. 189) 

ain T'P'P flin tPV —* * F* T^ ^ 

sin TPF» sm tPF ^ PF* pp* * 

But cos FPF* — cos TPt = 2 sin TPF, sin iPFi 
and 2pp' cos FPF* = p* + p** - 4 <j*. 

Ex. 13, If from any point 0 two lines be drawn to the foci (or toudiiiig any 
confocal conic) meeting the conic in if, B*; S, S *; then (sec also Ex. 15, Art* 231) 

'OB~OS~W~Off' 1^^-Roberta] 



It appears from the quadratic, by which the radius vector is determined (Art. 186), 
that the difference of the reciprocals of the roots will be the same for two values 
of 8, which give the same value to 

(flc — p*) cos* 8 + 2 (<?A — gf) cos 8 sin 8 + {he —/*) sin* 8. 

Now it is easy to see that A cos*8 + 2£r cos 8 sin 8 + B Rin*8 has equal values for any 
two values of 8, which correspond to the duections of lines equally inclined to the 
two represented by Aac* + ^Hxy + = 0 But the function we are considenng 

becomes = 0 for the direction of the two tangents through 0 (Art. 147); and tangents 
to any confocal are equally inclined to thcbe tangents (Art. 189). It follows from this 
example that chords which touch a confocal conic are propoiiional to the equates ol 
the parallel diameters (see Ex. 15, Art. 231). 


227. We give in this Article some examples on the parabola. 
The reader will have no difBcnlty in distinguishing those of the 
examples of the last Articlei the proofs of which apply equally 
to the parabola. 

Ex. 1. Find the coordinates of the intersection of the two tangents at the points 

I jcV, to the parabola y* = pa?, . y' + y*' yV' 

/Ltis, y = —g—, a?= . 

Ex. 2. Find the locus of the intersection of the perpendicular from focus on tan<i 
gent with the radius vector from vertex to the point of contact. 

Ex. 8. The three perpendiculars of the triangle formed by three tangents intersect 
on the directrix (Steiner, Gergonne, Annah$y xix. 59; Walton, p. 119), 

The equation of one of those perpendiculars is (Art. 32) 



y'Y \ , y"' - y" / 


p \ 

p / 2 v 

a ; 


which, after dividing by y"' — y", may be written 

^ _ pM ± jC±y'") * 0 , 

The symmetry of the equation shows that the three pcipendiculais inteiscct on tha 
directrix at a height 

_ 2y'y"y"' y' + y" + y"' 
y- p* ^ • 

Ex. 4. The area of the triangle formed by three tangents is half that of thO tri* 
angle formed by joining their points of contact (Gregory, Cambridge Jourjn(x,l^ il. 16 
Walton, p. 137. See also Leetmt on Sigher Algebra^ Ex* 12. p. 15). 
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^ubstitiitlng tli6 coordinates of the vertices of the triangles m the expression cf 
9^ tre find for Uie latter area ^ “ yO f ^or the formei 

area half this quantity. 


£Sx 5. Emd an expression for the radius of the circle circumscribing a triangle 
inscrihed in a parabola. 

The radius of the cucle circumscribing a tiianglo, the lengths of whose sides aio 
a, €,f and whose area = 2 is easily proved to be ^. But if be the length of the 

x2# 

chord joining the points aj'y', and 6' the angle which tins chord makes with 
the axis, it is obvious that an O'-= y" - y" Using, then, the expre<iaon foi the 


area found m the last Example, we have R = - ^ We might ex¬ 

press the radius, also, in terms of the focal choi Is paiallel to the sides of the 
tnangle. For (Art 198, Ex 2) the h ngth of a choid making an angle 0 with the a^is 


isa=-^ 

Bm*0* 


Hence iZ* = 


4n 


It follows from Art 212 that 
bisect the sides of the tiiangle 


c', a", are the parameters of the diametcis \\lnch 


Ex 6 Evpress the radius of the ciicic circumscr bing the tnangle foimt d by tluee 
tangents to a parabola m terms of the angkb ^hieh they n ake iMth the axis 


Ant, R = -T- a; a —> or iZ* ^ , wheie p', p\p' are the para- 

SsmO sine 8in0" 64/1 t 

meters of the diameters through the points of contact ot the tangents (see Ait 212) 


]]x 7 Find the anglo contained by the two tangents thion^h the point a^y to 
the parabol i y^ = 4m« 

The equation of the pair of tangents is (as in Art 92) found to be 
(^'* — 4»»ar') (y* — 4mx) = {yy' — 2 ot (as + a? )}*. 


A parallel pair of lines through the ongm is 

a/y* — y'oy + was* = 0 


The angle conf oined by which is (Art 74) ton 4> =: 


J(i/* - 4mx') 
or* + m 


Ex 8 Fmd the locus of intersection of tangents to a parabola which cut at 
a given angle. 

Atu The hyperbola, y* — 4i»a! = (x + m)* tan^^, or y* + (* -- to)* = (x + to)* see***/*. 
From the latter form of the equation it is evident (see Art 186) that the hyperbola 
has the same focus and dhectnx as the paiabola, and that its eccentricity — sec </> 


Ex 9, Fmd the locus of the foot of the pexpendicnlai from the focus of a pai abola 
on the normal 

The length of the perpendicular from (to, 0) on 2m (y - y') + y* (x — x*) = 0u 


y*(y + m) 

.i(y* + 4TO*) 


= J{x^ (o' + m)}. 


Bnt If 0 he the angle made with the axis by the perpendicular (Art 212) 


an0 



, COB0 



Eeace the polar equation of the locus is 

TO COS0 
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Ex. 10. Find the coordinates of the intersection of the normals at the points 

■ An,. + + s = 

4m * ^ 8ni* 

Or if a, /3 be the coordinates of the corresponding intcisection of tangents, 
then (Ex. 1) 


« /3* 

X = 2»» + — o, 
m * 


y = ~ 


og 
?» * 


Ex. 11. Find the coordinates of the points on the curve, the normals at which 
pass through a given point xy. 

Solving between the equation of the normal and that of the cm've, we find 

2^ + (/>* " 2/?x';./ = pY, 

and the three roots are connected by the i elation yi + ys + ys = 0. The geometric 
meaning of this is, tliat the chord joining any two, and the line joining the third to 
the vertex, make equal angles with the axis. 


Ex. 12. Find the locus of the intersection of normals at the exti'emities of chords 
which pass through a given point xy. 

We have then the relation /9/ = 2m (x' + a); and on substituting in the resnlts 
of Ex. 10 the value of a derived from this relation we have 


2mx + = 4 to® + 2^ + 2mx' j 2/»y = 20mx* — ; 

whence, eliminating /3, wc find 

2 {2m (tf — y*) + y' (x — x')}* = (4mx' — y'*) (y'y + 2x'x — 4mx' — Sx'®), 
the equation of a parabola whose axis is perpendicular to tlie polar of the given 
point. If tlic chords be parallel to a fixed line, the locus reduces to a light line, as 
is also evident from Ex. 11. 


Ex. 13. Find the locus of the intersection of normals at right angles to each other. 

In this case a = — m, x = 3m + — , y = jS, y = m (x >- 3m). 

m 


Ex. 14. If the lengths of two tangents be a, 3, and the angle between them eo> 
find the parameter. 

Draw the diameter bisecting the chord of contact ,* then the parameter of that 

diameter is p' = ^ , and the principal parameter is (where w is the 

length of the perpendicular on the chord from the intersection of the tangents). But 
2oy = sin Cl), and IGx® = a® + 6® + 2a5 cos w; hence 

4a®i® Bin®(i> , inrw 
j> =---—- (see p. 199), 

(a* + 6* + 2a& cos a»)» 


Ex. 15. Show, from the equation of the circle circumscribing three tangents t4i 
ft parabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (Ait, 124) 


/3y sin A + ya sin jB + a/3 sinC = 0 ; 

the absolute term in this equation is found (by writing at full length for a, 
xooaa + yeina-Pf Ac.) to be sin (/3 - y)+^'7^ sin fy - a) + sin (a — j3). 
But if the lino a be a tangent to a parabola^ and the origin the focus, we have (Axt, 219) 

D x: , and the absolute term 

cos« 

= {sin (/? - y) cos a + sm (y - a) cosfi + sin (a - C0By)i 

which vanishes identically. 
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. Ex, 16. Jind tli» locus of the intersection of tangents to a parabola, being given 
^ther (1) the product of sines, (2) the product of tangents, (3) the sum or (-J) diilercnce 
oi cotangents of the angles they make with the axis. 

Ans, (1) a circle, (2) a right line, (3) a right line, (4) a parabola. 


228. We add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also pass through 
fhe intersection of its perpendiculars (Briauchon and Foncelct; Gergonne, Annalesy 
XI., 205; Walton, p. 283). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 118) 
jujtt'a;® + 2hxy + Wtp — /u/a' (\ + A.') a? — AV ijx + /i') y + AA'/u/i' = 0. 

And if the axes bo rectangular, this will represent an equilatcml hyperbola (Art. 
174) if A\' = —/u/i'. If, therefore, the axes be any side of the given triangle, and 
the perpenilicular on it from the opposite vertex, tho portions X, A.', fx are given, there- 

fore, fx' is also given j or the curve meets tho perpendicular in the fixed point y = — ' ' , 

A* 

which is (Ex. 7, p. 27) the intersection of the perpendiculars of the triangle. 

Ex. 2. What is the locus of the centres of equilateral hyperbolas through three 
given points ? 

Ans, The circle through the middle points of sides (see Ex. 3, p. 153). 

Ex. 3. A conic being given by the general equation, find the condition that the 
pole of the axis of x should He on the axis of y, and vice versa. Ans. he ~Jtj. 

Ex. 4. In the same case, what is tho condition that an asymptote should pass 
through the origin ? Ans. of '^ — y'yh 4- by- = 0. 

Ex. 5, The circle circumscribing a triangle, self-con jugate with regard to an equi¬ 
lateral hyperbola (see Art. 99), passes through tho centre of the curve. (Brianclion 
and Foncelct j Gergonne, xr. 210; Walton, 301). [This is a particular case of tho 
theorem that the six vertices of two self-con jugate triangles lie on a conic (see Ex. 1, 
Art 875).] 

The condition of Ex. 3 being fulfilled, the equation of a circle passing through 
the origin and tlu'ongh the pole of each axis is 

A (a?* + 2xy cos « -f y-) + jG; 4- yy = 0, 
or X (hx 4- by 4-/) 4- y (ax + hy + y) (a-h b — 2h cos ry, 

an equation which will evidently bo satisfied by the coordinates of the centre, pro¬ 
vided w'o have a + 6=:2A cosw, that is to say, provided the curve be an equilateral 
hyperbola (Arts. 74, 174). 

Ex. 6, A circle described through the centre of an equilateral hyperbola, and 
through any two points, will also pass through tho intei'section of lines drawn through 
each of these points parallel to the polar of the other. 

Ex. 7. Find the locus of the intersection of tangents which intercept a given 
length on a given fixed tangent. 

Tho equation of the pair of tangents from a i>oint xY to a conic given by the 
general equationds given Art. 92. Make y = 0, and wc have a quadratic whoso roots 
i^e the intercepts on the axis of x. 

Forming the difference of the roots of this equation, and putting it equal to a 
constant, we obtain the equation of the locus required, which will be in general of 
the fourth degree; but if y® = oc, the axis of x will touch the given conic, and the 
eqaaLion of the locus will become divisible by y'-, and will reduce to tho second 
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degree. We could, by the help of the same equation, find the locus of the iutersectioh ’ 
of tangents; if the sum, product, <Src., o£ the intercepts on the axis be given. 

Ex. 8. Given four tangents to a conic to find the locus of the centre* [Tli6 • 
solution here given is by P. Serret, Nomelles Annales, 2nd series, iv. 145.] 

Take any axes, and let the equation of one of the tangents be x cosa+yaina—^ = 
then a is the angle the perpendicular on the tangent mokes with the axis of x} and. 
if 0 be the unknown angle made with the same axis by the axis major of the ooniCi' 
then o — fi is the angle made by tlie same perpendicular with the axis major* If then 
X and y be the coordinates of the centre, the formula of Art. 178 gives ua 

(j; cos a + y sin tt — p)® = cos* (a — 6) + 5® sin* (a — fi). 

We have four cqintioiis of this form from which we have to eliminate the 
three unknown quantities 5*, 0. Using for shortncf;s the abbreviation a for 
X cos a 4-»/ sin a —j} (Art. 03), this equation expanded maj be written 

o®= («* cos*0 4- 5* sin*0) co£5*rt 4- 2 (a* — 5*) cosO sinfl cosa sina 4- sin*0 4- 5* cos®0) ain*a« 

It appears then that the three quantities cos*fi 4-5* sin'*0, (a* — 5*) cos 8 sin 0, 
a* sin*8 4- 5* cos*0, may be eliminated linearly from the four equations j and the 
rcsidt comes out in the form of a determinant 

a*, cos* a, cos a sin a, sin® a | 
cos*/il, cos/3 sin/3, sm®/3 
y®, cos*y, cosyy-lny, Fin*y 
i)“, COri® d, COS d HIU 0, UU® 0 ! r- 0, 

which expanded is of the form Jft®4- /?/l®4- t f --0. where A, B, C, D are 
known constants. But tliis equal ion, lliougli apparently of tlie second degree, is in 
reality only of tlic first; fic' if, bcfoio ex])anding the determinant, we wilte a®, <tc., 
at full length, tho coellicient.s of aj® o-re cos®rt, co3®/l, cos®y, cos®f?; but these being 
the same as one column of the determinant, the ptui; multiplied by a:® vamshes on 
exiiansion. Similarly, the coefficients of the terms ary and y- vanis-h. The locus is 
theieforc a right line, Tho geomelilcal determiiiutiou of tlie line depends on prin¬ 
ciples to be proved afterwaids j namely, that the polar of any point with regard to 
the conic is 

A(ia. 4- TJfVf] -h Cy'y 4- := 0; 

and, therefore, that the polar of the point afi pas'ios through y5. But when a conic 
reduces to a lino by the vanishing of the three highest terms in its equation, the polar 
of any point is a parallel line at double the distaure from the point. Thus it is seen 
that tlie line rcpvesential by the equation bisects the linos joining the points a^, yd; 
ay, (id] ad, (iy, Conver.scly, if we arc given in any form the equations of four 
lines a — 0, drc., Ilic equation of tlie line joining the three middle points of diagonals 
of the quadrilaternl may, in ;cirtii o, be most easily formed by determining the 
constants so that Ja® + IJpr 4- C'y® -f JJd- = 0 shall represent a right line. 

Ex. 9. Given throe tangents to a conic and the sum of the squares of the exes, 
find the locus of the centre. We have three equations as in the last example, and 
a fourth a® 4- = /r®, which may be written 

I:' = (rt® cos®t) + 6® siu®0) 4- (a® sin®6 4- 5* cos®0), 

and, as before, the rcsuli: appears in the form of a determinant 

a®, cos® a, cos a sin a, sin® a 
cos® (i, cos jS sin sin® /5 
y®, cos®y, cosy siny, sin®y | 
k'-, i , 0 , 1 ' = 0. 
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rf ^ 

, %)]icb expanded is of tbe form Aa^ 4- B/i® + C^* + i) = 0. It is seen, as in the last 
^ eptaiQple, that the coefficient of jcj/ vanishe.'^ in the expansion, and that the coefficients 
' of a* and y* are the same. Tlie locus is therefore a circle. Now if A a® + + By* 0 

ippresents a circle, it will aftenvards .appear that tho centre is tho intersection of 
.'perpendiculars of the triangle formed by tlie lines a, /J, y. The pi*osciit ecpiation there¬ 
fore; which differs from this by a Ci)nvSt,uit (Art. 81) rejiroseiits a ciroKi w’liosc centre 


is the intersection of perpendiculars of tlie ^ iiiuigl3 formed by the tluoe t.augcnts. 

If W'C consider the cape oi Ote o'j.iilateral liyperlmKt, <t~ 0. wo see that two 

efliiihiteral hyperbolas can ho ^ 'rdi'd to ron(’}i timr ‘.demi lines, tho eontivs liciiig 
’ the intersections of the line jcvning tlie iinMdlo pohas of li'ugotials W'hli any one of 
four circles whoso centres are Die intersecKons of jterpendicularrt of iho four triangles 
formed by any three of the four given linos. From the istet that tho four circles 
have two common point.p it follows that the four intoiS'Tiion.s of porpoiidiculars lie 
on a right line, pcipcnvlioular to tho lino joiniug miUddo poniiri of ul.igonals (see 
Art. 208, Ex. 2). 


Ex. 10. Given four ^joints on a conic to fir)d the Inm- of either focus. Tho 
distance of one of the givenpointafrnm llicfocus (see Ex., Ait. Ih'l) saLi'-fios the equation 

p ~ 4 + Cm 

We have four such equations from which we can lincaily Lhuiinato ^1, B, C, and wo 
get the determinant 

p i ^ i y I 1 

p i t y I i 

Pi'* » V ) 1 


which expanded is of tho form Ip 4 mp' 4 4 - - d, Tf wc look to the acdnal 

values of the coeffieients f, w, », p, and thur g *ometrio meaning (Art. 00), tins 
equation geometrically inteipreted give.s us a. t7ieoi«'m of M*il)iu.«, viz. 

0.4. BCD +00, A U h --- UD . A CO +01), A BB, 
where 0 is the focus, and BOB tho ai of the trijin^>lc fonnc.l by three of tho points 
(compare Art. 91). It is seen thus tlmt 1 4 w + n + p ™ 0. If W’o suhalitute for p 
Its value mj{(x — a:'.)* 4 0/ — .y')®}, Ac., and clear of radicals, the equation of tho hx'us, 
though apparently of the eighth, is found to he only of the sixth degree. In fact, 
W'e may clear of i*adicala by giving each radical its double sign, and innUiplying 
together the eight factors ^p ± wp^ ± np" ± pp'"; and then it ia .app.-irent that th^ 
highest pow'ers in a; audy will be {x*4y*)'* muUiphed by the product of the frwitoi-s 
i±vi±n±p} and that, tliese terms vanish in viriue of the relation 1 4 tf> -t- n 4 p -■ 0, 
If tho four given points be on a circle, Mr. .Sylvc-itor bna rem.arkod tli.it I lie locus 
breaks up into two of the third degree, as Mr. Euintide has thus .sliewii. We iiaro 
by a theorem of Feuerbach's, given Art. 94, 

//>* 4 mp'^ 4 up*^^ 4 pp’"* ~ 0. 

We have then {1 4 w) (fp* 4 ~ (n 4 p) {np”^ 4 pp''% 

{ip 4 tnpy - {np*' +PP'”)\ 
whence, subtracting hn {p - p')* np (p" - p'”)\ 

which obviously breaks up into factors. 


THE ECCENTRIC ANGLE.* 

; 229. It is always advantageous to express the position of a 
on a curve, if possible, by a single independent variable, 

'* ''k * i-V" 

'sV/f ' * The use of this angle was recommended by Mr, O’Brien, Cambrhlge MathcnKMical 
vol; IV, p. 99, 
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rather than by the two coordinates We shall, therefore^ 
find it useful, in discussing properties of the ellipse, to make fk 
substitution similar to that employed (Art. 102) in the case of 
the circle, and shall write 

a?' = a cos y* = b sin 0, 

a substitution evidently consistent with the equation 



The geometric moaning of the angle is easily explained. 

If we describe a circle on the axis major as diameter, and 
produce the ordinate at P to meet the circle at Qj then the angle 

CCX=0, for CL=CQcosQGL, or x=acos<f): and PZ = -$Zi 

a 

(Art. 163); or, since QL^a sin^, we have y* = b sin^. 


230. If we draw through P a parallel P2T to the radius CQy 


then PM : CQ :; PL ; QL :: 6 : a, 
but CQ^a^ therefore PJ/= J. 

PAT parallel to CQ is, of course, 

Ueuce, if from any point of an ellipse 
a lino = a be inflected to the minor axis, 
its intercept to the axis major = b. If 
the ordinate PQ were produced to meet 
the circle again in the point Q\ it could 


D 


A 


B 

- 

Q 

r ^ 


r\ 

L ^ 


/M 

/ 

J 





D' 


be proved, in like manner, that a parallel through P to the 
radius CQ is cut into parts of a constant length. Hence, con. 
versely, if a line MN^ of a constant length, move about in the 
legs of a right angle, and a point P be taken so that ilfP may 
be constant, the locus of P is an ellipse, whose axes are equal 
to MP and NP. (Sec Ex. 12, p. 47.) 

On this principle has been constructed an instrument for 
describing an ellipse by continued motion, called the Elliptic 
Compasses. CA^ CD' are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of MN^ it will 
describe a circle. (O’Brien’s Coordinate Qmnetry^ p. 112.) 



THE ECOfiKTRIC ANGLE* 


219 


’ 231* The consideration of the angle 4> affords a simple 
method of constructing geometrically the diameter conjugate 
to a given one| for 

tan =s - tan A. 

X a ^ 

Hence the relation 

ra 

tan 0 tan ^ (Art. 170) 

becomes tan 0 tan 0' = - 

or 

Hence we obtain the following construction* Let the ordi¬ 
nate at the given point Pj when produced, 
meet the semicircle on the axis major at 
Qj join CQj and erect CQ' perpendicular 
to it; then the perpendicular let fall on 
the axis from Q' will pass through P', a 
point on the conjugate diameter. 

Hence, too, can easily be found the coordinates of P* given 
in Art. 172, for since 

cos (f) =s sin we have — ” ^ i 



« V £C 

and since an A' = - cos 6. vro have i- = —. 

0 a 

From these values it appears that the areas of the triangles 
P'CJIi'are equaL 

Ex. 1. To express the lengths of two ronjngate bemi-tllamcters in tf^rnis of the 
angle </>, Ana, cos^^ 4- siii^0; b*^ — f 6* cos^«^* 


Ex. 2. To express the equation of any chord of tho ellipse in terms of tf* 


(see p. 91;. 


Ans, - cosi (</» -f +1 si*ii (0 + ^') = 

Ct u 


Ex. 3. To express similarly the equation of the tangent. 


9C V 

Ana. -Qoa<p + '^Bmtp=:U 


Ex. 4. To express the length of the chord joining two points 
i)® = a* (cos a — cos/J)® + A® (sin a — sin/?j*, 

D = 2 sin J (a - j3) {a? Bin®4 (a + /3) + ft® cos*^ (o + 

Bub (Ex. 1) the quantity between the parentheses is the scmi*diameter conjugate to 
that to the point) (a + ; and (Ex. 2,3) the tangent at tho point ^ (a + /3) is parall^ 

to the chord joining the points a, ; hence, if b' denote the length of the semi- 
diametex ponOlel to the given chord, D = 2ft' sin ~ 
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Ex. 5. To find the area of the tdaogle formed bt three gimn potnti ttk A 
By Art. 36 we have 

2£ = ab {sin (a — /9) + sin (/3 — y) + sin (y — «)} 

= ab (2 slnj^ (a — /3) cos^ (« — /3) — 2 sin^ {« — ^) cosi (« + j9 — 2y)) 

= 4ai sin ^ (a — sin 0$ — y) sin^ (y — a) 

£ = 2ab sin^ (a — jS) sin } (/9 -- y) sin( (y -- a). 

Ex. 6. If the bisectors of sides of on inscribed triangle meet in the centre its 
area is constant. 

Ex. 7. To find the radius of the circle circumscribing the triai^le formed by three 
given points a, /3, y. 

If d, e^J be the bides of the triangle formed by the three points, 

where b% h*\ V** are the 8enii«diameter8 parallel to the sides of the triangle. If 
r*, e'\ &'* be the parallel focal chords, then (see Ex. 6, p. 213) , (Ihcse 

expressions aro due to Mr. MacCullagh, Duhlin Exam. PaperSf 1886, p. 22) 

Ex. 8. To find the equation of the circle ciicumscnbiug this tnangle. 

Ans. af* + y* — “ a " i i 0® + >) i (y + “) 

flin^ (a + /3) siui 03 + y) sin J (y + a) 
a 

= i (a® + ^*) — i (a® — A®) {cos (a + jS) + cos + y) + cos (y + a)) 
Eiom this equation the cooidinates of the ccntie of this cucle are at ouco obtained. 
Ex. 9. The area of the triangle formed by three tangents is, by Art. 39, 
ab tan^ (a — p) tan^ y) tau| <y — a). 

Ex. 10. The area of the triangle formed by three normals is 

^ taui (o-/3) tan} 09- y) tan} (y- «) (sin 03+ y) + sm (y + a) + sin (a +i3)ft 

consequently three normals meet in a point if 

sin 03 + y) + sin (y + a) + sin (a + /3) = 0. [Mr. Burnside ] 

Ex. It. To find the locus of the intersection of the focal ladius vcctoi FP with 
the ladiUB of the circle CQ. 

Let tlie central coordinates of P be ary, of 0, ary, then we have, from the similas 
triangles, FON, FPM^ 

y _ y _ 3 sin 0 

fl> + e “ «* + c oHls + cos Ip) * 

Eow, since ^ is the angle made with the axis by the 
radius vector to the point Oj we at once obtain the polar 
equation of the locus by wiitmg pcos^p fox a;, p sm for y, 
and we find 

+ P oos<#> a (e + cos 0) • 

or 6c 

^ "" 0 + (a —6) cos<^* 

Hence (Art. 193) the locus is an ellipse, of which C is one focus, and it can 
be proved that F is the other. 
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b nomid Mr P prcMiuced to meet C^(2, thq locaa of theu lutuboctiuu 
itiio with thm ellipse, 
equaiticai of the normal m 

o* 

J- aite ^ ^ fV . 

^ ^ C03</> SIU0 * 

bi^ we may, as in the last e'mmple, wnte p cos ^ and p bin ^ for x and and the 
^tieton becomes 

(a — ^) p =■ c*, or p = ff + i. 


Bn. 18* Prove that tan JPi {7= 

Ba. 14. If from the vertex of an elUp<H, a mdiua voctoi be diawn to any point 
on the curve, find the locus of the point wheic a poiollcl laOius tluoogh the centre 
meets the tangent at the point. 

The tangent of the angle made with the avis by the radius vector to the vcitex 
v' 

sz -js—theiefbre the equation of the parallel ladius thiougli the centic is 

► y _ V* _ ^sm0 X — cfs</> 

(B'"a' + a~it(l + cosl^) “ o bin </> * 

V X X 

or 2.sind> + -COS0 , 

b ^ a ^ o’ 

and tho locus of the intersection of this hnc with the tangent 


V X 

I oin <1» ^ - cos <h - 1, 

0 ^ a 

is, obviously, - = 1, the tangent at the othti cxticmity of tho ms, 

til 

Tlie same mvcstigation will apply, if the fli'jt lodiuu \cctoi be drawn thioii{,u 
any point of the cuive, by sulistltuiiug a' mid b' foi n and b , the locus will tltcn be 
the tangent at tho diouictricully oppo ne point. 


Ex 15. The length of the choid of an clhpsc whirh touches a confocal cllip<^o, 

the squaies of whobc semiaxcs are a* - h^, — A*, is [Mi Biunside]. 

The condition that the choid joining two points a, fi should touch the confocal 
conic is 

cos»i (a ^ i (« H n ■ ■ 05'i (« - 

er Bin*} (o — /9) = * {4* cot*} (a + j 3) + o’ mn’i (« + Pi] - 4’’ (Ijt 4' 

But the Icncth of the chord is 

Vff'‘ 

2b' smi fa - 


By the help of this Example scvtnl tlicoumj concciniug choidb tbiough a toms 
may bo extended to choids toiuhing confer »1 conics lUnro jl-^o u iujiiK<liaiely 
derived a proof ot Ex. 13, p. 21^ fot OH OH' is to OS, Oi>' as the &qii ucs of the 
paisUel diameters (Art. 149), and it ib licie piONcd that the choids OH^OH, 
OS — OS' are to each other in the same latio. 


232. The methods of tho preceding Articles do not apply to 
the hyperbola. For the hypcibola, Loweyer, we may substitute 

X* a sec y tan 0, 



mnee 
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This angle may be represented geometrically by drawil^ 
a tangent MQ from the foot of 
the ordinate M to the circle de¬ 
scribed on the transverse axis, 
then the angle QCM^s since 

CM^GQ sec <2Caf. 

We have also Qdfsatan^, but tan Hence, if 

from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in 
a constant ratio to the ordinate. 

Ex. If any point on the conjugate hyperbola be expressed similarly tf* 96^4^'^ 
r* a tnni/i\ prove that the itlation connecting the extiemities of conjugate dia- 
meteis is ^ [Mr. Turner.] 
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233. Any two figures are said to be similar and similarly 
filaced if radii vectores drawn to the first from a certain point 0 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it be possible to find any two such points 
0 and 0 , we can find an P ^ 







infinity of others; for, take 
any point 0, draw oc parallel 
to OC^ and in the constant 

ratio ^ 5 , then from the similar triangles OOP, oep^ cp is parallel 



to CP and in the given ratio. In like manner, any other radius 
vector through c can be proved to be proportional to the parallel 
radius through O. 

If two central conic sections be similar and similarly placed, 
all diameters of the one are proportional to the parallel diameters 
of the other, since the rectangles OP.OQ^ op.oq are propor¬ 
tional to the squares of the parallel diameters (Art. 149). 


284. To find the condition that two conics, given by the 
general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 
(Art. 152) that the square of any semi-diameter of the first is 
^ equal to a couEitant divided by a cost'd+ 2A cosd sin ^+5 sin^d, 
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alid} til like manner, that the square of a parallel scmi-diainetcr 
p6the second is equal to another constant divided by 

a' cos*6 + 2fi cos 0 sin d 4 V sin*0. 

The ratio of the two cannot be independent of 0 unless 

a h b 

Hence two conic sectiom will be similar and similarly placed^ 
^ the coefficients of the high'^st powers of the variables are the 
same in hoik or only differ by a constant multiplier. 


235. It is evident tha* the directions of the axes of these 
conics must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of 
the other. If the diameter of one become infinite, so must also 
the parallel diameter of the other, that is to say, fhe asymptotes 
^ Similq/r Jind similarly placed hyperbolas are paralhh The 
same thing follows from the result of the last Article, sinco 
(Art. 154} the directions of the asymptotes are wholly determined 
by the highest terms of the equation. 


Similar conics have the same eccentricity; for -—must 




be = 


wV — ni^b* 


a 


w a 


Simila r and similarly placed conic sections 

Jiaye hence sometimes been defined as those whose axes are 
parallel, jind which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they arc aimilor, 
[ for their axes must be parallel, sinco they bisect the angles 
I between the asymptotes (Art. 155), and the eccentricity wholly 
^depends on the angle between the asymptotes (Art. 1G7). 


236. Since the eccentricity of every parabola is =1, wo 
should be led to infer that all parabolas are similar and similarly 
jpla ced, th e direction of who^e axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being or 

p COB 6 

sin*^ ’ 

it is plain that a parallel radins vector through the vertex of the 
pther will be to this radius in the constant ratio p ': p. 
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1« If on any radius rector to a conic section thioug;li n fixed point 0^ OQ t)0 
taken in a canatant ratio to OP, find the locus of Q, We have only to suhSti^ute 
mp for p in the polar equation, and the locus is found to be ^ conic shnilar to thd 
conic, and similarly placed. 

The point O may be called the centre ofeimilHnde of the two conics; and It is 
obviously (see also Art. 115) the point where common tangents to the two coifics,^ 
intersect, since when the radii vectores OP, OP' to the first conic become equCly SO 
must also OQ, OQ! the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of two similaS 
conics, the chords joining their extremities will bo either parallel, or will meet on the 
chord of intersection of the conics. 

This is proved precisely as in Art. 116. 

Ex. 8. Given three conics, similar and similarly placed, their six centres of Bimili*^ 
tude will lie three by three on right lines (see figuie, page 108). 

Ex. 4. If any line cut two similar and concentric conics, its parts intercepted 
between the conics will be equal. 

Any choid of the outer conic which touches the interior will be bisected at the 
point ot contact* 

These are proved in the same manner as the tlieoiema at page 191, which are but 
paiticular ca^^es of them; foi the ab^mpLotes of any hypeihola. may be cou'^idered 
as a conic tcction similar to it, since the higiicst terms in the equation of the asymp¬ 
totes are the same as in the equation of the curve. 

Ex, 5. If a tangent drawn at any point P of the inner of two conccntiv' and 
similar cllqises meet the outer in the points T and 1 *, then any choid of the inner 
drawn thiough P is half the algehioic sum of the paiallel choids of the outer 
through Tand 7'. 


237.0’wo figures will be similar, although not simHarly 
placed, if the proportional radii make a constant angle with 
each other, instead of being parallel; so that if we could imagine 
one of the figures turned round through the given angle, they 
would be then both similar and similarly placed^ 

To find the condition that two conic sertiona^ given hy the 
general eguations^ should be similar^ even though not similarly 
placed. 

We have only to transform the first equation to axes making 
any angle 0 with the given axes, and examine whether any 
value can be assigned to 6 which will make the new n, /f, h pro* 
portional to a', h\ V. Suppose that they become ma\ mh\ mb\ 
Now, the axes being supposed rectangular, we have seen 
(Art. 157) that the quantities a+ 5, ab--h\ are unaltered by' 
transformation of coordinates; hence we have 




a + J m (a' + &'), 
ah^h^:>^m^{g;U-h\ 
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lucid tibe teqmred condition is eyidently 

ai-A* a'y-A'* 

|f tbe aEea be oblique, it is seen in like manner (Art. 158) that 
the condition for similarity is 

__ 

(a -h 6 - 2A cos wf {a! + y — 2h' cos »)* * 

It will be seen (Arts. 74, 154) that the condition found ex¬ 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the other. 

THE CONTACT OP CONIC SECTIONS. 

2.'i8 Two curves of the and w*** degrees respectively inter- 
sect in mn points^ 

For, if we eliminate either x or y between the equations, the 
resulting equation in the remaining variable will in general be 
of the m'ti^ degree {Higher Algehra^ Art. 73). If it should 
happen that the resulting equation should appear to fall below 
the degree, in consequence of the cocfBcieuts of one or 
more of the highest powers vanishing, the curves would still 
be considered to intersect In mn points, one or more of these 
points being at infinity (see Art. 185). If account be thus 
taken of infinitely distant as well as of imaginary points, it 
may bo asserted that the two curves always intersect in mn 
points.. In particular two conics always intersect in four poin*s. 
In the next Chapter some of the cases will be noticed where 
points of intersection of two conics are infinitely distant; at 
present we are about to consider the cases where two or moro 
of them coincide. 

Since four points may be connected by six tines, viz. 12, 34; 
13,24; 14,23; two ccmics have three pairs qf dmds (f intersection. 

289. When two of the points of intersection coincide, tlie 
conics touch each other, and the line joining the coincident points 
is the common tangent. The conies will in this case meet in two 
real or imaginary points X, M distinct from the point of contact. 
This is called a contact of ike first ordei\ The contact is said to 
be of the second order when three of the points of intcrscctiou 

GO, 
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coincide, as, for instance, if the point JIf mo^e up until it coincide 



with T. Curves which have contact of an order higher than 
the first are also said to osculate; and it appears that conics 
which osculate must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common; and since two conics cannot have more than four 
points common, this is tho highest order of contact they can 
have. 

Thus, for example, the equations of two conics, both passing 
through the origin and having the line x for a common tangent 
are (Art. 144} 

^ aaj* + 2hxy + hif + 2gx = 0 , aV + 2h*xy + Vtf + 2^'aj = 0 . 

And, as in Ex. 2, p. 175, 

«{[aV - a!b) 0 ? + 2 [hV - Kh) g'i)] =» 0, 

renresents a figure passing through their four points of inter¬ 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line LM passing through the other two points. 
IfuowgV^^gbj LM passes through the origin, and the conics 
have contact of the second order. If in addition hV^Hb^ the 
equation of LM reduces to x = 0; LM coincides with the tangent, 
and the conics have contact of the third order. In this last 
case, if we make by multiplication the coefficients of tho same 
in both the equations, the coefficients of xy and x will also be 
the same, and the equations of the two conics may be reduced 
to the form 

aa?* + 2^+ 0^* 4 2ya; = 0, aV 4 2A£cy 4 4 s* 0. 

240. Two conics may have double contact if the points of 
intersection 1,2 coincide and also the points 3,4. The condition 
that the pair of conics considered in the last Article should 
touch at a second point is found by expressing the condition 
that the line LM^ whose equation is there given, should touch 



THE CONTACT OF CONIC SECTIONS. 227 

either conic* Or, more siraplj, as follows: Multiply the equa¬ 
tions by g' and g respectively^ and subtract, and we get 

{ag*^a*g) «* + 2 {hg'-^Kg) + ( 5 /- 0 , 

which denotes the pair of lines joining the origin to the two 
points in which LM meets the conics* And these linos will 
coincide if 

{ag* - oV) (V - h'g) - [Iig’ - Kg)\ 


241. Since a conic can be found to satisfy any five conditions 
(Art. 133), a conic can be found to touch a given conic at a 
given point, and satisfy any three other conditions. If It have 
contact of the second order at the given point, it can bo made 
to satisfy two other conditions; and if it have contact of the 
third order, it can be mado to satisfy one other condition. Thus 
we can determine a parabola having contact of the tliird order 
at the origin with 

+ 2hxy + hy^ + 2gx =; 0* 

Referring to the last two equations (Art. 239), wc see that 
it is only necessary to writo o! instead of a, where cl is deter¬ 
mined by the equation a*b = A*. 

We cannot, in general, describe a circle to have contact of tho 
third order with a given conic, because two conditions must be 
fulfilled in order that an equation should represent a circle; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points arc sufficient to determine 
a circle. We can, however, easily find the equation of the 
circle passing through three consecutive points on the curve. 
This circle ia called the oeculatmg circle^ or the circle of 
ewrvature* 

The equation of the conic to oblique or rectangular axes 
being, as before, 

no? + 2hvy + Jy* •+ 2gx = 0, 

that of any circle touching it at tho origin is (Art. 84, Ex. 3) 
as* + 2xy cos » + y* — 2rx sin w = 0. 

Applying the condition gV^g'b (Art. 239), we see that the 
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condition that the circle should osculate is 


g^^ro sm(Oj 


' b sm Q» I', 

The quantity r is called the radius of curvature of the cOnlo 
at the point 7. 


242. To find the radius of curvature at any point on a central 
conic. 


In order to apply the formula of the last Article the tangent 
at the point must be made tho axis of y. How the equation 
referred to a diameter through the point and its conjugate 



point, by substituting x-ha* for a?, and becomes 


? + 2L J. 


2x 


0 . 


a- a 

Therefore, by the last Article, the radius of curvature ia 


—. Now a! sino) is the perpendicular from the centre on 
a Binw ^ ^ 

the tangent, therefore the radius of curvature 


= ~ , or (Art. 175) 


aft* 


243. Let N denote the length of the normal PNj and let ^ 

denote the angle FPN between the normal -- 

and focal radius vector, then the radius of 

^ Fori\^=—(Art.181), 


curvature is 


cos> * 
ft 


a 



and cos^==:^, (Art. 188), whence the truth of the formula ia 
manifest. 


* In the Examples which follow we find the absolute magnitude of the radius of 
curratme, without regaad to sign. The sign, as usual, indicates the direction in whixih 
the radius is measured. For it indicates whether the given curve is osculated by 
a circle whose equation is of the form 

+ 2j:y cos w + 7 2ra; sin co = 0, 

the upper sign signifying one whose centre is in the positive direction of thO sdifil 
of X ; and the lower, one whose centre is in the negative direction. The formula in 
the text then gives a positive radius of curvatuie when the concavity of the curvo 
IB turned in the positive direction of the axis of s, and a negative radius when it is 
turned ia the qppoiite direction, 
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Thus we have the following construction: Erect a perpen¬ 
dicular to the normal at the point where it meets the axis; and 
f again at the point where this perpendicular meets the focal 
radiuSi draw OQ perpendicular to it, then 0 will be the centre 
Ojf curvature, and OP the radius of curvature. 

244. Another useful construction is founded on the principle 
that^jijjJ^ <i circle intersect a conic^ its chords of intersection will 
rnake equal angles with the axis. For the rectangles under the 
segments of the chords are equal (Euc. ill. 35), and therefore 
the parallel diameters of the conic are equal (Art. 149), and 
therefore make equal angles with the axis (Art. 162). 

Now, in the case of the circle of curvature, the tangent at T 
(see figure, p. 226) Is one chord of intersection and the lino 
the other; we have, therefore, only to draw ZX, making the 
same angle with the axis as the tangent, and we have the point 
£; then the circle described through the points T, X, and, 
touching the conic at 7, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

£x. 1. Using tho notation of the eccentric angle, find the condition that four 
points a, /3, 7 , d should lie on the same circle (Joachimsthal, Crtlh^ XXXVt. 95). 

The chord joining two of them must make the same angle with one side of the 
axia as the chord joining the other two does with tho other; and the choida being 

^cos^ (« + /3) +1 sin4 (a + /9) ^ cos^ (a — /S); 

^ cos 4 (y + i) +1 sin J (y + ^) = cos^ (y - ; 

we have tan 1 (« + + tan^ (y + d) = 0 ; o + /8 + y + d = 0 ; or = 2 »* 7 r. 

Ex. 2 . Find the coordinates of the point wheie the osculating circle meets the 
conic again. 

WehiTea = ^ = yj henco« = -8a; or r = 

Ex. 8 . If the normals at three points a, /3, y meet in a point, the foot of the fourth 
normal fiom that point is given by the equation a + /34-y + d = ( 2 m + 1 ) ir. 

Ex. 4 . Find the equation of the chord of enrvature TL. 

X f/ 

Ans. -rCOBasinn == cofi 2 a» 

a o 

ISx. 5. There ore three points on a oonio whose osculating circles pass through 
a given point on the curves these lie on a circle passing through the po^t, and form 
a triangle of which the cehtre of the curve is the intersection of bisectors of sides 
(Steiner, Crelk, XXXIX. 800; Joachimsthal, xxxvi. 95). 

Here we are given d, the point where the circle meets the curve again, and from 
the last Example the point of contact is a = - jO. But since the sine and oosme 
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of d would not alter if S wore increased by 860^, we might also have « =? -r ^8 4* 130% 
or =r — ^8 + 240% and, from £z. 1, these three points lie on a circle passing through di; 
If in the last Example we suppose X, Y given, since the cubics which determine 
and y want tlie second terms, the sums of the three values of and of y* are' 
respectively equal to nothing; and therefore (Ex. 4, p. 5) the origin is the intersec^Yt 
of the bisectors of sides of the triangle formed by the three points. It is easy td lee' 
that when the bisectors of sides of an inscribed triangle intersect in the centre^ the' 
normals at the vertices are the three perpendiculars of this triangle, and ther^Oie 
meet in a point. 

245- To find the radius of curvature (f a paraiola^ 

Tiie equation referred to any diameter and tangent being 

the radius of curvature (Art. 241) Is ^ where 6 

N 

is the angle between the axes. The expression 

construction depending on it, hold for the parabola, since 
^=a iy sin 0 (Arts. 212, 213) and = 90“ — 0 (Art. 217). 

Ex. 1. In all the conic sections the radins of curvature is equal to the cube of the 
normal divided by the square of the semi-parameter* 

Ex. 2. Express the radius of curvature of an ellipse in terms of the angle which 
the normal makes with the axis. 

Ex. 8. Find the lengths of the chords of the circle of curvature which pass 

through the centre or the focus of a central conic section. ^ 2^'^ , 26'^ 

Ans, r, and — 
a' * a 

Ex. 4. The focal chord of curvature of any conic is equal to the focal chord of 
the conic drawn poi'allel to the tangent at the point. 

Ex. 5. In the parabola the focal chord of curvature is equal to the parameter of 
the diameter passing through the point. 


246. To find the coordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the coordi¬ 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on y as the normal to the ordinate y. We find.the 
projection, therefore, of the radius of curvature on the axis of 

y ^by multiplying the radius — by ^ ^. The y of the 


centre of curvature then is 




But S'* = 4* + ^^", there¬ 


fore the y of the centre of curvature is 
manner its x is —*— x , 



In like 
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We should have got the same values by making = 7 

8, p. 220. 

. Oi*j again, the centre of the circle circumscribing a triangle is 
th^ intersection of perpendiculars to the sides at their middle 
points.; and when the triangle is fornied by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the interscc'^ 
tion of two consecutive normals* Now if we make x* = a?" = X, 
y* in Ex. 4, p. 175, we obtain again the same values as 

those just determined. 

247. To find the coordinates of the centre, of curvature of a 
parabola. 

The projection of the radius on the axis of y is found in like 
manner ^by multiplying the radius of curvature 

j! 

* “ sin'*“^' 

and subtracting this quantity from f we have 

In like manner its X is cc' + = a?' + = 3x + A ». 

The same values may be found from Ex. 10, p. 214. 



248. The evolute of a curve is the locus of the centres of 
curvature of its diflFerent points. If it were required to find the 
evolute of a central conic, we should solve for x*y in tonus of 
the X and y of the centre of curvature, and, suLotituting in the 

equation of the curve, should have (writing - = -d, ^ jBJ , 

ar? y ^ 




= 1 . 


In like manner the equation of the evolute of a parabola is fouud 
to be 

27p/=16 

which represents a curve called the^cj^Ur^iKiica? 



( 232 ) 


CHAPTER XIV* 

METHODS OE ABBIDOED HOTATIOK. 

249. Ip = 0 be the equations of two conics, th^tl 

the equation of any conic passing through their four, real^ 
or imaginary, points of intersection can be expressed in the 
form 8 = k8\ For the form of this equation shows (Art. 40) 
that it denotes a conic passing through the four points common^ 
to 8 and 8'*^ and we can evidently determine k so that 8^k8^ 
shall be satisfied by the coordinates of any fifth point. It must 
then denote the conic determined by the five points.* 

This will, of course, still be true if either or both the quan¬ 
tities 8^ 8‘ be resolvable into factors. Thus 8=^kal3j being 
evidently satisfied by the coordinates of the points where the 
right lines a, /9 meet 8j represents a conic passing through the 
four points where 8 is met by this pair of lines; or, in other 
words, represents a conic having a and for a pair of chords of 
intersection with 8. If either a or ^ do not meet 8 in real 
points, it must still be considered as a chord of imaginary inter¬ 
section, and will preserve many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So, again, ay =» kffS denotes a conic circum¬ 
scribing the quadrilateral a/SyS^ as wc have already seen (Art. 
122) .f It is obvious that in what is here stated, a need not 


Since five conditions dcteimine a conic, it is evident that the most general 
equation of a conic satisfying four conditions must contain one independent constant; 

' whose value remains undetermined until a fifth condition is given. In like manner; 
the most general equation of a conic satisfying three conditions contains two in* 
dependent constants, and so on. Compare the equations of a conic passing througli 
three points or touching three linos (Arts. 124, 129). 

If we are given any four conditions, in the expression of each of which the co* 
efficients enter only in the first degree, the conic passes through four fixed points ; 
for by eliminating all the ooeffiments but one; the equation of the conic is reduced 
to the form S = 

t If a/3 be one pmr of chords joining four points cm a conic S, and <yd anothsik 
pair of chords, it is immaterial whether the general equation of a conic pfwdng 
thiough the four points be expressed in any of the forms S ita^, S ** a/9 

whoie i' is indeterminate; because; in yirtue of the general principle; £1 is itself of the" 
form afi - ■" 
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V 

x^tricted; ^ ^ p, $3, to denote a line whose equation has 
*beeh reduced to the form d;cosa + ^ sinaa|?; but that the 
argument holds if a denote a line expressed by the general 
equation 

260. There are three values of for which re- 

pi'esents a pair of right lines. For the condition that this shall 
be the case, is found by substituting a^ka\ h-^kb\ &c« for 
er, &c. in 

abo -f 2fgh — q/** - bg^ - cA*« 0, 

and the result evidently is of the third degree in A, and is 
therefore satisfied by three values of A. If the roots of this 
cubic be A', then iS-F/S', denote 

the three pairs of chords joining the four points of intersection 
of S and S' (Art. 238). 

Ex. 1. What is the eqtiation of a conic passing through the points *whcTe a ^yen 
conic 8 meets the axes? 

Hero the axes as = 0, = 0, are chords of intcisection, and the equation must be 
of the foim iSf = where ^ IS indetciminate. See Ex IjAit. lol. 

£z. 2. Form the equation of the conic passing through five given poinH, fur 
example (1, 2), (3, 5), (— 1, 4), (— 8, — 1) (— 4, 8). Foiming thu equations of tiie sides 
of the quadnlateral formed by the first four points, we see that the equation of the 
required conic must be of the form 

{3x — 2y + 1) (6jf — 2^ + 18) =: A? (« - 4y + 17) (3 j; 4y + 6). 

Substituting m this, the coordinates of the fifth point (<>4, S), we obtain ^ ^ — ^V* 
SubsUtuting this value and reducing the equation, it becomes 

79aj* - 820<ry + 80Iy« + llOlo? - 1666y + 1586 = 0. 

_ « 

251. The conica /8, S—Aa/S will touch; or, in other words, 

two of their points of intersection will coincide; if eitiier aov 0 
touch 8j or again, if a and 0 intersect in a point on 8. Thus if 
0 be the equation of the tangent to /S' at a given point on it 
a?y, then /S = T (?a? -f wy 4 w), is the most general equation of a 
conic touching 8 at the point x'g '; and if three additional con¬ 
ditions are given, we can complete the determination of the 
conic by finding m, n. 

Three of the points of Intersection will coincide ii lx + mg 
pass through the point x'g '; and the most general equation of a 
conic osculating 8 at the point x'y' is jS= r(/a;4?My — Zee'—wy'). 
If it be required to find the equation of the osculating circle^ 
we have only to express that the coefficient xy vanishes in this 

ZIH. 
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equation, and that the coefficient of that^,of y*} whoa we 
have two equations which determine I and wi. ' 

The conics will have four consecutive points common if 
wy 4 n coincide with T, so that the equation of the secopd 
conic is of the form 8=kT^. Compare Art. 239, 

Ex. 1. If the axes of S be parallel to those of 5', so will also the axes of 
S — For if the axes of coordinates bo parallel to the axes of neither 8 nov 
S' will contain the term If 8' be a circle, the axes of 8 — kS' are parallel to 
the axes of 8, li S — kS' represent .a pair of right lines, its axes become the internal 
and external bisectors of the angles between them; and we have the theorem of 
Art. 244. 


Ex. 2. If the axes of coordinates be parallel to the axes of 8f and cdso to those 
of 8 — kapf then a and /5 are of the forms /a; 4- wy + n, lx — my n*. 

Ex. B. To find the equation of tlie circle osculating a central conic. The equation 
must be of the form 

S ~ ^ ^ ~ ■ 

Expressing that the coefficient of xy vanishes, we reduce the equation to the form 


^ U- ^ \a^ A* a‘ AV ' 


6^ 


and expressing that the coefficient of a® = that of y®, we find \ = , andf 


the equation becomes 


2 (ffg - &«) 2 (A® - a*) y'^j 


_'_y_y + rt'* - = 0. 


o« A* 

Ex. 4. To find the equation of the circle osculating a parabola. 

Ans* (p* + 4pa:') (y® - par) = {2yy^ — p (a? + a/)} {2yy' + pa; — Bpa:^, 




252. We have seen that S—7col/3 represents a conic passing 
through the four points 

where a ,/8 meet j ^ 

8\ and it is evident that 
the closer to each other 
the lines a, ^ are, the 
nearer the point P is to ^ 

and Q to q. Suppose that the lines a and /9 coincide, then 
the points P, p; Q^q coincide, and the second conic will touch 
the first at the points P, Q, Thus, then, the equation 8 = ia* 
represents a conic having double contact with 8^ a being the chord 
of contacU Even if a do not meet 8^ it is to be regarded as the 
imaginary chord of contact of the conics 8 and 8--ko?. In' 
like manner represents a conic to which a and 7 are 

tangents and 8 the chord of contact, as we have already seen 
. (Art. 123). The equation of a conic having double contact 
with 8 at two given points a?y, x'^yT may be also- written in the 
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form S^kTT'f where 27 and T' represent the tangents at these 
points. 

253. If the line a be parallel to an asymptote of the conic 

Sy it will also be parallel to an asymptote of any conic reprc- 
eented by which then denotes a system passing through 

three finite and one infinitely distant point. In like manner, 
if in addition were parallel to the other asymptote, the system 
would pass through two finite aud two infinitely distant points. 
Other forms which denote conics having points of intersection 
at infinity will be recognized by bearing in mind the prin¬ 
ciple (Art. 67) that the equation of an infinitely distant line is 

O.y+(7=0; and hence (Art. 69) that an equation, appa¬ 
rently not homogeneous, may be made homogeneous in form, if 
in any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant multipliers 
0.aj + O.y + C7. Thus, the equation of a conic referred to its 
asymptotes (Art. 199] Is a particular case of the form 

= referred to two tangents and the chord of contact 
(Arts. 123, 252). Writing the equation = (O.-r + 0.;/+ /c)’*, 
it is evident that the lines x and y arc tangents, whose points of 
contact are at infinity (Art. 154), 

254. Again, the equation of a parabola y” is also a par¬ 
ticular case of a 7 =i 8 *. Writing the equation a? (0. a;+0. y + ju) 

the form of the equation shows, not only that the line x touches 
the curve, its point of contact being the point where x meets y, 
but also that the line at infinity touches the curve, its point of 
contact also being on the line y. The same inference may be 
drawn from the general equation of the parabola 

(oto; +/Qy)* + ( 2 ya; + 2 /y + c) ( 0 .a? +O.y + 1 ) = 0 , 

which shews that both 2 ya? + 2 ^ + c, and the lino at infinity are 
tangents", and that the diameter oo? + ^y joins the points of con¬ 
tact. Thus, then, exery parabola has one tangent altogether at an 
infinite distance. In fact, the equation which determines the 
direction of the points at infinity on a parabola is a perfect 
square (Art. 137); the two points of the curve at infinity 
therefore coincide; and therefore the line at infinity is to be 
regarded as a tangent (Art. 83). 
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Ex. The general equation 

a«* -f 2Afly + + 2^a + SJ/V + c s 0 

may be regaided as a pasticulor case of the form (Art. 122) ay = For the 

three teims denote two lines a^ y passing through the ongin, and the last three ttotOx 
denote the line at infinity together with the Ime 2ffx + 2/y+o. The form of the 
equation then shows that the lines a, y meet the curve at infinity, and sdso that d 
iepiei»ents the line jolnmg the finite points in which ay meet the carve. 

255. In accordance with Art* 253, the equation S^k/Sis to 
be regarded aa a particular case of a/3, and denotes a system 
of conics passing through the two finite points w^here ff meets 8f 
and also through the two infinitely distant points where B is 
met by 0.x + O.y + A. Now it is plain that the coefficients of 
of fry, and of are the same in 8 and in 8^ k3^ and there¬ 
fore (Art. 231) that these equations denote conics similar and 
similcirly placed. Wo learn, therefore, that two conics simihr 
and similarly placed meet each otiur in two infinitely distant 
points^ and consequently only in two finite points. 

This is also geometrically evident when the curves are 
hyperbolas; for the asymptotes of similar conics are parallel 
(Art. 235), that is, they intersect at in¬ 
finity; but each asymptote intersects 
its own curve at infinity; consequently 
the infinitely distant point of intersec¬ 
tion of the two parallel asymptotes is 
also a point common to the two curves. 

Thus, on the figure, the infinitely distant 
point of meeting of the lines OJT, Oo?, 
and of the lines OY^ Oy, are common to the curves. One of 
their finite points of intersection is shown on tho figure, the 
other is on the opposite branches of the hyperbolas. 

If the curves be ellipses, the only difference is that the 
asymptotes are imaginary instead of being real. The directions 
of the poiqts at infinity, on two similar ellipses, are determined 
from the same equation (ajj*-f 2A4-== 0) (Arts. 136,234). 
Now, although the roots of this equation are imaginary, yet 
they are, in both cases, the same imaginary roots, and therefore, 
the curves are to be considered as having two imaginary points 
at Infinity common. In fact, it was observed before, that even 
when the line a does not meet 8 in real points, it is to be 




METHODS OF ABBIDOSD NOTATION. 237 

as t chord of imaginary intersection of 8 and 8--koL0^ 
tfiud this remains true when the line a is infinitely distant. 

, If the curves be parabolas^ they are both touched by the line 
at infinity (Art. 2^4}; but the direction of the point of contact| 
depending only ori the first three terms of the equation, is the 
same for both. Hence, two similar and similarly 'placed para* 
holas touch each other at infinity. In short, the two infinitely 
distant points common to two similar conics are real, imaginary, 
or coincident, according as the curves are hyperbolas, ellipses, 
or parabolas. 

256. The equation 8^1c^ or i8^=i(0,a? + 0.y + l)* is mani¬ 
festly a particular case of 8^ Jeof^ and therefore (Art. 252) de¬ 
notes a conic having double contact with 8^ the chord of cont.ict 
being at infinity. Now 4 difiers from 8 only in the constant 
term. Not only then are the conics similar and similarly placed, 
the fiist three terms being the same, but they are also con¬ 
centric. For the coordinates of the centre (Art. 140) do not 
involve c, and therefore two conics whose equations differ only 
in the absolute term are concentric (see also Art. 81). llcucc, two 
similar and concentric conics are to be regarded as touching each 
other at two infinitely distant points. In fact, the asymptotes of 
two such conics are not only parallel but coincident; they have 
therefore not only two points at infinity common, but also tlio 
tangents at those points; that is to say, the curves touch. 

If the curves be parabolas, then, since the line at infinity 
touches both curves, 8 and have with each othci, by 

Art. 251, a contact at infinity of the third order. Two paia- 
bolas whose equations differ only in the constant term will be 
equal to each other; for the curves y*^p {x + n) arc 

obviously equal, and the equations transformed to any new axes 
will continue to differ only in the constant term. Wc have seen, 
too (Art. 205), that the expression for the parameter of a para¬ 
bola docs not involve the absolute term. The parabolas then, 
8 and 8--J^ are equal, and We learn that two equal and similarly 
placed parabolas whose oases are coincident may be considered as 

having with each other a contact of the third order at infinity, 

257. AU circles are similar curves, the terms of the second 
degree being the same in all. It follows then, from the last 
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Articles, that all circles pass thro^h the same two imaginary 
points at infinity^ and on that account can never intersect in more 
than two finite points, and that concentric circles touch each other 
in two imaginary points at infinity; and on that account can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are but partw 
cular cases of theorems concerning conics which pass through 
two fixed points. 

258. It is important to notice the form f'a* + = n* 7 *, 

which denotes a conic with respect to which a, 7 are tho 
sides of a self-conjugate triangle (Art. 99). For the equation 
may be written in any of the forms 

Pa* + = nV- 

The first form sliows that W 7 4 w/S, 727 — w /8 (which intersect 
in ^ 7 ) are tangents, and a their chord of contact. Consequently 
the point /87 is tho pole of a. Similarly from the second form 
7 a is the pole of ) 8 . It follows, then, that is the pole of 7 ; 
and this also appears from the third form, which shows that the 
two imaginary lines ?a±7/2^V(-I) arc tangents whose chord 
of contact is 7 . Now these imaginary lines intersect in the 
real point which is therefore the pole of 7 ; although being 
within the conic, the tangents through it are imaginary. 

It appears, in like manner, that 

* oot® + 2Aa^ 4 — C7* 

denotes a conic, such that ayS is the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which intersect in 

Con If Po* + = «®y® denote a circle, its centre must be the intersection of 

perpendiculars of the triangle ajiy. For the pcipeudiuular let fall fiom any point 
on its polar must pass through the ccntie* 

258*(a). If ar = 0 , y = 0 be any lines at right angles to each 
other through a focus, and 7 the corresponding directrix, the 
equation of the curve is 

2 

+^- 67 , 

a particular foim of the equation of Art. 258. Its form shows 
tliat the focus {pry) is the pole of the directrix 7 , and that the 


* Xlu 9 Aiticlc '^vn^ numbered 279 in the picvloua editions. 
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polar of any point on the directrix Is perpendicular to the line 
joining it to the focus (Art. 192); for y, the polar of {ccy) is pei^ 
pendicular to but x may be any line drawn through the focus. 

‘ The form of the equation shows that the two imaginary 
lines + are tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all conics 
tbht(^ have the same focus have two imaginary common tangents 
passing through this focus. All conics, therefore, which have both 
foci common, have four imaginary common tangents, and may 
be considered as conics inscribed in the same quadrilateral. The 
imaginary tangents through the focus (a;® + = 0 ) arc the same 

as the lines drawn to the t vo imaginary points at infinity on any 
circle (see Art. 257). Hence, we obtain the following general 
conception of foci: Through each of the two imaginary points 
at infinity on any circle draw two tangents to the conic; these 
tangents will form a quadrilateral, two of whose vertices will bo 
real and the foci of the curve, the other two may be considered 
as imaginary foci of the curve.” 

Ex. To find the foci of the conic given by the general equation, Wc have 
only to express the condition that x — x* + (/y — y') J('- 1) should touch tlie ciii vo. 
Substituting then in the formula of Art. 151, for /i, v respectively, I, ./( - 1), 
— {a/ + y'4(— l)}j and equating separately the real and iin.-igin.-xiy p.art-^ to cypher, 
we find that the foci are determined as the intursccllon of the two luci 

C (ar* - y2) ^^-2Fy-2GJC + A^ li- 0, Cry -- Fc - Cy -f- // •= 0, 

which denote two equilateral hyperbolas concentric with the given conic. Writing 
the equations 

(Cuf - (7)2 - (Cy - Fy “ G^--AC - {F^ - BC) = A (« - 5), 

{Cx - G) {Cy - F) = FG - (77/= AA ; 
the coordinates of the foci are immediately given by the equations 

((7a;-602 = iA(i2 + a-6)j {Cy - F)* = JA (K + 5 - a), 

where A has the same meaning as at p. 153, and 11 as at p. 158. If the curve is a 
parabola, (7 = 0, and we have to solve two linear equations which give 

(/’* + (?2) x=^FH-¥\{A-‘B)G) (/■* + 6'2) y = (7/7 + 

259. We proceed to notice some inferences which follow on 
interpreting, by the help of Art. 34, the equations we have 
already used. Thus (see Arts. 122, 123) the equation 
'implies that the produci of the perpendiculars from any point of 
ii conic on two fixed tangents is in a constant ratio to the sguare 
^ if the perpendicular on their chord of contact, 

\ The equation «7 = 7»:/9S, similarly interpreted, leads to the 
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important theorem: The product of the perpendiculare hi fait 
from any point of a conic on two opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpen^ 
diculars let fall on the other two sides* 

From this property we at once infer, that the anharmonic 
ratio of a pencil^ whose sides pass through four fixed points of a ** 
conic^ and whose vertex is any variable point of it^ is constant* 

For the perpendicular 

OA.OB nmAOB OC.OD.AnCOD , 

-- AB -» "y*- CD 


Now if wo substitute these values 
in the equation a 7 + the con¬ 
tinued product OA*OB,OC,OD 
will appear on both sides of the 
equation, and may therefore be 
suppressed, and there will remain 



AnAOB.fimCOD j AB,CD 
smBOC.evnAOD ~ BU:AD ^ 


but the right-hand member of this equation is constant, while 
the left-hand member is the anharmonic ratio of the pencil OA^ 
OB, 00, OB. 

The consequences of this theorem are so numerous and im¬ 
portant that we shall devote a section of another chapter to 
devciope them more fully. 


2G0, If S = 0 be the equation to a circle, then (Art. 90) 8 is 
the square of the tangent from any point xy to the circle; hence 
8 - a 0 (the equation of a conic whobC chords of intersection 
with tlie circle are a and 8) expresses that the locus of a pointy 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines^ 
is a conic passing through the four points in which the fixed lines 
intersect the circle* 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points; thus, for example, if the circle be infinitely 
Binall, the locus of a point, the square of whose distance from 0 
iumd •jnint A in a constant ratio to the product qf its distances 
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iim Xines^ is a cmic section; and the fixed lines may be 
considered as chords of imaginary intersection of the conic with 
an infinitely small circle whose centre is the fixed point 

261. Similar inferences can be drawn from the equation 
. 0, where S' is a circle. We learn that the locus of a 

pointy such that the tangent it to a fixed circle is in a constant 
ratio to its distance from a fixed line^ is a 'conic touching the circle^ 
at the two points where the fixed line meets it; or, conversely, that 
if a circle have double contact with a conicy the tangent drawn to 
the circle from any point on the conic is in a cofistant ratio to the 
perpendicular from the pom* on the cJiord of contact. 

In the particular case where the circle is infinitely small, we 
ob^ »'iU the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may he considered as an iti-^ 
finitely small circle^ touching the in two imaginary points 

eituattd on the directrix, 

2G2. In general, if in the equation, of any conic the coordi-- 
nates of any point he suhsfitutedy the result will he jiroportionnl to 
the rectangle under the segments of a ^'ord drawn through the 
point parallel to a given line,^ 

For (Art. 148) this rectangle 

^ d 

a cod6 -f 2A cos 6 dmO -k-h sin'^^ * 

where, by Art. 1.34, c is the result of substituting In the equa¬ 
tion the coordinates of the point; if, therefore, the jxiigle Q' bo 
constant, this rectangle will be proportional to c. 

Ex. 1 . If two conics have double contact, the square of Iho perjjcndiciilnr from 
any point of one upon the chord of contact is in a constant ratio to the rcctunglo 
Under tlie segments of thot j)erpcndicular made by the other. 

Ex. 2. If a line parallel to a given one meets two conics in tlie iwints P, <2, < 7 , 

fend Ue take on it a point such that the rectangle OV. OQ, may be to Op. Oq in 
a constant ratio, the locus of 0 is a conic through the points of inteiiscction of the 
given conics. 

Ex. S. The diameter of the circle circumscribing the triangle formed by two 

tliUgentB to a central conic and their chord of contact is — : where b*, b'* ara the 

''^jljbfinl^diaiueters parallel to the tangents, and p is the perpendicular from the centre 
^ the chord of contact. [Mr. Burnside j. 


^ This is equally true for curves of any degree. 
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It will be convenient to suppose tbe eqimiion divided by ettob a qo^oetAnt tb<|t tl^ * 
rosuU of bubstituting the coordinates of the centre shall be unily. Jj61 %** be the 
lengths of the taii«;cntM, and let ^ be the result of substituting the cooidihOteB 
of theu lutoibeciiou; then 


Bnt also if n be the perpendicular on the chord of contact from the vertex of the 
ii liinglc, It IS cosy to see, attending to the remark, Note, p. 154, 

« :p :: 5*: 1. 


Hence 


«r /} 


But the left-hand 'id.e of this equation, by Elementary Gcomctiy, represents the 
diamctci of the ciicle circumBCribmg the tiiangle. 


Ex. 4. l*hc expression (Art. 242) for the radios of curvature may be deduced 
if in the last example we suppose the two tangents to coincide, in which case the 
diameter of the ciiclo becomes the radius of cuivatmc (sec Ait. 808); or also from 
tbe following theorem due to Mr, llobeits: If n, n* be the lengths of two in- 
tcisecting noiinals; p, // the corresponding cential perpendiculars on tangents; tf 
the semi-diameter parallel to the choi'd joining the two points on the curve, then 
tin + w'p' = 25*-. For if S' be the result of substituting in the equation the coordi* 
nates of the middle point oi the choid, cr, nr* the perpendiculars from that point 
on the tangenih, and 2/1 the length of ^he chonl, then it can be piovcd, as in tha 
list example, that — oz-p/S*, and it is veiy easy to see that 

#<is + li'w' = 2j3®, 


263. If two comes have each double contact with a thirds their 
chords of contact with the third conic^ and a pair of their chorda 
of intersection with each other^ will all pass through the same 
pointy and will form a harmonic pencil. 

Let the equation of the third conic be 5=0, and those of 
the first two conics, 

Now, on subtracting these equations, we find 2/* — JIf* *!= 0, 
which represents a pair of chords of intersection {L±MszO) 
passing through the intersection of the chords of contact (L and 
M)y and formlug a harmonic pencil with them (Art. 57). 

Ex. 1. The choids of contact of two conics with their common tangents pass 
through the intoibectiou of a pair ot then common chords. This is a particular case 
of the preceding, S being sup;x>bod to reduce to two light lines. 

Ex. 2. The diagonals of any inscribed, and of tbe corresponding clicnmsotibed 
quadrilateral, pass through the same ixdnt, and form a harmonic pencil. This is 
also a particular case of the preceding, S being any conic, and 88 + M* behfg 
supposed to reduce to right hues. The proof may also be stated thus; 

^ 4 , Og be two pairs of tangents and the corresponding chords of contact. 
words, s„ c, are diagonals of the corresponding Inscribed qnadrilater^ 
equation of 8 may bo written in either of the forms "f. 

“• ^ 0 , ~ 0 . 
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*n^ idijiiatfoA must therefore be identical with the firat, or caa only diflPer 

mxn ^ by a ceaetant multiplier. Hence <- Xt 3 t 4 muet bo identical with — \c^\ 
s: 0 r^resente a pair of right lines passing through the uitoisection of 
C |4 ^ aiyd hanttonically conjugate with them ^ and the equivalent foim shows that 
th<ida 4ght tines join the points and tjtg» For 0 most denote 

lochs ^aasiBg through those points. 

E±. 8. Xf2a, 2fif 2y, 2d be the eccentric angles of four points on a central conic, 
lorm the equation of the diagonals of the quadiildteiul foimed by their tangents, 
i^ere we have 

fj = ^ C0s2a + j sm 2a - 1, f* = ^ C082/3 +1 sin2/5 - 1, 

Oi = j cos (« 4* /8) +sm (a + /3) - cos (a - /?)* 
and we easily verify 

<A-c,* = -sin*(«-ff {^ + 4 ^- l}. 

Hence reasoning, as in the last example, we find for the equations of the diagonals 

__ «. 4 _ _ 

sin (« — /3) ^ am (y — d) * 


264. If three cowte^ have each ctovhle contact with a fourth^ 
eiJC of their chords of inU rsection will pass three by three through 
the same points^ thus formiug the sides and diagonals of a 
quadrilateraL 

Let the conics bo 


+ S + iP^O, = 

By the last Article the chords will be 

L-if=:0, iV'-L-O; 

i + Jf+JV^=0, JV^-Z = 0; 

Zr + JI/ssO, JLf—^a=0, 


£-Jlf«0, ilf+jY=aO, iV^+i = 0. 

As ill the last Article, we may deduce hence many particular 
theorems, by supposing one or more of the conics to break up 
ifito right lines. Thus, for example, if 8 break up into right 
Knes, it represents two common tangents to 8 + J\Py 
atid if L denote any right line through the intersection of those 
common tangents, then 8-\-L* also breaks up into right linos, 
end represents any two right lines passing through the intersec¬ 
tion of the common tangents. Hence, f through the intersection 
tangents of two conics we draw any pair of right 
t^rds of each conic joining the extremities of those lines 
one of common chords of the conics. This Is the 
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extension of Art 116. Or^ again^ tangents at the extremities ^ 
eiiheir of these right lines will meet on one of the common i^ords^ 

265. If 5+X*, /S+Jf*, all break up into pairs of 

right lines, thej will form a hexagon circumscribing By the 
chords of intersection will be diagonals of that hexagon^ and 
we get Brianchon’s theorem: The three opposite diagonals qf 
every hexagon circumscribing a conic intersect in a By 

the opposite diagonals we mean (if the sides of the hexagon be 
numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), (2, 3) 
to (5, 6), and (3, 4) to (6,, 1); and by changing the order in 
which we take the sides we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of 
which the present theorem is true. The proof may also be stated 
as in £x. 2, Art. 263. If 

be equivalent forms of the equation of By then c, = at re-* 
presents three intersecting diagonals.* 

266. If three conic sections have one chord common to ally their 
three other chords will pass through the same point. 

Let the equation of one be = 0, and of the common chord 
Z/ = 0, then the equations of the other two are of the form 

iS+iJ/=0, 8^-LN^Oy 
which must have, for their intersection with each other, 

L[M^N)^0l 

but 3/ - -AT is a line passing through the point [M2I). 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108), that the radical axes of three circled 
meet in a point. For three circles have one chord (the lino at 
infinity) common to all, and the radical axes are their other 
common chords. 


* 2Ir. Todhuntcr has with juatico objected to this proof, that sinbe no rale is given 
which of the diagonals of is Ci = + aU that is in etiiotneaa proved is that the 
lines joining (1, 2) to (4, 5) and (2, 8) to (5, G) intersect taker on the line j<4iilng 
(8,4) to (G, 1), or on that joining (1, 3} to (1, 6). But if the latter weie the case 
triangles 123, 456 would be homologous (t^ Ex. 3, p. 69), and therefoie fhe / 
sections 14, 25, 3G on a right line; and if we suppose five of these tangents fixec^ 
sixth instead of touching a conic uould pa&s through a fixed pohiti 
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^ The theorem of Art. 264 may be considered as a still further 
eittenBion of the same theorem, and three conics which have 
eaeh double contact with a fourth may be considered as having 
1 four radical centres, through each of which pass three of their 
common chords. 

The theorem of this Article may, as in Art. 108, be other¬ 
wise enunciated: Given four points on a conic §€clion^ its chord of 
intersection with a fioced conic passing through two of these points 
will pass through a fixed point 

Ez. 1. If throngh one of the points of intersection of two conics we draw any line 
meeting the conics in the points P, and through any 
other point of intersection B a line meeting the conics in 
the points Q, g, then the hnes PQ, pq will meet on Cl)^ 
the other chord of intersection. This is got by supposing 
one of the conics to reduce to the pair of lines OA^ 0£» 

Ex. 2 . If two right lines, drawn through the point of 
cxmtact of two conics, meet the curves in points P, p, Q, 7 , 
then the chords PQ, pq will meet on the chord of inter, 
section of the conics. 

This IB also a paiticular case of a theorem given in Art. 264, since ono intersection 
of common tangents to two conics which touch leduces to the pomt of contact 
(Cor., Alt. 117). 

267. The equation of a conic circumscribing a quadrilateral 
(ay^kffB) furnishes us with a proof of “Pascal’s theorem, 
that the three intersections of the opposite sides of any hexagon 
inscribed in a conic section are in one right line. 

Let the vertices be ahedef and let ah denote the equation 
of the lino joining the points a, b ; then, since the conic eircum- 
ecribos the quadrilateral ahed^ its equation must be capable of 
being put into the form 

db,cd—hc,ad^O, 

But since it also circumscribes the quadrilateral defa^ the same 
equation must be capable of being expressed in the form 

de,fa —ef,ad^0, 

From the identity of these expressions, we have 

ab,cd•^defa^ (Jc — efi) ad. 

Hence, we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines de^ cd^ af) is resolvable into two factors, 
'which must therefore represent the diagonals of that quadri¬ 
lateral. Bat ad is evidently the diagonal which joins the vertices 
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aiind therefore hc-^ef must be the other, and must 
points (a&, de)^ (cd^ a /); and since from its form it denotee o'jto 
through the point (io, ef)^ it follows that these three points 
in one right line. 

2 G8. We may, as in the case of Brianchon's theorem, 
a number of different theorems concerning the same six pointir^ 
according to the different orders in which we take them. Thus,^ 
since the conic circumscribes the quadrilateral bcef^ its equation, 
can be expressed in the form ^ ^ 

Now, from identifying this with the first form given in the last 
Article, we have 

n&.ctZ — (<wZ— ef) hc\ 

whence, as before, we learn that the three points (n5, cf)^ (c^7, Je), 
(arf, ef) lie in one right line, viz* ad^-ef^ 0. 

In like manner, from identifying the second and third forma 
of the equation of the conic, we learn that the three points 
(rfe, cf\ (fa^ 6s), {ad^ 6c) lie in one right line, viz. 

But the three right lines 

6 c — ef^ 0, aef s=s 0, adf - 6c « 0, 

meet in a point (Art. 41). Hence we have Steiner’s theorem^ 
that “ the three Pascal’s lines which arc obtained by taking the 
vertices in the orders respectively, ahedefy adefeby afebedy meet 
in a point.” For some further developments on this subject we 
refer the reader to the note at the end of the volume. 

Ex 1. liOtbfC bo three points on a right line, a\ b\ ^ three points on another 
line, then the intersections {bc\ 6V), (ca', «'a), (a&', a*b) he in a right line. This la 
a patticular case of Pa^al'b theoiem It remains trne if the second hne be at infinity 
and the hues ba , ca* be parallel to a given line, and similarly for eb*, ab*, ac\ be*. 

Ex 2 Fiom four hnes can be made four tiiangles, by leaving out in tnm ons 
hne the four intei>.ectionB of peipendiculars of these tnongles he m a right line. 
Let a, bf e, d he the light lines, a', 6', c*, df hnes perpendicular to them, then the 
theorem follows by applying the I'lst example to the three pomts of mtersecuon of 
o, b, 0 with di and the three points at inlinity on a*, b'^ d * 


* This pioof was given me independently by Piof. De Morgan and by Mr. Butnsido. 
l^e tlieorcm ilself, of which auothei pioof has been given p 217, may also be deduced 
from Stemei’s theorem, JSx 3, p. 2L2. For the four mtersections of perpenducuhMV 
must he on the diieotiix of the paiabola, which has the foui hnes for togeniaa TW 
line joining the middle pomlb of diagonals is paiallel to the axis (see 1, ^ 

It follows in the same way fioin Cor 4, p« 207, that the cucles mtcumscriblng 
triangles pass through the same point, vu. the focus of the same paiiabola. ^ 
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'^leoraiBi tbat the perpendicnlnA of the tiitnglr toimed by thred 
to a parabola intereect on tbe diiectii-c is a paiticnlar case of T tmnchona 
U JB'tXe let the three tangents bo n, c, let thi(C tangents pcipcniluuln to 
5', o') and let the line at infinity, which is al'to a tangent ^ Vi*t 251) bo co • 
ooQSidei the six tangents a, 5, c\ oo, a', and the lines joining roo 
oc*, tfa' meet in a point Llie fii«^t two are perpondionlnis of the tinngh, 
d the last is the diiectiix on which inteisect every pair ot icctangnlar tangents 
(Ati 221). IhiB proof is by Mr John C Mooie 

Bx 4 Given five tangents to a conic, to find the point of contict of any Let 
^BCJbE be the pentagon foimed by the tindents, then, if \( ind /?/ intei<bt<t lu 
Oi 7)0 pasbos thiongh the point of contact of AB This is dci ived from Tin mchon a 
l^eorepi by supposing two sides of the hexagon to be indi tnntely near, s nee any 
tangent is mtei&eeted by a consecutive tangent at its point of coni ict (Ait 147) 


269. Pascal’s tlieorern enables us, given five points -^,5, T, 
D, Ef to constiuct a conic; for if wc draw any line ^Pthioiigh 



one of the given points, wo can find tbe point F in whii li th it 
line meets the conic again, and can so dctcimmc as man^ points 
on the conic as we please For, by Pafetal’s thcoiera, the points 
of intersection {AJB, EE)^ FF)^ {Cj9, AF) are in one right 
line. But the points {AB^EE)^ {CEj AF) aie hy hypothesis 
known. If then we join these points 0, P, and join to j&’tho 
point Q ill which OP meets j&P, the intei-cction ot (Jh with AP 
determines F, In other words, F ts the vaht oj a triamjle 
FPQ whose sides pass through the jiored points A ^ E, 0, and whose 
base angles P, Q move along the fixed lines CE^ CB (sec Kx, 3, 
p. 42). The tbeoiem was stated in this foini by MacLaurin. 

Ex 1. Given five points on a conic, to find its rentie Draw AP parallel to BC 
and determine the ^mt P, Then AF and BC aie two {ainllfl choid<) and the lino 
jQimng their middle points is a diameter In like m uinei by diawuig (iL poiallel 
to CB we can find another diameter, and thus the cf ntic 

. . - . . . . . . . , 


I^Ton five lines, M Auguste Miquel has proved (<*ce Catalans Iheoiane^ a Problem ea 
dSs JSlmantav e, p 93) that the foci of tlic iive paiabolas which have luur 

^ ^^Ute given lines for tangents he on a circle («ce IBjha Plant Cut ics, Art 146), 
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Ex. 2 . Given five points on a conic, to draw the tangent at an; dne of . 
The point F mast then coincide with and the line QF drawn throngh E must 
therefore take the position The tangent therefore must be 

Kx. 3. Investigate by trilinear coordinates (Art. 62) MacLaurin’s method ql 
generating conics. In other words, find the locus of the vertex of a triangle whose’-/ 
sides pass through fixed points and base angles move on fixed lines. Let a, /9, y 
be the sides of the triangle formed by the fixed points, and let the $xed lines bO 
la + + ny = 0 , I'a + tn'ft + w'y = 0 . Let the base be a = fufi. Then the line 

joining to /3y, the intersection of the base with the first fixed line, is 

(IfJi + wi) ^ + fly — 0. 

And the line joining to ay, the intei’section of the base with the second line, is 

{Vfi + = 0 . 

Eliminating fi from the last two equations, the eqnat* ' of the locus is found to be 

Im'a^ — (nifi + ny) (J a , w'y), 
a conic passing through the points 

(«» + wjS -*• ay), 03, I'a + + n'y). 

EQUATION REFERRED TO TWO TANGENTS AND THEIR CHORD. 

/'270. It much facilitates computation (Art. 229) when the 
position of a point on a curve can be expressed by a single 
variable; and this wo are able to do in the case of two of the 
principal forms of equations of conics already given. First, let 
2 /, 21 be any two tangents and H their chord of contact. Then 
the equation of the conic (Art. 252) is L2I^ iZ®; and if =iZ 
be the equation of the line joining LB to any point on the 
curve (which we shall call the point /tj. *hcn substituting in the 
equation of the curve, we get and — for the 

equations of the lines joining the same point to 2IR and to L2I* 
Any two of these three equations therefore will determine a 
point on the conic. 

The equation of the chord joining two points on the curve 
1 ^ 

liljJL — + f/) B + 21=0, 

For it is satisfied tv either of the suppositions 

(fiL = Bj fiB = 2I)^ {fi'L = B^ f/B = 2I), 

If and fju coincide we get the equation of the tangent, vias. 

— 2fAB -^21=0, 

Conversely, if the equation of a right line 2fJtB+2f^0) • 

-spivolvc an indeterminate in the second degree^ the line will 
' alwavs touch the conic Zilf= JS“* 
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V27l. To find the equation of the polar of any point 

The coordinates L\ R' of the point substituted in the 
equation of either tangent through it give the result 

+ J/' = 0. 

Now at the point of contact = and /i = j (Art. 270). 

Therefore tho coordinates of the point of contact satisfy the 
equation 

which is that of the polar required. 

If tho point had been given as the iiitorscction of tho lines 
nL = 72, bR — My it is foiind by the same uicthod that the equa¬ 
tion of the polar is 

ahL - ^aR + 0 . 

'"272. Tn applying these equations to examples it is useful to 
take notice that, if vve eliminate R between tlic equations of 
two tangents 

- 2/^R4 M= 0, ^^pn\- 0, 

we got ppL^M for the equation of the line joining LM to 
the iuter»c‘otioii of these tangents. Hence, if we are given tho 
product of two /t’s, pp = Oy the intersection of the corresponding 
tangents lies on the fixed line aL = M, In the same <‘ase, sub¬ 
stituting a for pp' in the equation of the chord joining tin* ])oints, 
we see that that chord passes through the fixed ])oInt {alj 4 d/, /2), 

Again, since the equation of the line joining any point to 
7 ^3/is p^L^My the points pyp lie on a right lino pas&ing 
through LM, 

Lastly, if LM=^R^y LM=^R'^ be tlie equations of two conics 
having Ly M for coinmou tangents, then since tlie equation 
p?L^M does not involve R or 72', the lino joining tho point 
+ /£ on one conic to either of the points ±p on the other, passes 
through LM the intersection of common tangents. We shall 
say that the point +/a on the one conic corn‘S2)onfh duectly to 
the point + p and inversely to the point — p on the other. And 
we shall say that the chord joining any two points on one conic 
corresponds to the chord joining the corresponding points on 
the other. 
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Ex. 1. CorrcBponding chords of two conics intersect on one d 
intersection of the conics. 

The conics LM-iP, hare for a pair of common 

But the choids 

fkfj^L — R + M “ Oj /uju'Xr — + pi!) R^ + s 0| 

evidently intersect on R-^ R\ And if sve change the signs of/*, /*' In the seoDlM^*^ 
equation, they intoisect on iZ + R\ 

Ex 2 A triangle is ciicumsciibed to a given conic, two of its vertices move 
fixed ngbt lines, to find the locus of the thud 

Lot us take foi lines of leference tne two tangents through the intersection of 
fixtd lines, and their choid of contact Let the equations of the fixed lines he 

aL-J/=0, ftL-JI/=0, 

■ahik that of the conic is 7 Af — 72* = 0, ^ 

Now we x^roved (Art 272) that two tangents which meet on aL — M must have 
the pioduct of their /*’s = a, hence, if one side of the tiiangle touch at the point /xi 

Ot h 

the others will touch at the points -, - » and tbcir equations wiU be 

/i /X 

^i-2 -« + Jl/ = 0, ^i-2-JJ + 3/=0, 

/X can easily bo eliminated from the last two equations, and the locus of the verten 
IS found to be 

LU^t^K jp, 

(a + i/ * 

the equation of a conic having double contact with the given one along the line i2*. 

Ey 3 ^ o find the envelope of the base of a tiiangle, inscribed in a conic, and 
whose two sides pass through fixed points. 

I ik the hue juining the fixed points for 72, let the equation of the conio be 
LM =. and those of the hnts joinmg the fixed prints to LM be 

flL-3/=0, 

Now, it was proved (Art 272) that the extren itus of «lny chord passing through 
{aL — M, R) must have the product of their /x's = a Hence, if the vertex he /x, the 

base angles must be - and —, and the equation of the base must be 
M «* 

cJZ — (a + i) fiR + r- 0 . 

The base must, thciefore (Art 270), always touch the conio 

ZJf= JP, 

4ao 

a come having double contact with the given one along the line joining the giveiii 
points 

Ex 4 To inscnbe in a conic section a triangle whose sides pass through three 
given points 

Two of the points being assumed as m the last Example, we saw that the equa* 
tion of the base must be 

alL - (a -h b) fiR + /x*Af = 0. 


♦ This reasoning holds even when the point ZM is withm the come, and thecefow 
the tangents L, J/ unaginaiy. But it may also be proved by the methods of the 
next •'pction, that when the equation of tht come is Z* + Af* = i2*, of the Ipoob 
of the foim Z^ -K A/^ =: 
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pawfluwaghthtpoint— at), 4S — MsO, wemastlMve 
^ (a + ^) /tttf + = 0, 

to tuffident to deiermme n, 

^ tot thito point /» we have fiLzsR^ p?Z = if , hence the ooorduiates of this 
lin^mnst eatisfy the equation 

ojbli — <« + ft) cl? + cdM = 0 

le question, theiefore, admits of two bolutions, foi eithei of the p*>ints in which tlus 
Ime meets the cnrre may be taken for the vertex of the requiied Uiangle. The geo* 
k(ietrti3 constiuction of tine line is given Ait 207, £lx 7. 


L. 

TIm 


> 4 5. The base of a triangle touchts a given conic, its extremities move on two 

tangents to the conic, and the otliei two sides of tlie tnanglo pass thiough fixed 
lights, find the locus of tbo vertex. 

tAAi tite fixed tangents be Z, if, and tlie equation of the conic / If = fZ* Then 
the ] oint cf int^isection of the line L with any tingent {fi^L — 2fiH -4 M) will have 
|ts coonhnatts f, 7?, Af re'»pecti\e1y piopoitionol to 0,1 2/u And (by Ait do) tbo 
cquaciou of llxc Ime joining thh> point to any fixed point JJK i/' will bo 


IW - L*AI = 2 fi {LVf - / 7 f) 

' fitodtoily, the equation of the line joining the fixed point V'lT’M** to the point 
iX /i, 0), which IS the uiteibection of the line if wii/h tlie same tangent, is 

2 {R W"' - JZ" W) = la (Z W" - U'M) 

dliminating #i> the locus of the veitex is found to be 


<zhr'-iM/) (/j/*'- r i/)->4(/y2'-z'7Z) (/?v"-JZ"if), 

iho equation of a come through the two given points. 


27*3. The cliorcl joining the point® fi tan0, fi cot0 (where 
is any constant angle) will always touch a conic having double 
contact with the given ono^ For (Art. 270) the equation of the 
chord is 

fi'^L — flit (tan 0 + cot (^) + M = 0, 

which, since tan <l> -+ cot<i> s=^ 2 cosoc 2^, is the equation of a tan¬ 
gent to LM siu®20 = at the point fi on that conic. It c.ia bo 
proved, in like mannei, tli it the locus of the iutei section of tan¬ 
gents at the points tau^, fM cot0 is the conic LM=1V siu^2^. 


£x. IfinDx 5, Art. 272, the extiemities of the base he on any conic having 
fioubls contact with the given conic, and passuig thiough the given pomts, find the 
tocu® of the veitex 
Xet the conics be 

ZAf^JP=0, ZilfBm»2<^-J2*=0, 

then, if any line touch the latter at the point /u, it will meet the former in the points 
fi taii0 and /i oot^, and if the fixed pomts are jui', /a' , the equations of the aides are 

fiLfi* tanfftL ’-{fi* 4- fi tan<^) R + M^Of 
fifi** cot 4»L — (fi"+n cotip) R+ if = 0. 

Efifflisating the locus is found to be 

(if-Oa"Z- J?) = tan*^ (if - - -R). 
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274. Qwen four jpoints of a conic^ the anharmonic ratio qf &$ 
pencil joining them to any fifth point is constant (Art. 269)* " ' 

The lines joining four points /i", to any fifth 

point are 

/a' {flL — jB) + (Jlf — flB) =a 0, /a" {flL — i?) + (ilf- flit) *s Oj 
/a'" {fiL - i?) + (If- fiB) ^ 0, /a"" (/Ai - iJ) + (Jf- fiB )« 0, 
and their anharxnonic ratio is (Art. 58) 

and is, therefore, independent of the position of the point /a. 

We shall, for brevity, use the expression, “the anharmonic 
ratio of four points of a conic,” when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve. 

276. Four fixed tangents cut any fifth in points whose anhar^^ 
manic ratio is constant. 

Let the fixed tangents be those at the points /a', fji/\ /a"', /a"", 
and the variable tangent that at the point fi ; then the anhai-( 
monic ratio in question is the same as that of the pencil joining 
the four points of intersection to the point LM. But (Ait. 272} 
the equations of the joining lines are 

fjffiL — Jli = 0, fil^fiL — 3/= 0, fi'^fiL — ilf = 0, /A""/Ai — Jf = 

a system (Art. 59) homographic with that found in the last 
Article, and whose anharmonic latio is therefoie the same. 
Thus, then, the anharmonic ratio of four tangents is the samQ 
as that of their points of contact. 

276. The expression given (Art. 274) for the anharmonic 
ratio of four points on a conic /a', /a", /a'", /x"" remains unchanged 
if we alter the sign of each of these quantities; hence (Art. 272) 
if we draw four lines through any point LM^ the anharmonic 
ratio of four of the points [fi\ fi"^ /x'", /x"") where these lines meeA 
the contb, is equal to the anharmonic ratio of the other four points 
(— /a', — /a", — /a'", — /x"") where these lines meet the conic. 

For the same reason, the anharmonic ratio offour points on one 
conic is equal to that of the four corresponding points on another f 
since corresponding points have the same fi (Art. 272). Again,, 
the expression (Art. 27 i) remains unaltered, if we multiply each 
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bjr tan^ or cot4|^; honco, wc obtain a theorem of Mr* 
TV^wnsend’s, If two conics have double contact^ the anharmonio 
tcdio of four of the points in which a7iy four tangents to the one 
usM the other is the same as that of the otlu r four points in which 
the f<yyir tangents meet the curve^ and also the same as that of the 
fmr points of contact, 

277* Conversely, given three fived chords of a conic aa\ 
hV^ ed ; a fourth chord such that the anharmonic ratio of 
ahed is equal to that of a'b'dd\ will always touch a certain conic 
having double contact with the given one. For let a, &, c, a\ d 
denote the values of for the six given fixed points, and /a, \d 
those for the extremity of the variable chord, tlieii the equation 

(a - J) (c — /a) __ {g! — V) (c' — /a') 

(a — c) (6 — /a) ~ (tt' — c') (5' — |a') * 

when cleared of fractions, may, for brevity, be written 

App! + Bp + Cp' + Z) = 0, 

where -4, B^ (7, D arc known constants. Solving for p' from this 
equation, and substituting in tlie equation of the chord 

pp'L — (fA + /a') iZ + -SZ— 0, 

it becomes 

p {Bp + H) 1j R \jp {Ap + C) "" {Bp + Z))} — If {Ap + C) = 0, 
or p^[BL+AR)+p{DL^{C^B)B-‘AM]-(DRCM) 
which (Art. 270) always touches 

{Z>Z. + (G-Z?)^+ 4 (7?Z: + ^7?) (a;lZ+Z>ZZ) 
an equation which may be written in the form 

4 (BC- AD) {LM- ZZO + {Z7Z/ + (j5+ 0) ZZ + AMf = 0, 
showing that it has double contact with the given conic. 

In the particular case when ZZ=(7, the relation connecting 
/A, p^ becomes 

App^ + B{p +p') + D = 0j 

which (Art. 51) expresses that the chord ppL - (/a + /a') iZ + Af 
parses through a fixed point. 

EQUATION BEFEBBED TO THE 8IDES OF A SELF-CON JUGATE 

TRIANGLE. 

278. The equation referred to the sides of a self-conjugnto 
triangle ra*-f»i*/8*«nV (Art. 258) also allows the position of 
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any point to be expicssed by a single indetermlttllte. 

‘^e wiite lastly cos<f>y m^^ny sin^^tfaen} as at pp. 
the cLoid joining any two points is 

7a cosi + ^') + binj“** ¥)y 
and the tangent at any point is 

7a cos 4 sin 0 ny. 

If for sjmmetiy we write the equation of the conic 

aa* + J/S* + C 7 * =* 0 , 

then it may be derived fiom the last equation, that the equation 
ot the tangent at any point a'/ 8 V is 

aaa' + + cyy' = 0, 


and the equation of the polar of any point a'^SV is necessaiily 
of the same foim (Ait 89). Compaiing the equation last 
wiittcn with Xa ++ V 7 = 0 , we see that the coordinates of 

the pole of the last line arc - , ^^; and, since the pole of 

any tangent is on the curve, the condition that Xa 4/4/94^7 


may touch the conic is-^ 4 - = 0 . When this condition 

is tulfillcd the conic is evidently touched by all the four lines 
Xa±/A^±i/ 7 , and the lines of lefeience aie the diagonals of the 
quadrilatcial foiined by these lines (sec Ex. 3, Ait. 146). In like 
mannei, it the condition be fulfilled aa'* 4 4 07 '^ = 0 , the 

conic passes thiough the four points a', ±/9', ± 7 '. 


nx 1 Find tho locus of the pole of a given line \a + fijS + vy with regard to 
a come ^hich passes through iouz fixed points a', 4 /3, ± y\ 


Ana 


a y 


£z 2 Find the locus of tl e} ole of a given line \a + 1x^4- vy, with regard to A 

conic which touches foui fixed lints la ± m/3 ±ny . . ^*7 — tt 

Ana + *1* ■■ ss w. 

\ fl V 

These examples also give the locus of centie, since the centre is the pole of tho 
line at infinity a sin^l + /3 mn i? -{ y sin C 

Ex 3 What IS the equation of the circle having the tiiangle of refeience fora 
self conjugate triangle? Ana (SceFx 2, Art 128) a 8m24 +j9^Bm2£ +Y’sin2€'=:r0. * 
It IS easy to see (see Ait 258) that the centie of the cirole is the interseolkm of 
peipcntliciilars of the tnangle^ the square of the radius being the lecUngle under ** 
segments of iny of the perpendicvlats (taken with a positive sign when the tnaugle 
IS obtu<!c angled, and with a negative sign when it is acute angled). In the lAti^ 
case^ theicfoie, the cuclo is imaginary. 
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^1^® ®qnatida (Art. 258 (a)) »*4y»=«V (^^Ijeie the 
a focus aud 7 the corresponding diicctiix) is a parti- 
of that just conaidcrOd. The tangents iLrough ( 7 , x) 
curve are evidently ey + x and <7 —a?. If, theiefoie, the 
be a parabola, e=l; and the tangents aio the internal 
asternal bisectors of the angle (735). Hcncc, tangents to 
a parabola from any point on the directrix aie at right angles 
to each other,** 

' In gencial^ since x = ey cos^, y — ey sinwe have 

^=tan^; 


Or ^ expresses the angle wliich any radius vector makes with r. 

Hence we can find the rnvclope of a choid which subtends 
a constant angle at the fotus, foi the choid 

xcos^(<l>+fl>)’^y sin i (^» + = ^7 cos^ - c^'), 

if be constant, must, by the present section, alw«iys tenth 

x^ + y^ — eV cos^ J (<^ - fj>')y 

A conic having the same focus and diioctnx os the given one. 


'281. The line joining the focus to the intei section of two 
tangents is found by subtracting 

X cos 0 y sin (ft — (?7 = 0, 

X cos +y sin — 67 = 0 , 
to be X sin ^ 4- 0 ') “ y i 

the equation of a lino making an angle i </>') ^ith the axis 
of £B, and therefore bisecting the angle hctwe(n the Join! radii. 

The line joining to the focus the point wheie the chord of 
contact mee^s the directrix is 

X cosi (0 + ^') + y sini + 4>) * 

^ line evidently at right angles to the last. 

To find the locus of the intersection of tangtnts at points whi(h 
Ouhtend a given angle 2 fi at the focus, 

"By an elimination pieciscLy the same as that in Ex. 2 , Art. 102 , 
equation of the locus is found to be {cf + y*) cos^ S = e^y*j 


* axt« 279 of tho older editions is now numbeied Ait. 258 (a). 
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which represents a conic having the same focus and direo^riJ^ M 
the given one, and whose eccentricity = j • 

If the curve be a parabola, the angle between the tangents is 
in this case given. For the tangent [x cos 0 +y sin^ - 7 ) bisecte 
the angle between (c cos <f> fy sin ^ and 7 , The angle between the 
tangents is, therefore, half the angle between a;cos 0 +^sin 0 and 
X cos 0' + y sin or = ^ Hence, the angle between two 

tangents to a parabola is half the angle which the points of contact 
hvhtend at the focus; and again, the locus of the intersection of 
tangents to a parabola^ which contain a given angle^ is a hyperbola 
with the same focus and directrix^ and whose eccentricity is the 
secant of the given angle^ or whose asymptotes contain double 
the given angle (Art. 167), 


282. Any two conics have a common self-conjugate triangle* 
For (bce Ex. 1 , p. 148) If the conics intersect in the points 
j4, jB, (7, j9, the triangle formed by the points 0, in which 
each pair of common chords intersect, is self-conjugate with 
regard to either conic. And if the sides of this triangle be 
oe, j9, 7 , the equations of the conics can be expressed in the form 
«a^ + b^^ + C7’ = 0, a a* + + 07“ = 0. 

We shall afterwards discuss the analytical problem of reducing 
the equations of the conics to this form. If the conics intersect 
In four imaginary points, the lines a, 7 arc still real. For it 
is obvious that any equation with real coefficients which is 
satisfied by the coordinates £r'+ ar"/s/(-" 1 )> + l)j will 

also be satisfied by £c' — 1 ), y ^ and that the 

line joining these points is real. Hence the four imaginary 
points common to two conics consist of two pairs l)i 

/ ± V(- 1) ; a?'" ± V(- 1), f ± y'" V(- !)• -Two of the 

common chords are real and four imaginary. But the equa* 
tions of these imaginary chords are of the form I/± 
i'±Jl/'V(- 1 )» intersecting in two real points LM^ JjM\ 
Consequently the three points E^ F^ 0 are all real. 

If the conics intersect in two real and two imaginaiy points^ 
two of the common chords are real, viz. those joining the two 
real and two imaginary points; and the other four common 
chords arc imaginary. And since each of the imaginary chords , 
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one of the two real poltita) it can ha\e no other 
on it Therefore^ in this case, one of the thice points 
% real and the other two imaginarj; * and one of the 
the self-conjngate triangle is real and the other two 
Unaf. 

ii iPihd the locus of vertps of s trutngle whoso haae onglos mo\p along one 
whose sides touch another [The following solution is Mi Bum ide^ ] 
oonlc touched hy the sides be + y* — and the other ax^ + 6/' - 
^hsBf <i»«t Bz 1, p 9^, the coordinates of the intersection of tangents at points a, y 
(a + y)t an |(a + y), coa^ (a - y), and the conditions of the pioblcm give 

a cos® ^ (a + y) + 6 sin® ^ (a + y) = c cos® i (a — y), 

01 (« + ^ — c) + (a — i — c) cos a oos y + (& — o — n) sin a sin y - 0 

1 ke mannei 



(o + d — c) + (o — 6 — c) 008)5 cosy + (6 - c - a) sni ^ smy ■=: 0, 
whence {a b ^ e) cosl {a + fif) =: {b + c a) com^ (a — ^) coh 
(a + i — r) sin 4 (a + /3) -= (rt + c — i) cos ^ (a — j9) wn y , 

IMa), ante the coordmate« of the point who<io locus Mve seek aic cos J| (a + )3), 
Isn i (a + fi)i cos ^ (a /i), the equation of the locus is 

V* _ e* 

(6 f c - a)® (e + a - //)® ' (a +A - <)*' 

Bz 2 A tiiangle is insciibed in the conic jr^ + y^=zz* ami two ^tides toi^ch the 
OOmo eu:® 4> ^y® = c^®, find the envelope of the thud side 

Am (co -h ab — 4c)® a* -I* (tt4 f 4^ — ra)®y* s (bci ca^ abyjg*. 


ENVELOPES. 

283. If the equation of a right line involve an indeterminate 
quantity in any degree, and if we give to that indetemmiatc a 
feries of different values, the equation repiosenta a ecncs of 
different lines, all of which touch a ceitaln curve, which is called 
the enielope of the eystem of lines. We shall illustrate the 
general method of finding the equation of an envelope by 
proving, independently of Art. 270, that the line —2^22+3^, 
where /4 is indeterminate, always touches the cuive 

point of intersection of the lines answering to the values 
and /t -k ^ is determined by the two equations 

f ja’*Z/-^2/AJ2 + jIfasO, 2 (yai —J8) 4 A;Z»0; 

second equation being derived from the first by substituting 
for erasing the terms which vanish in virtue of the first 
|nd then dividing by k. The smaller k is, tbe more 
the second line approach to coincidence with the 
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first; and if wc make i: = 0, we find that the point of meeting 
of the first line with a consecutive line of the system is de¬ 
termined by the equations 

fi^L — 2fiR -f- il/ = 0, fjbL — JS 5= 0; 
or, what comes to the same thing, by the equations r 

fiL — i2 = 0, fiB — M= 0, 

Now since any point on a curve may be considered as the inter- ' 
section of two of its consecutive tangents (Art. 147), the point 
where any line meets its envelope is the same as that where 
it meets a consecutive tangent to the envelope; and therefore 
the two equations last written determine the point on the 
envelope which has the line ~ 2/X-J2 -f- M for its tangent. 
And by eliminating fi between the equations w^e get the equa¬ 
tion of the locus of all the points on the envelope, namely 
LM^ R\ 


A similar argument will prove, even if 3/, R do not re¬ 
present right lines, that the curve represented by 
always touches the curve LM^R^, 

The envelope of L cos0-f J/sin<^ —i?, where ^ is indetcr-^ 
niinatc, may be cither investigated directly in like manner, or 
may be reduced to the preceding by assuming when 

on substituting 


COS(f> = 




sin^ = 


2fjb 


and clearing of fractions, we get an equation in which /x only 
enters in the second degree. 


284. Wo might also proceed as follows: The line 

fji^L^2fiR~{‘ M 

is obviously a tangent to a curve of the second class (see note, " 
p. 147); for only two lines of the system can be drawn through 
a given point: namely, those answering to the values of yi, 
determined by the equation 

where i', R'j M' are the results of substituting the coordinated, , 
of the given point in i, J?, Jlf. Now these values of yt will 
evidently coincide, or the point will be the intersection of tw^ 
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. conf^phitlve tangents, if its coordinates satisfy tlie equation 
— And, generally, if tLe indeteruiinato /a enter algc- 
^ Ibraicalty and in the yi*** degree. Into the equation of a line, the 
line will touch a curve of the class, whose equation Is found 
by expressing the condition that the equation in fjL shall have 
^ual roots. 

•;)} Ex.1?. The Terticea of a triam^le move alon" the Ihreo fixed lines a, /?, y, and two 

. of the aides pass through two fixed pc»iiits finil t.lio enveloiw of the 

third aide. Tiet a + /u/i be the line joining to afi the vcriux which moves along y, 
then tho oquationa of the sides through the fixed i)4)inUs are 

y' (a + /i/3) - (a' + /i/3') y = 0, y" (« + /t/3) - (a" + /i/S”) y = 0. 

' And the equation of the ba.ac is 

(a' + /ijS') y"a + (a" + /ip") /iy'/3 - («' + /i/r) (a" 4- ,i/3") y = 0, 

lor it can be ea‘»ny verified that this i)asf!;es tlnongh the infiMSi’rliiiu of tho first line 
with a, and of tJie second line with /3. Arranging according to the powers of /i, wc 
find for the eiivolox>e 

(«P'y" + /3y'a" - ya'/T' - y«"/3')-‘* = 4a'/3" («y" - a"y) (/3y' - /3'y). 

This example may also be solved by arranging according to the powers of tho 
equation in Ex. B, p. 49. 

Ex. 2. Find the envelope of a line .such that the product of the perpcndiciiljira 
on it from tw'O fixed points may be con'taut. 

Take for axes the line joining the fixed points .and .a per]!Ciidicnlar through its 
middle point, so that the coordinates of the* fixed jioiiits in:iy be y 0, x ~ JL <'; then 
if the vwiable line bey — mx 4- « -- 0, we have by tho coinlition of the qHC'»tit>a 

(» 4- fnc) (n — mfi) = 6- (1 4- rn^), 

4- + c'hn\ 

n^~y- — Qimxy + 

W“ (a® -Ir- c^- 2tnxy 4 - — 6'^ = 0; 

xY ^ (•«- - - O “• n 


or 

bat 

therefore 

and the envelope is 


X* 


or 


jfl 

. 4- 

b- f i*' 


1 . 


Ex. 3. Find the envelope of a line such that the sum of the squares of the x»eri)rn- 
diculars on it from two fixed points may be coii.stant. . 2x- 2//^ . 


Ex. 4. Find the envelope if llie difference of squares of perpemliculai-s bo given. 

A ns. A parabola. 

Ex. 5. Through a fixed point 0 any line OP is dmwn to meet a fixed line ; to find 
the envelope of PQ drawn .so as to make the angle 0/^Q constsint. 

liCt OP make the angle 0 with the perpendicular on the fixed line, and its length 
ispseefi; but tlie per^icndicular from O on J*Q makes a fixed angle ft with OP^ 
therefore its length ia = p aecH cosft • and since thia pcrpemticuhir makes an angle 
,r= d 4- ^ with the perpendicular on the fixed line, if we assume the latter for the axis 
of X, the equation of PQ is 

a? COB (0 4- /9) 4* y sin (0 4- /?) = p aec 0 cos /3, 
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o* sr C09 (20 + /9) + y sm (20 f- /3) - 2/) oo'j /? - a? coa/9 - y em jJ, 

an <>quation of tho form L cos <l> + W sm i?, 

i^liose cnvclo^ t, tin rtfore, ib 

ar' 4 - y = (r oos/3 J- y sm)3 2p cosjS;*, 
the equation of a parabola li iviu » the point 0 for it^ focus 

A B 

Ex C Em I the envelope of the line -f —, = 1, where the indefcenninatea 
connected by the rcl itioa /s + /a' — C. ^ ^ 

Wo miy aubsLituto for /*', C- /a, and char of fiirtion*?, tho envelope le thus 
found to be A® + + C* - 24i? - 2A<7- 2Br = 0, 

an equation to which the following foiin will be found to be cquivalenti 

A J I i i ^ 

ThuB, for example,—Given vertical angle and sum of aides of a triangle to find thti 
tnvcl )pe of base, 

X y ^ 

The oqu'ition of the base is a ^ 6 

w here a + hne 

The envelope is, tlicrefoie, 

« + y* — 2ry — 2cx - 2 y h c* — 0, 
a parabola touching the "^idos r and y 

In liW( m inn( r,—Cru i in p j itioii two conjugate diameters of an cllipie, aod the 
luni of then i^qu^^ s, to flu 1 its envelope 

•>■** f/® 

If m the equation h ^ ^ = 1, 

we have a ® + b** =: a®, the envelope is 

T i y ^ c = 0, 

Tlie ellipse, therefore, must always touch foiii fixed right hues 

281. If the copffiivnt^ m the equatio7i of «???/ iifht line 
\a +/Lt/i-H V7 be connected hj any idation of tht baund ordex^ 
in \ ytt, I', 

jV\f h + Cl- ^ “h 2 FfMV “ 12 ^I'A f 27ZA/i. = Oj 

the envelope of the line ib a conic sution, Eliniiii itiiiij v between 
the equatiou of the right lino and the given relation, ive have 

(-< 47 “ — 2 ff 7 a + Caf) + 2 ( lly^ — Fya - Oy0 4- Coi0 \fi 

+ (B7*-2F7^+(7/3^)yLt*«0, 

and the envelope is 

(.47»-2l77a+CaO{Z?yf (7;3^) = (///-.i^/a-Oy3 + Caj3)’». 
Expanding this equation, and dividing by 7 ', we get 
{BU^ F^) 4- (ai - Q^) 13^ 4- (xlB- H^) 7* 

2 + ({?/f-Al^’)/i? 7+2 (///?’- 7 a h2{Fa^OH)ix/3m^, 
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The reauU of this article may be stated thus : Amj tangential 
eqwition of the second order in /*, v represents a conic^ toho^e 
trilinear equation is found from the tangential hq exactly the 
saim process that the tangential is found from the trilin ar. 

For It is proved (as in Ait. 151) that tlio coaditiou that 
Xa + pff + yy shall touch 

oa* + + C 7 * + 2fj3y + 2 ^ 7 a + 27ia9 = 0, 

or, in other words, the tangential equation of that conic is 
(Jo —/^) + (ra — g^) yf + [nb - If) v* 

+ 2 — af) /Ltv f 2 (7//- bg) v\ -f 2 {fg - ch) = 0. 

Conversely, the cnvolo| e of a line whose cooilfiueuts /lc, v 
fulfil the condition last written, is tlie conic aof =0; nul 
this may be verified by the eqiution of tliis aititle, hoi, 
if we write for A, &c., bc—J\ ca-g^^ &c., the ctpu^iun 
(Z?(7— F") of + tSLc. = 0 becomes 

{abc-\^2fgh-af^-‘bg^-^clfyaof-\ ey* \ ^f0y^2gy'x-\-2‘^iOLp) =0. 

Et 1. We may deluce, as x>articul\i i of the a >)v , 1Ii i s ii i \i I " 
130, namely, that Iho envelope of a 1 i o wh li fii JiU th < \ iif >ii ^ \ \ 0 

X jn p 

la J(/a) 4 ^ ^(//y) =. Of iiid of oju wl>u h r i lJl^ iho f i hUon 

\) + 4^6?^) 4- - 0 w J I- < y - 0 

Eat 2 Wh it IS the condition that \a hfii fi> “^h > iH mcit tor roiuc jnvtulj 
the genual cqiution m real iioint»^ 

An^ Iho Imp mrita in rcil loinh wlun th (jin i i y ) V fil( !•< 

negi*i\f , m imogmaiy points wlnu tins imn ity is pi ji \ , in I t mi Ini wli i 
it \ani hcd 

Ex 3 Vrhat w th conJi ion tint th» t i's dt tw i thi u/ i p it «/!'/ 
should be n. il ? 

yi»s lilt tan jents arc ml when th' r, i n (/ ^ —jT ) t f A m i i\i , 
oijinotlui ■woic.a, when tiij quintitir-j i c t If ih \ ml <«' \ f 'i 1 i\ 
opposite nip )s Tho point will be Jiiaide Iht coiiu and th tiiip-uitsim i vsl u 
these qu uititics have like bigns 

286. It is proved, as at Ait. 76, that if the condition be 
fulfiUed, ABG+2FGII- AF‘ - 1J0‘ - OIP ^ 0, 
then the equation 

A\* -1- Byf -f Cf + 2Ffiv b 2 C7 pA, 4* 2 IfXu = 0 

may be resolved into two factors, an I is equivalent to one of tho 
form ^ Y ^ ^ 
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And since tbe equation is satisfied if either factor vanish, it 
denotes (Art. 51) that the line + + yy passes through one 

or other of two fixed points. 

If, as in the last article, we write for &c., it will 

bo found that the quantity ABC + 2FOII + &c. is the square 
of ahe + ^f(jh + &c. 

Ex. If a conic pass throngh two given points and have double contact with a fixed 
conic, tiic chord of contact passes through one or other of two fixed points. tTor let 
A? be the fixed conic, and let i.iie equation of the otlier be 4? = (Xa + fifi + Then 

Bub5tit.uting the coordinates of the two given points, we have 

S' = (Xa' + + py'y j S" = (Xa" + /i/3" + i/y")*; 

Whence (Xa' -i- /i/3' + i/y') 4(S") = ± (X«" + fift" + i/y") 

nhowing that Xa + /i/3 + vy passes through one or other of two fixed points, since 
S\ S" are known constants. 


287. To find the equation of a conic having double contact 
with two given conic.s, S and S\ Let E arul F be a pair of 
their chords of intersection, so that S' = EF] then 

represents a conic having double contact with 8 and S '; for it 
may be written 

Since /A is of the second degree, we see that tlirougli any 
point can be drawn two conics of this system; and there arc 
three such systems, since there are three pairs of chords F* 
If S' break up into right lines, there are only two pairs of 
chords distinct from S'^ and but two systems of touching conics. 
And when both S and S' break up Into riglit lines there is but 
one such system. 


Ex. FiTid the equation of a conic touching four given lines. 

A ns, - 2/i (.4 C + HD) + F* = 0, 
where A, B. Cy D arc the pidc?; J?, F the diagonals, and -dC' — BI) = EF, Or more 
eyinmcirically if Ly My N bo the diagonals, L ± M + X the sides, 

/4=I.« - /i -f J/® - K-') 4- =: 0. 

For this always touches — (A® + — A’®)* 


rr {L + M 4 N) (3/4 A'- A) (A 4 3/) (M+ L - .V). 


Or, again, the equation may be wiitteii A’® 


A® 3/® 
coa*0 '*'Bm®4!> 


(see Art. 278). 
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' 288. The equation of a conic having double contact with 
two circles assumes a simpler form, viz. 

2 A6 (0-f (7 0 + (a - 0 7=0. 

The chords of contact of the conic with the circles are found 
tobe {7-O' + /* = 0, and = 

which are therefore parallel to each otlicr, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form ->/C±s/ G’ = V/*- 


Hence, the Incus of a poinfj the sum or Jifference of lohose tayigents 
to two (jiceii circles is constant^ is a conic huninf/ double contact 
with the. two circles. If we siq)pose both circles iiiliuitely small, 
wc obtain the fundamental property of the foci of the conic. 

If/Lt be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de¬ 
notes a pair of common tangents to the circles. 


Ex. 1. Solre by iliLd method tbo Examples (Arts. 113, 114) of finding common 
tangents to circles. 

^ns. Ex. 1. - iorzz 2. yins. Ex. 2. .}C -h JC'- 1 or - J - 7<J. 

Ex. 2. GivfMi il'roo cir« i(‘-<; let // hrj ;i puir of rr»minon to f'” ; 

A/. M' to 6'", V\ iV, N’ to C '; tlu‘n if //, J/, A iHcot in u point, so will J/', A".* 
Let the equations of Iluj paljs of coniinon inn.'ijonts Ijc 

J6’' + jc" = f, i'y N r. 

Then the condition that Jlf, N Rbould meet in a point is <' j t ~ t" - and it is 
obvious that wlien this condition is fiiltillod, //, .1/', A ' also moot in a point. 

Ex. 3. Three conic.s having double contact with a given one an* met by threo 
common cboids, which do not pass all thioiigh the kujio j)»urtfc, in 5-i\ points.wl icfi 
lio on a conic. Consequently, if tlircc of tlu-sc i>oint.s lie in Ji ii;/ht line, so do the 
oilier three. Lot the three conics In* —/A\ A' —Jf'**, »S' ' A*^-; and the cominon 
chords L + M, Af-t-iV, W + L, then the truth of the theorem nppe.us fiom imspec- 
tioii of the equation 

S + AfX + AY. -f LAf {S -- /;q + (L f Jf) (/. P A^). 


* This principle is employed by f^telnor in IiLs solution of Afnlfutii'.s problem, viz. 

**To inscribe in a triangle three ciicles which touch each otlier and each of which 
touches two sides of the triangle." Steiner’s constrnction is, “ Inscribe cirolc.s in tho 
triangles formed by each side of the given triangle and the two adjacent bisectors 
of angles; these circles having three common tangents meeling in a point will have 
thtee other common tangents meeting in a point, and the.'^c ai-e common tangents to 
the circles required. For a geometrical proof of tliis by Dr. Hart, sec Qnui'tevff^ 
Journal oj Alaikemalics^ vol. I., p. 219. Wo may extend the prcblem by .snbstitiirjng 
for the word ‘‘circles,” “conies having double cm I act with a given one,” lu this 
OXteusiou, the theorem of Ex. 3, or its reciprocal, takes the place of Ex. 2, 
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GENEUAL EQTATION OF TH12 SECOND DEGUEE. 

289. There is no conic whoso equation may not be written 
in the form 

ao? ^ -I- Off + 27)87 + 2<77a 4 2^a3 = 0. 

For this equation is obviously of the second degree; and since 
it contains live iii(h‘|)eii lent constants, we can determine these 
constants so that the curve which it requ’esents'may pass through 
five given points, and tljcreforc coincide with any given conic. 

tiiliuear equation juht written includes the ordinary Car¬ 
tesian C({uation, it' wo wiitc x and y for a and y 8 , and if we 
suppose the line 7 at intiiiity, and therefore write 7 = 1 (ace 
Art. 69, and note p. 72). 

In Idtc manner the equation of every curve of any degree 
may be expressed as a homogeneous function of a, ^ 8 , 7 . For 
it can readily he proved tliat the number of terms in the comphte 
equation of the order between two variables is the same as 
the number of terms in tbe homogeneous equation of the 
order between three variables. Tlic two equations then, con¬ 
taining the same number of constants, are equally capable of 
representing any particular curve. 

290. Since the coordinates of any point on tbe line joining 

two poiiits a'/ 8 ' 7 'j (Art, 66) of the form /a 

Zy8'4 /y// 8 ", ly my \ we can find the points where tbisj«»ining 
line meets any curve by substituting these values for a, y 8 , 7 , 
and then determining the ratio I : ni by means of the resulting 
eijuation.* I'lius (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

V 4 4- C 7 '“ 4 2//3'y' 4 2 ^ 7 'a' 4 2ha'/3') 

4 [aaa" 4 J;S^/ 8 " 4 cy'y* 

4/(/3'7" 4- ^W) b ff (^a" + 7"a') + ^ (a'/ 8 " 4 a"/3')} 
4 4 + cy''^ 4- WW' + 2^77"a" + 27^a"^") = 0; 

or, as may write it for brevity, VS'+ 2lmP+m*8" ^0, 

When the point OL^'y is on the curve, 8' vanishes, and the 
quadratic reduces to a simple equation. Solving it for Z: m. 


llu% inf^lliod was intiuilLiccd by Joachlxuslhal. 
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we see that the coordinates of the point where the conic is met 
again by the line joining to a point on the conic a'/3Vi 

are - 2 Pa", SW - 2Py". These coordinates 

reduce to if the condition P =0 be fulfilled. Writing this 

at full length, we see that if a'fi"y' satisfy the equation 

aaa'H- cyy'-\rf{^y-\- 0'y) + [yoL + y'oi) + h [ol0' ■+ a ^)« 0 , 

then the line joining a"(3"y" to OL0'y meets the curve in two 
points coincident with a0'y'] in other words, lies on 

the tangent at OL^'y, The cf^uation just written is therefore 
the equation of the tangent. 


291. Arguing, as at Art. 89, from the symmetry between 
a/S 7 , OL^'y' of the equation just found, we infer that when u'/S't' 
is not supposed to be on the curve, the equation represents the 
polar of that point. The same conclusion may be drawn from 
observing, as at Art. 91, that P =0 expresses the condition that 
tlie lino joining affy\ a"/ 3 " 7 " shall be cut barinonically by the 
curve. The equation of the polar may be written 


a' (art + h/3 + (/y) -f- 0' (ht + 1)0 f/y) -f- y [iJ'JL -1- cy) = 0. 

Blit the quantities which multiply" a\ 0\ y respectively, arc half 
the differential coefllelents of the equation of the conic with re¬ 
spect to a, 0^ 7 . W'c shall for sliortness write instead 

wc sec that the equation of the polar is 

a'AS;-t- 7 'a{?, = 0. 


In particular, if 0\ y both vanish, the polar of tlie point 0y 
isr /Sj, or the. erjuation of the polar of the intersvetion of two of the 
lines of refertoar. is the differential coefficient of the cqnafion of 
the conic considered as a function of the third. The ef{uation of 
the polar being unaltered by interchanging a/ 87 , OL0'y\ may also 
be written olS/ + 0S^ + ySf = 0 . 


292. When a conic breaks up into two right lines, the polar 
of any point whatever passes through the Intersection of the 
right lines. Geometrically, it is evident that the locus of har¬ 
monic means of radii drawn through the point is the fourth 
harmonic to the pair of lines and the line joining their intn- 
„jj5^ction to the given point. And we might also infer, from the 
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foiniula of the last article, that the polar of aoj point 
lespect to the pair of lines oc/3 is^'a + a'/ 8 , the liarmonB 
jugate with lespcct to a ,/8 of yS'a- a'^S, the Imo joining 
the given point. If then the general equation represent 
of lines, the polars of the thiee points ^ 7 , 7 a, a/Sj 

aa-h Aj3 -hffy— 0, ia 4- iiS +/7 = 0, ffo. 4-//9 + 07 ss 0, 

are three lines meeting in a point. Expressing, as in Art.^SS^? 
the condition that this should be the case, by eliminating a, 0, % 
between these equations, we get the condition, already found by 
other methods, that the equation should represent right lines^« 
which we now see may be wiitten in the foiin of a dcteiminaut| 

//, a 

c =0; 

or, expanded, aho +'2ftjh — af* — bg* — cl^ — 0 . 

The left-h md side of this equation is called the discriimnantf^ 
of the equation of the conic. We shall denote it in what follows 
hy the Icttci A. 

29d. To find the cooidinates of the pole of any line 
Xa + ^Lii^+vy. Let be the sought cooidinates, then wo 

lnu^t h<i\e 

<(OL + /^y^3' H- fjy' = X, hx -f Ifi' + fy = /a, , 7a' 4/^5' 4 07' = r. 
Solving thc'so equations for a', /3', 7 ^, we get 

Aa = X [he 0 d- (^ - ch) 4- v [hf^ C;/), 

A/8' = \ [fg-ch) 4 /A (ca - g^) 4 v [(jh-af)^ 

Ay' = X (/(/*- Ig) 4 /a ( 7A- a/) 4 r (u& - A®) J 

or, if we use C,t Ac. in the same sense as in Ai4. 15)^ 

we find the coordinates of the pole lespectively propoitional to 
A\ 4 Hfx 4 H\ 4 BfJL 4 C!\ 4 Ffi 4 

Since the pole of any tangent to a conic is a point on that 
tangent, We can get the condition that Xa 4 /a/8 4 vy may touollf 
the conic, by cxpi^ssing the condition that the coordinates jua^t 
found satisfy Xa 4 /a /3 4 ry = 0. We find thus, as in Art, 285, 
^X* 4 Bfi* 4 Cv* 4 ^Ffiv 4 2 (7vX 4 =5 0 . 


* bee on Modern Htghet Alyehra, Lesson XI. 

t Ji| C, ic toe tlie mxnoi » of tlie det^iminant of fho lai^i arti^ 
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write tliu equatloa S«sO, it wiH be observed that tbe 
L^e «f tbe pole are 2 ,, that }s to say, the Utffe- 

tkt ^efficients of 2 with re«tpect to X, /t, v. Juat, then, as the 
[t&tiou of the polar of any point la olS' 4- 4 « 0, so 

Sondition that + vy may pass thiou^h the pole of 
+ •'7 tor, in other ^oids, the tangential equation of 
pole) is X2/ 4 -/iaS/ 4 * vS/« 0 And again, the condition 
'^at two lines \a + fil3-¥vyy X'a 4 + v'y miy be conjugate 

Wt)i respect to the conic, that is to say, may be sucli that the 
r^ 1 > 0 l 6 of either lies on the other, may obviously be wntteu iu 
either of the equivalent foims 

X'Sj 4- = 0, X2/ 4 /i-S; 4- t'S,' * 0. 

Fiotn the manner in which 2 was heic toimcd, it appears that 
S is the result of eluamating y\ p between the equations 


men' 4* 4 ^y^ 4* pX = 0, ho^ + "^fy 4 pp* 0, 

gck' 4-/i8' 4 cy' 4 pi/ =s 0, Xa' 4 V 7 ' = 0; 

in other words, that 2 may be wiittcn as the dctcitninant 


X, f*, V, 0 
a, A, g, X 

A) h A I* ^ 

3^ / 0 , i' ‘ 


^X^ 4 4 Oy^ 4 ^Fpv -1“ 2 Gy\ 4 ^ITKp* 


Ex 1 To find the coordmetes of the pole of \a 4- /ip + py with lospect to 
4Cta) + •J(mp) 4 4(*^7)t The tangeutul equation in this oaso (Art 130) being 

7/ii» + iffwV + n\/n ~ 0, 

ttiB coordinates of the pole are 

«' == mi/ + nfif P' = «X + Ivf y' = 7/4 + mXv 


^ Ex t To find tlie locus of the pole of Xn + /tP + py with lespcct to a conic 
given three tangents, and one otlict condition * 

Solving the piocedi ig equations foi 7, m, wc find 7, m, n proportional to 

^ X (zip' + i/y' — Xa), /i (i»y' + Xo' — /iP), p (Xo' + /iP — i/y) 

^ 4(M + J(’«P) + ^(wy) denotes a conic touching the three lines or, ft, y ind 

l^y fourth condition, est iblishes a relation betvieen 7, m, ttj in which if ue substitute 
jubt foun 1, shall have th« lot iw of the pole cf Xa + /up + vy If we 
for X, fAf V the sides ot the tii ingle of ‘lefcicicc «, b < wc sh dl have the 1 jcna 
'Of pole of the Una at infinity aa + bp ^ cy, tli it i3, the locus c f eontio Thus 

OofitRfjoa that the come should touch I« + Sp + Cy being ^ ^ ^ 


. .I 

^homefiliod hole 


1 —*^4" --r -u -- --— ^~i -p- - ,- 

» 

used is token frotn Heam s Reaem chea on Conic Sections, 
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(A.rfc, 130), wc infer that the locu^ of the j)ole of \a + /u,*? + vy with lo^peot to 
conic touching the four lines a, /?, y, Aa + Bft + Cy, is the right line ^ 

A -f vy-\a) {vy + \a- , v {\a + /(/3 ~ vy) _ * 

- —A £ ■*■■ ■ ■ C 

Or, again, since the condition that the conic <«hoiild paw through 

J(/tt') + •i{fn^') + J(«y') = the locus of the pole of Aa + fi(3 + vy with respe^% iS* 

conic which touchos the three lines «, /?, y, and through a point a'fi’y’f m*’ " 

J{Aa' 0uj3 + »/y — Xa)} + {vy + Aa — /*/?)} + J{vy' (Xa 4- /*/3 — vy)} = Of 

whioh denotes a conic touching /u)3 + vy — Ao, vy + Aa — fi/3, Aa + iitjS ~ vy. In tlw? 
case where the locus of centre is sought, these three hues aie the lines joining tho 
middle points of the sides ot the tiiangle formed by a, /3, y. 


£x. 8. To find the coordinates of the pole of Aa + fifi + vy with respect to 
?^y f wya + »oj9. The tangential equation in this case being. Art 127, 

PA® -h + »®v® — ''hnnfiM — 2w/v\ — = 0, 

the cooidmates of the pole arc 

o' = f (?A — ntfi — nv), /?' = m {rrifi — «v — f A), y' = » {nv — f A — ni/i), 


whence my'+ «j8'= — 2/?wwA, »?a'+/y'= — 2/w/?/«, + ma'=z— *2Ininv'f 

and, as in the last example, we find /, m, tt respectively proportional to 

a' {fift' + vy - Aa'), /?' (vy' + \a' - fi^), y' (\a' + /a^' - vy^. / 

Thus, then, since the condition that a tonic circumscribing a/9y should pass through 
I m n 

a fourth point a'/3'y' is — -t ^,+ -? ■= 0, the locus of the pole of Ao + /t/3 + vy, with 

(I fj y 

regard to a conic passing through the four points, is 


5 (P/3 + vy - >^a) + §, {vy + Ao - ^/3) + (Ao + fxfi - vy) = 0, 
a p y 

which, when the locus of centre is sought, denotes a conic passing through tha 
middle points of the sides of the triangle. The condition that the conic should 
touch Aa + B^+ Cy being J{A/) + J{Bm) + ‘J{Cn) = 0, the locus of the pole of 
Aa + /ijd + vy, with regard to a conic passing through three points and touching 
a fixed line, is 

J{Aa {jn/3 + vy — Ao)} + J{B/3 {vy + Ao — fi/3)} + JCy (Ao + fx(3 ^ vy) = 


which, in general, represents a curve of the fouith degree. 


-^ '294. If a")9'V^ ^^7 point on any of the tangents drawn 

to a curve from a fixed point a'/SV? the line joining a'/ilYj 
meets the curve in two coincident points, and the equation in 
I : m (Art. 290), which determines the points where the joiniil|^ 
line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
drawn through a'/Sy, we must substitute ?a + «ia', 
ly -f my in the equation of the curve, and form the conditioi!k 
that the resulting equation m lim shall have e^ual 
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(^<26 Alt. 92] the e<]uation ol' the pair of tangents to a 
is SS' ~ where 

S 5= aoL^ H- &c , 8' =: act^ + <S.c , aoLCi! + &c. 

i Tbia equation may also be wiitten ui .mother form; for since 
point on either tangent through evidently possesses 

the propelty that the line joining it to a'^'y' touches the curve, 
tire have only to expiesb the condition that the lino joining two 
points (Art 6o) 

a (/3Y' - /S'Y) H- ( 7 V' - 7 4 7 (a'^" - ol"I3') = 0 

should touch the ciuve, and then (oii'idcr vailable, when 

we shall have the equation ot the pair of tangents. In other 
words, we are to suhbtitule fiy - y% — 7 'a, a/d' - a'/d for 
X, /A, V in the condition of Ait ‘iSo, 

t" Pfj/ 4 -f 2 fjLV 4 2^I'X. 4- 2 =- (), 

Attending to the values given (Ait. ‘Jb')) fur /i, vSLc., it may 
easily be verified that 

(aa* f &c.) {aa'^ + &c ) — {aaa t y = A {(By — /d Y* + 

Sz To find tlie lociw of intersection of t indents whuh rut it ri^ht inplcs to a 
conic given by the g( iici il cqu itioii (^ce lx J, ]i lb i) 

We see now tl at the equation of the pan of tin^^uita thiongh any point (Art 147) 
may aL»o be ^iiHcn 

^ (y “ U'f + B (x — a'f -)r C {nf - yx’ * 

— 2I(x- a.') (ry' — yx') 4 2G (y — y')( r#/ x ij, 211 {e — x*) (y — »/) 

^bw will repTL'^fnt two iicht linea it light aii^l " Mhtti tlu hiuh of the coeffi i nl* 
of jc* and y* vanislies, winch giv« s fiu tbr cqu itio i ol the h eus 

C (t® 4- y ) 2(rr —2/y+ 44 -/j 0 

Thio circle has bfen < died the diieetor eiielu r the come When the enivf i 
jKualiula, C7= 0, and we see that the equation of tiie diKctii'C i«i Oo; 4- fy t N 4- /j' 

29 . 5 . It follows, as a paitieular ease of the last, that tht 
paire of tangents from ^y^ 7 a, aJ are 

2?7'4-G3^ - 2/^]d7, CV4-a47^-2C?7a, A{i'Br 
^ ms indeed might be seen diiectly by throwing the equation of 
the curve into the form 

(aa 4- + ^ 7 )^ 4- (Cld^ 4 By^ - 2//d7) = 0. 

iSfow If the pair of tangents through 8y be /d — A 7 , ^ — / Y it 
i, B 

fkppears from these expresMons that = —,, and that the cone- 
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Bponding quantities for the other pairs of tangents are 2 


and these three multiplied together are = 1. Hence, recollectilig ' 
the meaning of k (Art. 5t), we learn that if J?", B, D, 0^ E 
be the angles of a cireumserlhing liexagon, 
sin EAB,9au FAB^^m /'VifJ'.sin I)BC,^\u DCA,?!in EGA ^ < 
sin KA C. sin FA C sin FJIa , sin DBA .sin DOB .sin FOB ^ 


Hence also three pairs of liiies will toucli the samo conic if 
their equations can be thrown into the form 

0 , = 0 , IJ + M'^ + 2FLM^ 0 , 

for the equations of the three pairs of tangents, alr(*ady found 
can be thrown into this form by writing L<>J[A) for a, &c. 


29G, If w’^e wdsh to form the equations of the lines joining 
to afS'y' all the points of intersection of two curves, w^e have 
only to substitute la 4 ^/k/, J3 4 ly -f my' in both equations, 
and cliininato I : in from the resulting equations. For any 
point on any of the lines in question evidently possesses the 
properly that the line joining it to aff'y niects both curves in 
the same point; therelore the equations in I: which determiuo 
the points where one of these lines meets both curves, must 
have a common root; and there fore the result of elimination 
between them is sati^iod. 1'hu^, the equation of the pair of 
lines joining t<i cx,'/3'y the points \\hcre any right line L meets jS, 
is = 0. If the point a'/3V on tho curve 

the equation reduces to L'S- 2LP=0. 


Ex. A clioirt which subtcmls a ught angle nt a given point on tho curve paasefl 
thiough afixt d |)ouit (Ex 2, Ait J8I). Weu^ethcgencial equation,andhy the formulib 
la^t given, fuini the equation of the lines joining the given point to the intersection 
of the coujc w itli \ t + Hi/ + V. 'J lie cooidiiuitos licing supposed rectongulai, these Haos 
will be at light angles li the sum of the coefficients of and vannah, which gives the 
condition > , 

(\t' h fkij 4 v) 4 i) = 2 {n\x* 4“ JytyO* 

And <^iiicc X, /u, >; ciitei in the fii'it degree, the chord passes through a fixed pointi 

VIZ. ^ ^ b point on the curve vary, this other point will desedhs^' 

a conic. If the angle subtended at the given point l^c not a right angle, or if tho 
angle be a light angle, but the gi\ui point nut on the curve, the condition found in^ 
like manner will contain X, /u, »in the second degic , and the choid will €tavelop^^ 
a conic. ^ 

297. Since tbc equation of the polar of a point involves 
coef&cienib of tbc equation in the first degree, if an mdetef^Q^ 
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m the first degree into the equation of a conic It will 
In the first degree into the equation of the polar. Thu«j, 

^ and P' be the polars of a point with reprard to two conics 
^ then the polar of the baiue point with icgaiJ to 8 + kS^ 

uraibeP+i-P'. For 

{a + ka) ac{ + &c. = aaa f &c. -f Z, \a'm' + &c.}. 

Hence, four points on a conic^ f/u polai of any gmnpoint 
pasae^i through a fiJLedpoint ^Ex. 2, Ait. lot). 

If Q and Q' be tlic polais of •uiothcr point with regard to S 
and S', then the polar of this second point with regard to B f ki> 

Q ^ kQ\ Thus, then (see Art. 5!i), tlie polars of two points 
with regald to a system of cmics tlnough tour points form two 
homographic pencils of lines. 

Given tiro homofpaphi< pcndls of lines, the locus of the inhr* 
section of OiP corr(S 2 >omling linr^i of the pencih is a conic through 
the vertins of the pencils. For, if wc oliininatc k between 
Q+k(/j we get Plf ■=^P'Q. In tlie particular ease 
under eonsidoration, the int( r^eetinii of P i hP', V V Id/ Is tlie 
pole with respect to 8 FZ/S'of the line joniing the two <»iven 
points. And w^c mc that ipmi /i ur points on a conic, the lotus 
of the poll of o ginn ft , > o cc ju (1]\. 1, Ait. 278). 

If ail indetei inmate oiiter in ihc Kiond degree into the 
equation ot a conic, it must also (ntei in the second degree 
into the equation ot tiu polar of a given pomt, which will then 
envelope a conic. I'lius, it a come have double contact with 
two fixed conics, the polar of a fi\ed point will env< lope.one 
of three fixed conics: foi tlie equation of each system of conics 
in Art. 287 contains p in the 'jccond degm*. 

We shall in another chapter cuter into fuller details re¬ 
specting the general equation, and here juld a few examples 
illustrative of the priiuiples aheady explained. 

Bx. 1 . A point iuo\Co alon^ *i /lAcd lino, find tlio hm f f flit mtn‘*<‘ftion of ifq 
polars with ro«?ard to two fix# d conicd If tlie pul m or 013 t\N< u «a (i 7 ' 
on the given line with ic«'pc(t to the t„o crnios \ i P 1 , ^ ‘ r 

j)omt on the line i-i \a' \(S i /i/i', \<) fty , u I ii ]))]iii'» \r i ju/" 

which mteiscct on the conic I'Q' — / 'v 

Ex. % The anharmonic ratio of foui points on a n^ht line it» tho same as that 
of their fonr polars 

Ei)i the anharmonic latio of the four points 

la! + wa", Va^ + wV', Ta' + m u" Ca' t 
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18 evidently the snme as that of tho foiu hues 

ll +nr*, + rP'+ 

Ex *1 To find the cqn ition of flic pair of tarK^ents at the points where a conlo ^ 
w met b> the hne y ^ 

Iht eqii ition of the pobr of luy point on y is (Aft 291) a*Si + /S'5® = 0. 
the points where y meets the cuive aie lound by making y = 0 m the general^ 
equation, whence 

aa® + 2^a'/S' + &/3'2-0. 

Eliminating a', /S' between thc'^e ef^uations, vie get for the equation of the pedf 
of tangents 

aS ® - U S sr^ + = 0. 

Thus the equation of the a'^yniptotcTi of a conic (^iven by the Caitesian equation) m 

foi the a<^ 3 .mptotes aie the t ingcntb at th« points where the cuive is met by the lina 
at infiruty z. 

Ex 4 Given three points on a come if one asymptote pi"»s through a fixed 
point, tlie othci will euv«l i conic touching the sides of the given tmngle If 
be the xsyinptotcs, an 1 aa + Ajii + cy the line at lulimty, the equation of the 
come IS — (itt H hft l cy) But since it pisses tluou^h /3y, ya, aft, the equa¬ 
tion must not coni uu the teuiis a^, /S^, y^ Jf therefoie be \o + /i/9 + vy, must 
1/ 

be oH— ft-i — y, and if pass through a'ft y', then (Ex 1, Art. 285) touches 

\ V 

a J(aa') ■+ b J(ftft) -he Jf')y') 0 Tlie si me tigumcnt proves that if a conic pass 

tliroiigh tliiee lived ] oints, uid il one of its ehoids of iiiteibcction with a come given 

bj the geneial equation oa* + Ac - 0 be \a + A*/3 + vy, the other will he^a + ^/3 + ^y. 

Ex 6 Given a ^elf conmgate tiiingle with regard to a come if one chord of 
inteisection with a fixed conic (given by the gt.nei il ecinatiou) pass thiough a fixed 
point, the other will envelope a come [Mi Bi insidej Ihe terns aft, fty^ ya ai^ 
now to disappear fiom the equition, whence if one ehoid be \a + /a/ 3 + i^yi the other 
IS found to be 

Xo {fig + I/A - \f) p t*ft {vh + \f— Mj) + vy {\f+ f^g — vh) 

Fx 6 A and A' {oift^yi, ajij^y^) aie the points of contact of a common tangent 
to two tonicb l\ r, P irid P' ire viii iblc points, one on each conic , find the locus 
of ( the inteisec tion of li*, A P\ if PP pass tiiicugh a fixed i omt 0 on the eouiuiuu 
tangent [Mr William''ouJ 

Let P and Q denote the polirs of a,/3,yi, aoft 2 y » with icspcct to U and Freapecf- 
tivtly, then (Ait 290) if aftyho the eooidinates of C, those of tbo point P where 
AC meets the c onic again, are Ua^ — 2Pa, Ufti — *2Pft, ly^ — ^Py, and those of thd 
point P'aic, in like minnci, Va2^2Qa Ac If the Imc joining these pomts pads 
through 0, which we choose as the inteisection of a, ft, we must have 

Uai — 2Pa _ Foj — 2Qo 

Ufti - \ft^-TQft* 

and when A, A*, 0 are uniestncted m position, the locus is a curve of the fourth 
Older It however, these points be m a light line, we m ly choose this for the line rt| 
and making and 03 = 0 , the piccediiig equation becomes divisible by a, and * 
duceb to the curve of the thud oidei l^lft = Qf /ii luithei, if the given 
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pcnnts ot contact of a oommoii tangent, P and Q represent tlie same line; and 
another factor divides out of the equation which reduces to one of the form V = hV^ 
a conic through the intersection of the given conics, 

* w ** 

^ 7. inscribe in a conic, given by the general equation, a tiiangle whoso 

pees through the three points /3y, ya, a/9. We shall, as before, write S^t 
to the three quantities, aa + kp + gy^ ha 4 bp +yy, ga-¥jp + cy. Now we have 
seen, in genoral, that the line joining any point on the curve apy to another 
point a*p'y' meets the curve again in n point, whose oooidinates are S'a — 
^S^P'^^P'P't S*y - 2 P'y, Now if the point a'p'y* be the intersection of lines /9, y, 
we may take a' = 1, /S' = 0, y' = 0, which gives 5' = a, P' = Si, and the coordinates 
of the point where the line joining a/9y to py meets the curve, are aa — 2/^„ a/9, ay. 
In like manner, the line joining upy to ya, meets the curve again in 6u, bp — 28^, by. 
The line joining these two points will pass through a/9, if 


art — 25?, 


ba 


or, reducing 


ap bp ^ 28^ * 
28182 = aaS2 + 


which is the condition to be fulfilled by the coordinates of the vertex. Writing in 
this equation 00 = — A/3 — py, bp ^ 82 — ha— fy, it becomes 


A {aS^ + PS 2 ) + y (/S, + = 0. 

But since a/9y is on the curve, a^| + /S^Sfg + yS^ = 0, and the equation last written 
reduces to 

V {f^x + - h 8 ^ = 0. 

Now the factor y may be set aside as irrelevant to the geometric solution of the 
problem; for aUhongli either of the points where y meets the curve fulfils the con¬ 
dition which we have cxpi’es^ed analytically, namely, that if it be joined to py and 
to ya, the joining linfs meet the curve again in points which lie on a line with ap ; 
yet, since these joining lino? coincide, they cannot be sides of a triangle. The vertex 
of the sought triangle is thciefore either of the points where the curve is met by 
J'Si + g 82 — hS^. It can be vciificd immediately that yN, = gS^ = h 82 denote the 
lines joining the corresponding vertices of the triangles a/3y, 813282 - Consequently 
(see Ex. 2, Art. 601, the line /S^ + p/S', - A5| is constructed as follows: " Form the tri* 
angle JJJHF who-e sides 
are the polars of the 
given points B, C-, 
let the lines joining the 
corresponding vertices 
of the two triangles 
meet the opposite sides 
4)1 the polar triangle in 
M\ then the lines 
MN, NL pass 
through the vertices of 
the required triangles." 

The truth of this construction is easily shown geometrically: for if we suppose that 
we have drawn the two triangles 123, 456 which can be drawn through the points 
A-t P} then applying Pascal's theorem to the hexagon 123456, we see that the 
line J3C passes tliiough the intersection of 16, 34. But tliis latter pomt is the pole 
0 ^ AL (BSx. 1, Art. 116). Conversely, then, AL passes through the pole of BC, and L 
la on the polar of A (Ex. 1, Art. 146). 

, ; JThis construction becomes indeterminate if the triangle u eelfconjugate in which 
the problem admits of an infinity of solutions. 

/ *i, N N, 
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IBs 8 If two coiue? hare double contect, ati^ tangent to toe one ^ 
inonically at its point of contact} the points wbete it meets the oijiei^ en4 
It meet? the chord of contact ^ ^ 

If in the equation jS + iZ" = 0, we subatitute /«' + ««", //3' + fy’’ 4- i- 

a, Pi yi (wheie the pomts a'P'y'i P V* satisfy the equation S = 0), we get 

(;/2' + wiZ")^ + 2hBP=sO 

Now, if the line joining c'p'y', o*'P'Y', touch P + iZ®, this equation must be H 
perfect square, and it is evident that the only w*ty this can happ^ is if P = SiZ'.jR'V 
when the equation becomes (fU'^tnUy-O, when the truth of the theorem is 
manifest. 


Fx 9 Find the equation of the come touehing five lines, viz a, p, y, 4- Pp4 Cy, 
u4 a + S'fi + C^y 

Ans (/a)^ 4 (mp)^ 4 (^y)^i where 7, m, n are determined by the conditions 


/ 

A 


m 



I m 



= 0 


Ex to Find the equation of the conic touching the five line«, P, y, a + P + yw 
2tt 4 p — y 

IRt e have 74is4n = 0, ^? 4 m--f> = 0 hence the required equation is 

2(-<.)* + (8j9)* + (y)* = 0 

Ex 11 Fmd the equation of the conic touching a, p, y, at then middle points 

Au> (/la)* + («(3)l + («y)i = 9l 


Ex 12 rmd the condition tTi it [fafi f {nifir ("y)’ ~ ^ c^cnld i^present a pan* 


bola 


t w n 

Ans The cuive tonches the line at iufinit> when 4,4 > = 0.» 

a a a 


Ex t? To find the locus of the focus of a paiabola touching a p, y. 

Generally, if tl e coordinates of one focus of a conic inscnlied in the tnaugle afiy 
be a p'y', the lines jorning it to the vcrlu es of the trnn^le will he 

P -7, y-5L 

a'-p p' 

and since the lines to the other focus m^ equal angles with the sides of the tnangle 
(Art 189), these hues w ill be (Art 55) 

«'a = p^p, P'PsyVi y'y = «'«F 


and the coordinates of the other focus may be tahen ^» 

a fr y 

Hence, if we are given the equation of any locus described by one focus, we cait 
at once wiite down the equation of the locus described by the other, and if the 
second focus be at infinity, that is, if a' sm A 4 P' sm P 4 y'' sin C = 0, the first, 

, _ sinA . Bin H , BIB C - „ ^ ^ a 

must he on the cirde ,*^0^4 tt"* = ^ coordmates of the focus of 

a fr y 

I m n 

a parabola at infinity are gin»^7* (remembering the relation ii^ 

Ex 12) these values satisfy both the equations, 

a sm A 4 p siu P 4 y Bln C'sr 0, 47a 4 4 4^y s 0, 

Bin®A Bin^O 


The cooidinates, then, of the finite focus aie - ^, 


m 
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OF notation* 

tbe «qtia^ of tho directrix of this parabola* 
fi7 Art. the ^oatiou of tho polar of tbe point wboae coordinates 
given, m find 

(8ln*C'+BinM-ein*B) + ny (BinM+fiin^^-*8ia*C)=:0| 
^iAaB$ixkCco6A-^mfieinCBmA<sOBB + ny ainA siniS oosC'=:0. 

* for a from Ex. 12, the equation becomes 




Jf&jiB Bin C(a 008 A ^ y tx)s O') + m sin Cfiin^ (/3 cosB - y cos C) ?: 0$ 


benod the directrix always passes through tbe intersection of the peipendiculars of 
thelMu^ (see Ex, 8 , Art 54). 

JBU* t5. Given four tangents to a conic find the locus of tbe foci. Let the four 
tangents be a, /9t, y, d; then, since any line can be expressed in terms of three others, 
these must be connected by an identical relation as + + cy + d6 =; 0 . This relation 

must be satisfied, not only by the coordinates of one focus aT^^y'd', but al<k) by those 

of the other -71 Jn A» ^ • The locus is therefore the curve of the tlurd degree. 

4t p y 0 

abed 
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CHAPTER XV. 

THE PRINCIPLE OP DTTALTTTj AND THE METHOD OP 
BBOIPRUOAL POLARS. 

298. The methods of abridged notation, explained in the 
last chapter, apply equally to tangential equations. Thus, if 
the Constanta /l6 , v in the equation of a line be connected by 
the relation 

(a\ 4 + cv) (a'\4&> f cV)« (a"A4i'V4c'V) (a"'\4r>4r''V)j 

the line (Art. 285) touches a conic. Now it is evident that one 
line which satisfies the given relation is that whose ft, v are 
determined by the equations 

a\ 4 6 /^ 4 cv = 0 , a"\ 4 4 c"v = 0 . 

That is to say, the line joining the points which these last 
equations represent (Ait 70), touches the conic in question. 
If then a, 7 , 8 represent equations of points, (that is to 
say, functions of the first degree in X, /^, v) ays=sk/38 is 
the tangential equation of a conic touched by the four lines 
a/ 8 , ^ 87 , 78 , 8 a. More generally, if S and S' in tangential co¬ 
ordinates represent any two curves, 8-^ kS' represents a curve 
touched by every tangent common to 8 and S'. For, whatever 
values of X, /x, v make both 8—0 and ^ = 0, must also make 
S'-kS' — 0 . Thus, then, if 8 represent a conic, 8 — kap re¬ 
presents a conic having common with 8 the pairs of tangents 
drawn from the points a, ^ 8 . Again, the equation 
represents a conic such that the two tangents which can be 
drawn from the point a coincide with the line a^; and those 
which can be drawn from 7 coincide with the line 7 / 8 . The 
points a, 7 are therefore on this conic, and i 8 is the pole of the 
line joining them. In like manner, 8--c^ represents a conio 
having double contact with 8^ and the tangents at the points 
of contact meet in a; or, in other words, a is the pole of the 
chord of contact. 

So again, the equation may bo treated in the same 

manner as at Art. 270, and any point on the curve may , 6 a 
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. represeoted bj + 2fikl3 + 7 , W hilc the tangent at that point 
joins tbe points /to. + kfi, /xkfi •+ 7 .* 


V Bzi 1. To find the locns of the centre of conics tonching four given lines. Let 
£ 0) X' = 0 be the tangential equations of any two conics toucliing the four lines 

thefii by Art. 298^ the tangential equation of any other £ 4* AX' = 0. And (see 


(j + h'G' + 'ky 

Art, 161) the coordinates of the centre arc / (y > which 

ehows (Art. 7) that tbe centre of tbe variable conic is on the line joining the centres 


G F C” 

of the two assumed conics, whose coordinates are ^^^ i ^ ; and that it divides 


the distance between them in the ratio C : kC\ 


Ez. 2. To find the locus of the fool of conics touching four given lines. We have 
only in the equations (Ex. Art. 258a) which deternnno the foci to substitute A + kA* 
for A) Ac., and then eliminate k Ik tw'cen them, when we get the result in the form 
{^(aja-y*) +2/V-2f7» + ^--S} - Fx ^ G^ff + H*} 

= {C (®» - y*) + 2f> - + A' - IT] {Cxy - Fj;- (7y + i7}. 

This represents a curve of the third degree (see Ex. 15, p. 275), the terms of higher 
oixier mutually destroying. If, however, E and X' be patabolas, X + AX' denotes 
a system of parabolas having three tant>onts common. Wo have tlicn C and C* both 
= 0, and the locus of foci reduces to a cirelc. Again, if the conics bo concentric, 
taking the centre as origin, wc have A’, f7, (i* all — 0. In thi't ca«*e X + AX' re- 

preaentB a s^Lcm of conics touching the four sides of a parallelogram and the locus 
of foci is an equilateral hyperbola, f 

Ex. 3, The director circles of conics touching four fixed lines have a common 
radical axis. This is appju'ent from wliat was proved, p. 270, that tito equation of 
the director circle is a linear function of the coefficients A, ^o., and that therefore 
when we substitute A + AA' for A, Ac. it w'ill be of the form S + kS' = 0. This 
theorem includes as a particular case, “ Thu circles having fur diameters the three 
diagonals of a complete quadrilateral have a common radical axis.” 


299. Thus we see (as in Art. 70) that each of the equations 
used in the last chapter is capable of a double interpretation^ 
according as it is considered as an equation in trilinear or in 
tangential coordinates. And the equations used in the last 
chapter, to establish any theorem, will, if interpreted as equations 


* In other words, if in any system ®'y'c', ®"y"£", be the coordinates of any two 
points on a conic, and x'"y”z'" those of the iiole of the line joining them, the co¬ 
ordinates of any point on the curve may be written 

m'V + 2 pAaj'" + ®", fiy + 2;aAy" + y", mV + 

while the tangent at that point divides the two fixed tangents in the ratios fi • A*, 
fjeil. When A = 1, the curve is a parabola. Want of sp.icc prevents us from giving 
illustrations of the great use of this principle in solving examples. The reader may 
try the questionTo find the locus of the point where a tangent meeting two fixed 
tsAgents is cut in a given ratio. 

t It is proved in like manner that the locus of foci of conics passing through four 
4 xed points, which is in general of the sixth degree, reducoa to the fourth when tho 
p^iats form a parallelogram. 
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in tangential coordinates, yield another theorem, the t&sipr<Ml 
of the former. Thus (Art. 266) we proved that if three 
(S, 8-^ LM^ 8+LN) have two points {8^ L) common to 
the chords in each case joining the remaining common points 
(Jf, Jf—A'), will meet in a point. Consider these 
tangential equations, and the pair of tangents drawn from L* 
is common to the three conics, while N denote in 

each case the point of intersection of the other two common 
tangents. We thus get the theorem, If three conics haVe 
tangents common to all, the intersections in each case of the. 
remaining pa ir pfcomnion,jiaiffiB^^ Evefy 

theorem (that is to say, one not in\olvIng the magni-* 

tudes of lines or angles) is thus twofold. From each theorem 
another can be derived by suitably interchanging the words 
“ point ” and “ line ”; and the same equations differently inter-** 
preted will establish either theorem. We shall in this chapter 
give an account of the geometrical method by whicli the attention 
of mathematicians was first called to this “ principle of duality.”* 

300. Being given a fixed conic section ( U) and any curve 
{8)j we can generate another curve (9) as follows: diaw any 
tangent to 5, and take its polo with regard to U ; the locus of 
this pole will be a curve 5 , which is called the polar curve of 8 
with regard to U. The conic with legard to wiiicli the pole 
is taken, is called the auxiliary conic. 

Wo have alieady met with a particular example of polar 
curves (Ex. 12, Art. 225), where we proved that the polar curve 
of one conic section with regard to another is always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a line 
'when we mean that the point is the pole of that line with regaifd^. 
to U. Thus, since it appears from our definition that every point 
of 8 is the pole with regard to U of some tangent to /8, we shall 


* The method of lecipnxial polars \ivaB mtroduoed by M Poxicelet, whose acoeimt 
of it will be found in Cielle’s Journal vob iv. M Plucker, m his det 

Analytisohcn Geometne,” 1885, piesented the principle of duality in the paiely 
lytic-il point of view, fiom which the subject is tieated at the beginmoa vf 
chapter But it wns Mobius who, in hw ‘^Baryeentnsche Calciil,*' 1827, had 
the imroitant step of mtioducing a system of cooidinates m which the ^ 

a nght line w as mdicdted by coordinates and that of a point by an equation^ 
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brieny* express tbis relation by saying that every point of $ cor- 
to some tangent of S. 

' 801. The point of intersection of two tangents to S will covre^ 
tggend to the line joining the corresponding points of s. 

This follows from the property of the conic that the point 
of intersection of any two lines is the pole of the line joinings 
the poles of these two lines (Art. 146). 

Let ns suppose that in this theorem the two t*nngcnts to 8 
are inde6iutely near, then the two corresponding points of s will 
also be indelinitcly near, and the line joining them will be a 
tangent to s] and since any tangent to 8 intersects the con¬ 
secutive tangent at its point of contact, the last theorem be¬ 
comes for this case: If ang tangent to 8 correspond to a 2 >oint 
on Sj the point of contact of that tangent to 8 will correspond to 
the tangent through the point on s. 

Hence wo see that the relation between tho eurves is reci- 
procaly that is to say, that the curve 8 might be generated from 
8 in precisely the same manner that a was gciicrdtcd iioui 8. 
Hence the name “reciprocal polars.” 

302. We are now able, being given any theorem of position 
concerning any curve 8^ to deduce another concerning the curve s. 
Thus, for example, if we know that a number of points con¬ 
nected with the figure 8 lie on one right line, we learn that tlio 
corresponding linos connected with the figure s meet in a point 
(Art. 146), and vice versd; if a iiiunbcr of points connoe'tcd 
with the figure 8 lie on a conic section, the conesjionding lines 
connected with a will touch the polar of that conic willi regard 
to U ; or, in general, if the locus of any point connected witli 8 
be any curve 5', the envelope of the corresponding line connected 
with s is the reciprocal polar of 8\ 

303. The degree of the polar reciprocal of any curve is equal 
to the class of the curve (see note, Art. 145), that is^ to the numlcr 
of tangents which can he drawn from any point to that curve, 

^ For the degi^e of s is the same as the number of points in 
Vhmh any line cuts s ; and to a number of points on lying on 
right line, correspond the same number of tangents to, 8 passing 
^ t^ngh the point corresponding to that line. Thus, if 5 be a 
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conic section, two, and only two, tangents, real or imaginary^ 
can be drawn to it from any point (Art. 145); therefore, any 
line meets s in two, and only two points, real or imaginary; we 
may thus infer, independently of Ex. 12, Art. 225, that the reci¬ 
procal of any conic section is a curve of the second degree. 

304. We shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 2G7) that “if a hexagon be 
s mbe d in S, whose sides are -4, Z?, (7, Z), jSJT^' then the points 
ot intersection^ JSA'V Qf \ right line,^' Hence we 

Infer, that “ if a hexagon be ceVce«?«scribed aboutwhose vertices 
arc a, 5, the lines, ad^ cf^ will meet in a poinV* 

](Xrt. 265). Thus we see that Pascal’s theorem and Brianchon’s 
arc reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him¬ 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu¬ 
ment by whicli the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem, 
before looking at the reciprocal we have given. He will soon 
find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words “ point ” and “ line,” “ inscribed ” and “ circumscribed,” 
“ locus ” and “ envelope, ’ &c. 

If two vertices of a triangle move If two sides of a triangle pass through 
along fiKod right lines, wliile ’’e sides fixed points, while the vertices move on 
pll^s each through a fixed point, the locus fixed right lines, the envelope of the third 
of the third vertex is a conic section, side is a conic section. 

(Art. 269). 

If, however, the points through which If the lines on which the vertices mover 
the sides i^ass lie in one right line, the meet in a point, tlie third side will pass 
locus will be a right line. (Ex. 2. p. 41). through a fixed point. 

In what other case will the locus bo In what other case will the third side 
a right line? (Kx. 3, p. 42). pass through a fixed point ? (p. 49). 

If two conics touch, their reciprocals will also touch; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
wd its point of contact also common. So likewise if two conics 
have double contact their reciprocals will have double contact. 



. (The Method op becipkocal polars. 


281 


tl a Wangle be circumscribed to a It a triangle bo inscribed in a conic 
conic section, two of whose vertices move section, two of whoso skies pass througli 
OB fixed lines, the locus of the third ver- fixed points, the envelope of the third side 
tex is a conic section, having double con- is a conic section, having double contact 
tact with the given one. (Ex. 2, p. 250). with the given one. (Ex. 3, p. 250). 

305. We proved (Art. 301, see figure, p. 282) if to two points 
Py P', on S, correspond the tangents pty'p't'y on Sy that the tan¬ 
gents at P and P' will correspond to the points of contact 'py p'y 
and therefore Qy the intersection of these tangents, will corre¬ 
spond to the chord of contact pp\ Hence we learn that to 
any point Qy and its polar PF\ with resjject to Sy correspond a 
line pp' and its pole q with respect to s. 

Given two points on a conic, and two Given two tangents and two points 
of its tangents, the line joining the points on a conic, the point of intersection of the 
of contact of those tangents passes through tangents at those points will move along 
one or other of two fixed points. (Ex., one or other of two fixed right lines. 

Art. 28fi, p. 2 C2;. 

Given four points on a conic, the pohiT Given four tapgenbs to a conic, tho 
of a fixed point pa-ises through a fixed locus of the pole of a fixed n^>fit hue is 
iwint. iTiX 2, p. 153). a right lino. (Ex. 2, p. V5j). 

Given four point.-^ on a conic, the locus Given four tangonts to a conic, tlie 
of the pole of a fixt-tl right line is a cor.ic envelope of the polar of a fixed point is 
section. (Ex, 1, p. 251). a conic .lection. 

The lines joining tlie vertices of a iii- The points of intersection of c.ich side 
angle to the opiuKsitc vt,rtiocs of its poJ.ar )f any triangle, \^dth the opiiosite .^ido of 
triangle with legnrd to a conic meet in the polar triangle, lie in one right line, 
a point. (Art. 

Inscribe in a conic a tiianglc who^'C Circuni.«.cri.De about a conic a i-rianglo 
sides pass through three given points, wlio-se vertices rf'it on three given lines. 
(Ex. 7, Art. 297, p. 273). 

306. Given two conics, S'and S\ rnd their two reciprocals, 
8 and s '; to the four points Ay By Cy D common to H and S 
correspond the four tangents a, 6, c^ d common to s and s', and 
to the six chords of intersection of 8 and /S', A By CD ; A Cy BD ; 
ADy BG correspond the six intersections of common tangents 
to s and /; ahy cd ; ac, bd ; ady &c.* 

If three conics have two common tan- If three conics have tvro points corn- 
gents, or if they have each double contact mon, or if they have each double contact: 
with a fonrth, their six chords of inter- with a fourth, the six points of inter¬ 
section will pass three by three through section of common tangents lie tliree by 
the same points. (Ari. 264). three on the same right lines. 

Or, in other words, three conics^ having Or three conics, having each double 
each double contact with a fourth, may be contact with a fourth, may be considered 

♦ A system of four points connected by six lines is accuratel}’ called a quadrmyh^ 
as a s^'stem of four Ibies intersecting in six points is called a quadrilateral. 

V : oo. 
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considei’ed ns having foux radical centres, as having four axes of nmilttude. .(See 

Art, 1J7, of which this theorem is an ex* 
tension). 

If throtigh the point of contact of two If from any point on the tangeht at 
conics wliirli touchy any chord be drawn, the point of contact of two oonios which ' 
tangents at its extremities will meet on touch, a tnngent be drawn to each, the 
tlie ctnnuioii chord of the two conics. line joining their points of contact wilj[^. 

pass through the intersection of common 
tangents to the conics. 

If through an intersection of common If on a common chord of two conics^ 
tangents of two conics any two chords he any two points be taken, and from these 
drawri, lines joining their extremities will tangents be (irawn to the conics, the'dia- 
intei-scct on one or other of the common gonals of the qiiadiilateral so formed will 
chords of the two conics. (Ex. 1, p. 2o0)* pass through one or other of the intcrscc* 

tions of common tangents to the conics^ 

If A and B l>e two conics having each If A and B be two conics having each 
double contact with 8, the chords of con- double contact with S, the intersections 
tact of A and B with *5, and their chords of the tangents at tlieir points of contact 
of intersection wdtli each other, meet in with 8f and tiie mlersei'tions of tangents 
a point, and form a harmonic pencil, common to A and if, lie in one right lino, 
(Aii,. 203). which they divule harmonically. 

If Bf V be three conics, having If iJ, ij lie three conics, having 
each double contact with 8, and if A and each <louble contact with 5?, and if A and 
JS iKith touch C, the tangents at the points B be th touch C, the line joining the pointa 
of contact will intersect on a common of contact will [)ass through an intersec- 
chord of A and B, tion of comuion tangents of A and B, 

H07, We liavc hitherto supposed the auxiliary conic to be 
any conic whatever. It is most common, however, to suppose 
this conic a circle; and hereafter, when we speak of polar curves, 
we intend the reader to understand polara ivM regal'd to a circle^ 
unless we expressly state otherwise. 

We know (Art. 88) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to tho 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius; hence the 
rchiliou between polar curves with regard to a circle is often 
stated as follows: Being given _ 
any point 0, if from it ive letfall 
a 2 ^(^^'pcndiadar OT on any tan^ 
gent to a curve £», and produce 
it until the rectangle OT»Op is 
equal to a constant then the 
locus of the point p is a curve Sj 
which is called the polar recipro^ 
cal of S. For this is evidently 
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equivalent to sajing that p is the pole of FT, with regard to 
a drde whose centre is 0 and radius k. We sdc, therefore 

f * 

(Art. 301), that the tangent will correspond to the point of 
contact that is to say, that OP will be perpendicular to 
and that OP^Ot^Vf. 

It is easy to show that a change in the magnitude of h will 
affect only the size and not the shape of which is oil that in 
most cases concerns us. In this manner of considering polarsy 
all mention of the circle may be suppressed, and s may be called 
the reciprocal of S with regard to the point 0. Wo shaH call 
this point the origin^ 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theonMii'^, which arc at once 
deduced from what has been said, and which enable us to trans¬ 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles: 

The distance of any point P from the origin ii the reciprocal of 
the distance from the origin of the corresponding line pU 

The angle TQT' between any two lines TQ^ T'Qj fs equal to 
the anglepOp' subtended af the origin by the corresponding points 
p^p ; for Op is perpendicular to TQ^ and Op' to TQ, 

We shall give some examples of the application of these 
principles when we have first investigated the following 
problem: 


_ m 

308. To find the polar recprocal of one circle with regard t/s 
another. That is to to find the locus of the pole p with re¬ 
gard to the circle [0) of any tangent PTio the circle (C). Let 
MN be the polar of the point G 
with regard to 0, then having 
the points (7, /?, and their polars 
MN^ PT^ we have, by Art. 101, 

the ratio but the first 

CP pN^ 

ratio is constant, since both OC 
and CP are constant; hence the 
distance of p from 0 is to its distance from MN in the constant 
ratio 0(7: GP\ its locus is therefore a conic, of which 0 is a focus, 
MN the corresponding directrix, and whose eccentricity is 00 
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divided by CP, Hence the eccentricity is greater, leas than, op 
= 1, according as O is without, within, or on the circle (7, 

Hence the polar reciprocal of a circle is a conic seciitm^ 
which the origin is the focus^ the line corresponding to the centre 
is the directrix^ and which is an ellipse,^ hyperbola^ or parabola^ 
according as the origin is within^ without^ or on the circle, 

309. We shall now deduce some properties concerning aogIeS| 
by the help of the last theorem given in Art. 307. 

Any two tangents to a oirclo make The line drawn from the focus to the 
equal angles with their diord of contact. intersection of two tangents bisects the 

angle subtended at the focus by theit 
chord of contact. (Art. 191). 

For the angle between one tangent PQ (see fig., p. 282) and 
the chord of contact PP' is equal to the angle subtended at the 
focus by the corresponding points p^ and similarl}», the angle 
QPP is equal to the angle subtended by p', g ; therefore, since 
QPF^QFP, pOq^p'Og. 

Any tangent to a circle is perpen* Any point on a conic, and the point 
dicular to the line joining its point of where its tangent meets the directrix* 
contact to the centre. subtend a right angle at the focus. 

This follows as before, recollecting that the directrix of the 

conic answers to the centre of the circle. 

# 

Any line is perpendicular to the line Any point aid the intersection of its 
joining its pole to the centre of the circle, polar with the dircctiis subtend a right 

angle at the focus. 

The line joining any point to the If the point where any line meets the 
centre of a circlo makes equal angles with dii'ectruc; be joined to the focus, the join- 
the tangents through that point. ing line will bisect the angle between the 

focal radii to the points where the gireu 
Une meets the curve, 

The locus of the intersection of tan-. Tlie envelope of a ehord of a conic, 
gents to a circle, which cut at a given which subtends a given angle at the focus* 
angle, Is a concentric circle. is a conic having the same focus and the 

same directrix. 

The envelope of the chord of contact The locus of the intei'seclion of tan- 
of t9.ngents which cue at a given angle gents, whose chord subtends a given angle 
is a concentric circle. at the focus, is a conic having the same 

focus and directrix. 

If from a fi±ed point tangents bo If a lixed line in’crscet a scries of . 
drawn to a series of concentric circles, conics having the same focus and same 
the locus of the points of contact will be directrix, the envelope of the tangents to, 
a circle passing through the fixed point, the conics, at tlie points where this line 
and through the common centre. meets them, will bo a conic having the, ‘ 

same focus, and touching both tlie fixed 
line and the common diiectrix. 
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la tW latter theorem, if the fixed line be at infinity, we find 
tVe^en^elope of the asymptotes of a series of hyperbolas, having 
the same f^cus and same directrix, to bo a parabola having the 
same focus and touching the common directrix. 

. If two chords at ripht angles to each Tlie locus of tlie intei'sectlon of tan- 
other be drawn throngli any point on n gents to a parabola which cut at right 
circle, the line joining their extremities angles is, the directrix, 
passes through the centre. 

We say a parabola, for, the point through which the chords 
of the circle are drawn being taken for origin, the polar of the 
circle is a parabola (Art. 308). 

The envelope of a chord of a circlo The locus of tbc intersection of tnn- 
which subtends a given angle at a given gents to a parabola, which cut at a given 
point on the curve is a concentric circle. angle, is a conic having the same focus 

and the same directrix. 

Given base and vertical angle of a Given in po-iiion two siiles of a tri¬ 
triangle, the locus of vertex is a circle angle, and tlie angle subtended by the 
passing through the extremities of the base at a given point, the envelope of the 
base. base is a conic, of which that point is a 

focus, and to which tho two given sides 
will be tangents. 

The locus of the intersection of tan- Tho envelope of any chord of a conic 
gents to an ellipse or hyperbola which which subtends a right angle at any fixed 
cut at light angles is a circle. ^ conic, of whicti that point is 

a focu-;. 

“ If from any point on the circumference of a circle perpen- 
/diculars be'let fall on the’sides of any Inscribed triangle, their 
three feet will lie in one right line ” (Art. 123). 

If we take the fixed point for origin, to the triangle viscribaj 
in a circle will correspond a triangle circumscribed about a para¬ 
bola ; again, to the foot of the perpendicular on aYiy line corre¬ 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, “ If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, tlioso 
perpendiculars will pass through the same point.” If, therefore, 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of tho 
circumscribed triangle. Hence, Oioen three ianfjents to a para- 

bola^ the locus of the focus is the oircumscrihimj circle (p. 207j, 

♦ 

The locus of the foot of the peri)en- If from any point a radiusi vector l>e 
dicular (or of a line making a constant drawn to a circle, the envelope of nper- 
^(rnglc with tbe tuitgent) fiom the focus pcndicular to it at its extremity (or of a 
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of an ellipse or hyperbola on tlic tangent line making a constant angle with it) is a 
is a circle conic having the fixed point for its looiuu 

310. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines pasair^ 
through the origin are easily transformed by the help of the first 
theorem in Art. 307. For example, the sura (or, in some cases, 
the difference, if the origin be without the circle) of the perpen¬ 
diculars let fall from the origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Kow, to two parallel lines correspond two points on a lino 
passing througli the origin. Ileiicc, ‘‘ the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant.” 

We know (p. 185) that tliis sum is four times the reciprocal 
of the parameter of the ellipse, and since we learn from the 
present example that it only depends on the diameter, and not 
on the position of the reciprocal circle, we infer that the recz- 
procala of equal circles^ with regard to any origin^ have the aame 
parameter. 

T)ie rcotnngle iimkr the segments of The rectangle under the perpcndicnlara 
yinv chord of a circle thiougli the origin let fall from the focus on two pai'alld 
ib con^tcint. tangents is constant. 

Henoo, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances of 
any point on an ellipse is constant may be expressed thus: 

The sum of the distances from the The snm of the reciprocals of pcipcit- 
focus of the points of contact of paiallcl dicuLirs let fall from any iniint within a 
tangents is constant. circle on two tangents, wbose^chord of con¬ 

tact passes tUioiigU the pointy is constant. 

311. If we are given any homogeneous equation connecting 
the perpendiculars PB^ &c. let fall from a variable point P 
on fixed lines, we can transform it so as to obtain a relation 
connecting the perpendiculars ap^ hp' &c., let fall from the fixed 
points a, 6, &c., which correspond to the fixed lines, on the 
variable lino which corresponds to P. For we have only to 
divide the equation by a power of OP^ the distance of P from 
the origin, and thou, by Art. 101, substitute for each term 
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example, if P4, PS, P(7, PD be the perpen*- 

dieulars let fall from any point of a conic on the sides of an 
inscribed quadrilateral, PA.PC—kPB.PD (Art. 259). Divid¬ 
ing each factor by OP, and substituting, as above, we have 

^ ^ ~ ^ ^ being constant, wo 


infer that if a fixed quadrilateral he circumscribed to a conic^ 
the'product of the perpendiculars lit fall from two opposite vertices 
on any van table tangent is in a constant ratio to the product of the 
perpendiculars lit fall from the other two vertices. 


The pioduct of the perpeinucnl flom The pioduct of the perpendiculai a from 

any point of a conic on two hxed tangents two fixed points uE a conic on any tan- 
IS in a coii'it'int i itio to the bqnaic of the gent, is in a constant latio to the faquire 
perpendicular on then choid. of contact of the pcipendiculai on it, from the mter- 
(Art 2od). section of tangents at thoae points. 

If, however, the origin be taken on the chord of contact, the 
reciprocal theorem is “the intercepts, made by any variable 
tangent on two parallel tangents, have a constant rectangle.” 


The pioduet of the perpendic ul irs on 
any langi ut of a conic fiom two fixed 
pomts (t he foci) lb constant. 


Tho sqnaio of tbo ladius vector from 
a fixul point to any point on a conic, is in 
a const int ratio to tho pioduct of the pei- 
pendiculars let fa)l fiom that point of the 
conic on two fixed nght fines. 


Generally, since every equation in trilinear coordinates is 
a homogeneous relation between the perpendiculars from a point 
on three fixed lines, we can transform it by the method of this 
article, so as to obtain a relation connecting A, /^, v, the per¬ 
pendiculars let fall from three fixed points on any tangent to 
the reciprocal curve, which may bo regarded as a kind of tan¬ 
gential equation* of that curve. Thus the general trilinear 
equation of a conic becomes, when transformed. 


A" , ur v ^. uv ^ v\ ,,, 

“ ? + ^ pY + p"p +’ 


where /», p', p" arc the distances of the origin from the vertices 
of the new triangle of reference. Or, conversely, if wc are 
given any relation of the second degree A\^ + &c. = 0, con- 


* bee Appendix on Tangential EquaLiono. 
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necting tlie tlirco perpendiculars /u, v, tbe trillncar eqnanoO' 
of the reciprocal cui've Is 


A * -i-R~-i- +2i?—0 


^7 


a/9 


where a', /S', 7 ' are the triliucar coordinates of the origin. 

Ex. 1. Given the focus and a triangle circumscribing a conic, tlic perpendiculars 
let fall from its vertices on any tangent to the conic are connected by tbe relation 

sin 0 ” + sin 0' ^ + sin 0" — = 0, 

A. fA V 

where 0, O', 0" are the angles the sides of the triangle subtend at the focus, This 
is obtained by forming the reciprocal of the trilinear equation of the circle circurn* 
scnblng a triangle. If the centre of the inscribed circle be taken as focus, we have 
0 := + ^Af p sin = r, whence the tangential equation, on this system, of the 

inscribed circle is 

fiv cot 4 - v\ cot + \p cot = 0 . 

In the cose of any of the exscribed circles two of the cotangents are replaced by 
tangents. 


Ex. 2. Given the focus and a triangle inscribed in a conic, the perpendiculars lei 
fall from its vertices on any tangent are connected by the relation 

i® £) + J© + i»" J(© = «• 

The tangential equation of the circumsciibing circle takes the form 

sin A J(\) 4- sin B ^(p) 4- sin C J(i/) = 0. 

Ex, 3, Given focus and three tangents the trilinear equation of the conic is 

an e J(|,) + an 6' Jg) + sin 6" Jg,) = 0. 

This is obtained by reciprocating tbe equation of the circumscribing circle last found. 

Ex. 4. In like manner, from Ex. 1, we find that given focus and three points the 
trilinear equation is 

tan 10-4- tan ^0' ^ 4- tan — = 0. 

tt /* y 


312. Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut harmonically or an- 
luirmonically, and are transformed by the following principle: 
To any four i)omt$ on a right line correspond four lines passing 
through a pointy and the anliarmonia ratio of this pencil is the 
same as that of the four points. 

This is evident, since each leg of tbe pencil drawn from the 
origin to the given points is perpendicular to one of the corre¬ 
sponding lines. We may thus derive the anharmonic properties 
of conics in general from those of the circle. ‘ 

The anharmonic ratio of the pencil The anharmonic ratio of the point in 
' "Joining four points on a conic to a variable which four fixed tangents to a cOnio cut 
filth in cou^Luiit. any fifth variable tangent is constant. 
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^The first of these theorems is true for the circle, since all the 

angled of the pencil are constant, therefore the second is true 

for all conics. The second theorem is true for the circle, since 

the angles which the four points subtend at the centre are 

constant, therefore the first theorem is true for all conics. 
_ ^ ^ 

By observing the angles which correspond in the reciprocal 
figure to the angles which are constant in the case of the circle, 
the student will perceive that the angles which the four points 
of the variable tangent subtend at either focus are constant, 
and that the angles are constant which are subtended at the 
focus by the four points in which any insciibed pencil meets 
the directrix. 

313. The anharmonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles ‘»nbtended by the lines at a fixed point. 
For, if there be any relation which, by substituting (as in Art. 5(>) 

- , . 1 1 • OA, OB,^in A OU - 

tor each line AB involved in it,--, can be re¬ 

duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally ti ue for any trans¬ 
versal cutting the lines joining 0 to the points -4, 2?, &c.; and 
by taking the given ])oint for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, duo to 
Carnot, is an immediate consequence of Art. ItH: ‘‘If any 
conic meet the side AB of any triangle in the points c, d ; BG 
in a, a' j A 0 in 6, h '; then the ratio 

Ac . Ad, Ba, Ba\ Ch . CV „ 

Ah,Ah\Bc,Bd, Ca. CV* 

Now, it will be seen that this ratio is such that we may 
substitute for each line Ac the sine of the angle AOcj wliicb it 
subtends at any fixed point; and if wc take the reciprocal of 
this theoreui, we obtain the theorem given already Art. 295. 

314, Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conics. 

We proved (Art. 308) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 

pp. 
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without, or on the curve; we shall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
j)oiiit is to the origin, the farther the corresponding point or line 
will bo; that if any line passes through the origin, the corre¬ 
sponding point must he at an infinite distance; and that the line 
corresponding to the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other; hence, if two real tangents can be drawn from the origin^ 
the reciprocal curve will have two real points at infinity, that is, 
it will be a liyperbola; if the tangents drawn from the origin ho 
imaginary, the reciprocal curve will be an ellipse; if the origin 
he on the curve, the tangents from it coincide, therefore tlio 
points at infinity on the reciprocal curve coincide, that is, the 
reciprocal cuive will be a parabola. Since the lino at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will bo a tangent to the reciprocal 
curve; and we are again led to the theorem (Art. 251) that 
61 Vi*y parabola has one tangent bituated at an injinite distaixGet^ 

315 To the points of contact of two tangents through the 
origin must correspond the tangents at the two* points at infinity 
on the recipiVKjal curve, that is to say, the asymptotes of the 
reciprocal curve. The ecoenlrlcity of the reciprocal hyperbola 
depending solely on the angle between its asyniptotes, de()endsr 
theretoro on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection of the asymptotes of tho reciprocal 
curve (?'.e. its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when wo proved that to the 
centre of a circle corresponds the directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 

Ex. 1. The reoiprocal of a parabol.% with regard to a point on the directrix ie aA 
equiUtoial bypcibola. (See Art. 221). 

Ex. 2. Prove that the following theorems are reciprocal: 

The Intel‘section of peijjendionlais of The inteisection of perpendicularp 

a tiiAnglc tiicnmvcijbnijj a paiabola w a a tnan^le in^iciibcd in an equilateral by** 
point on the duettrix. peibola lies on the cuive. * 
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I'Bx, DiiriTe the last fitim Pascal’s theorem. (?ce Ps. 3, p. 2'17), 

*Ex. 4a The aitOB of the reciprocal curve ai'e parallel to the teanp'nt and normal of 
' s Gopio drawn through the origin confocal with the given one. h'or the sixes of the 
reciprocal carve muBt bo parallel to the interaal and external biBcotois of the angle 
between the tangents drawn from the oiigin to the given curve. The theorem stated 
follows hy Art. 189. 

Given two circles, wc can find an origin such that the 
reciprocals of both shall be confocal conics. For, since the reci¬ 
procals of all circles must have one focus (the origin) common; 
in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of 
the two points determined in Art. 111. Hence, given a system 
oTcifcles, as in Art. 109, their reciprocals with regard to one of 
these limiting points will be a systetn of confocal conics. 

The reciprocals of any two conics will, in like manner, be' 
concentric if taken with regard to any of the three points 
(Art. 282) whose polars with regard to the curves are the same. 

Confocal conics cut at right angles Tlie common taiujront to two circles 
(Art, 188). subtends- a right angle at either limit¬ 

ing point. 

The tangents from any point to two Jf any lino inlcr^cjct two oircles, its 
confocal conics are equally inclined to two intercepls betathe circles subtend 
each other. (Art. 189). equal angles at either limiting point. 

The locus of the pole of a fixed line The polar of a fixed point, witfi regard 
with regard to a series of confocal conics to a series of circles having the same 
is a line perpendicular to the fixed hue. radical axis, passes through a fixed point; 
(Art. 22G, Ex. 3). and the two points subtend a right angle 

at either limiting point. 

817. We may mention here that the method of reciprocal 
polars affords a simple solution of the problem, to describe a 
<}irclo touching three given circles.” The locus of the centre 
of a circle touching two of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles arc the 
foci, since the problem is at once reduced to—‘‘ Given base and 
difference of sides of a triangle.” Hence (Art. 308) the polar 
of the centre with regard to either of the given circles (1) will 
always touch a circle which can be easily constructed. In like 
manner, the polar of the centre of any circle touching (1) and (3) 
must also touch a given circle. Therefore, if we draw a commou 
tangent to the two circles thus determined, and take the pole 
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t 

of this line with respect to (1), we have the centra of tha 
touching the three given circles. ^ 


318. To find the equation of the reciprocal of a eonie 
regard to its centre. ^ 

We found, in Art. 178, that the perpendicular on the tangout 
could be expressed in terms of the angles it makes with thoa^es^ 

^■s= a* cos*^ + sin*0. 

Hence the polar equation of the reciprocal curve is 

~ = a* cos*^ + sinV, 

P 


or 


aV 

~h* ’ 


a concentric conic, whose axes are the icciprocals of the axea 
of the given conic. 


319. To find the equation of the recipiocal of a conic with 
regard to any point {x'f). 

The length of the perpendicular from any point Is (x\rt. 178) 

^ ~ \/(«^ cos^^ + V sin’'*^) — x' cos 0 — ?/' sin 5 j 

P 

therefore the equation of the reciprocal curve is 

{xsf 4 yy^ + k^y = a‘V 4- l^y\ 


320. Oiven the reciprocal of a curoe with regard to the origin 
of coordhiateSj to find the equation of its reciprocal with regard 
to any point [ixiy')» 

If the perpendicular from the origin on the tangent be 
the perpendicular from any other iioint is (Art. 34) 

P— a;' cos 0 - y' sin 0j 

and therefore the polar equation of the locus is 


— = — a; COS ^ — y sin 6 : 

p E if y 

y __ txfx-Vy^y + ^ ^E cos 0 _ p cos 0 

E p A XX ^yy +k ^ 

we must therefore substltutei in the equation of the given 

Px AV 

reciprocal, for *, and fory. 
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^ect of this substitution may be very simply written 
Aft fbllows: Jjet the equation of the reciprocal with regard to 
the origin be 


where denotes the terms of the «'** degree, dec., then the 
reciprocal with regard to any point is 


«« + 


/aKu' + ?/»' + P\ I xi' + y>/ + /<!''\* . ^ 

w.^ (-'i. -) + &o.« 0, 


a ctttve of the same degree as the given reciprocal. 


321. To find the reciprocal with rt.<ipect to + of the 
conic given by the general equation. 

We find the locus of a point whose polar xoi '\-yf shdll 
touch the given conic by writing x\ y\ - for X, /x, v in the 
tangential equation (Art. 151). The reciprocal is theieioie 

Aocf + 2lLcy + By^ — 2 (7/5“*« — 2Fk^y 4 Ch*‘ = 0. 

Thus, if the curve be a pai.ibola, C or a6 —= 0, and the 
reciprocal passes through the oiigin. We can, in like niannci, 
verify by this equation other piopeities pro\ed alieady geo¬ 
metrically. If we had, for s^inmctiy, iviitten —and 
looked for the reciprocal with regard to the curve aj* + 4 = 0, 

the polar would have been xx' 4 yy 4 zz'^ and the equation of 
the reciprocal would have been got by writing y, z for \, fi, v 
in the tangential equation. In like manner, the condition that 
Xa; 4 Aty 4 may touch any curve, may be considered as the 
equation of its reciprocal with regard to 4 y’ h 

A tangential equation of the degree always represents 
a cuivc of the n**'class; since if wc suppose \x^ g.y^-vz to 
pass through a fixed point, and thei cforc have \x' 4 py' 4 = 0; 

eliminating v between this equation and the given tingcntial 
equation, we have an equation of the degree to dctciinmo 
Xi and therefore n tangents can be drawn througii the given 
point. 

322. Before quitting the subject of reciprocal polars, we 

wi$b to mention a class of theorems, for the transformation of 
ivbich M. Ohasles has proposed to take as the auxiliary conic 
II instead of c,citch. We proved (Art. 211) that the 

intercept made on the axib of the parabola between any two 
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lines 13 equal to the intercept between perpendiculars let fall on 
the axis from the poles of these lines. This principle theii 
enables us readily to transform theorems which relate ton the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premising 
that to two tangents parallel to the axis of the auxiliary pai:abola 
correspond the two points at infinity on the reciprocal curve, 
and that consequently the curve will be a hyperbola or ellipse, 
according as these tangents are real or imaginary. The reci« 
procal will be a parabola if the axis pass through a point at 
infinity on the original curve. 

“ Any variable tangent to a conic intercepts on two parallel 
tangents, portions whose rectangle is constant.” 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent answer parallels 
to the asymptotes through any point; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed line portions whose 
rectangle is constant. But this is plainly equivalent to the 
theorem: The rectangle under parallels drawn to the asynip-* 
totes from any point on the curve is constant.” 

Ghoids drawn fiom two fixed point** If any tangent to i pai iT»oli meet two 
of a hypciliola to a vaiublc thud point fivcdtii _onN, poii enUKLilai-. lioni it« cx- 
intcrcept a con'-taiil length on the nip- tn in ti s on the tangnit at the vrilex wiU 
tote (Art. 199, Ex 1). intiiupt i coiibtant Jengtli on that line. 

This method of parabolic poLirs is plainly very limited in 
its application. 
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STARMONIO AND ANHABMONIC PBOPERTIES OF CONICS* 


823. The harmonic and anharmonic properties of conic sec¬ 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in point¬ 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties, 
or which may be inferred from them without much difficulty. 

The eases which we shall most frequently consider arc 
when one of the four points of the right line, whose anharmonic 
ratio wo are examining, is at an infinite distance. The an¬ 
harmonic ratio of four points, -B, (7, being in general 


(Art. 66) = -r- reduces to the simple ratio - when 


D is at an infinite distance, since then AD ultimately *=: — DC. 
If the line bo cut harmonically, its anharmonic ratio = — 1; and 
if be at an infinite distance-42? =(7, and AC is bisected. 
The* reader is supposed to be acquainted with the geometric 
investigation of these and the other fundamental theorems con¬ 
nected with anharmonic section. 


We commence with the theorem (Art. 146): ^‘If any 
line through a point 0 meet a conic in the points 2?", and 
the polar of 0 in 2i, the line OTt'BR^ is cut harmonically,” 
First. Let jB" be at an infinite distance; then the line OR 
must be bisected at 22'; that is, if through a fixed jwinf a line he 
drawn parallel to an asymptote of an hyperbola^ or to a diameter 
of a parabola^ the portion of this line hetiveen the fixed point and 
its polar will he bisected by the curve (Art. 211). 


♦ The fimdamontal property of anharmonic pencils wa‘% given by Pappufl, MutU, 
Coll. YU. 129. The name anharmonic ” was given by Chasles m his History of 
Geom^y^ from the notes to which the following pages have been developed. Fintlur 
details will bo found in his IVaite de Gpometrie tiupf neure; and in hi>) leeentJy 
published TreatUt on Conics* The anharmonic ifiction, however, had been studud 
by ^obius in his Darycentrio Calculmy 1827, nndci the name of “ DoppelKsliiiitts^ 
verhultniss.*^ Later writcis use the name *^Do]>pd\cilultiiibo.” 
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Secondly. Let M be at nn infinite distance^ and roust 
bo bisected at 0] tliat is, if through any point a chord drawn 

parallel ta the polar of that pomt^ it will he bisected at the point. 
If the polar of 0 be at infinity, every chord through that 
point nioet'9 the polar at infinity, and is therefore bisected at 0, 
IJcncc this point is the centre, or the centre may he comideii*ed as 
a point whose polar is at injinify (Art. 154). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may he considered as the polar of the point at injinify in which its 
ordinates are bVpposed to intersect. 

This also tollows fiom the equation of the polar of a point 
(Art. 145) 

[ax + hy ^ y) f- hlc^ hy +/) H ^ ^ - 0. 


Now, if x'y be a po'nt at infinity on the line ????/ = ??r, we must 

7 / n , . 

make —,, and u' infinite, and tlic equation of the polar 


X 

hccomcs 


m i f- hy + g) + « (hx f hy 4 /) = 0, 
a diameter conjugate to niy^nx (Art. 141). 


325. Again, it was proved (Art. IIG) that tlic two tangents 
tlnough any point, any other line through the point, and the 
line to the pole of tliis last line, form a haimonic pencil. 

If now one of the lines tlnough the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of 
any point on a diameter is parallel to Us conjugate, we learn that 
the portion between the tangents of any line <lrawm parallel to 
the ])olar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes^ together with any pair of 
conjugate diameters^ form a harmonic pencil^ and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 106), 


326. The anharmonic property of the points of a conic (Art? 
259) gives rise to a much greater variety of particular theorems* 
ITor, the four points on the curve may be any whatever^ and 
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either one or two of them may bo at an infinite distance; the 
fifth point 0, to which the pencil is drawn, may be also either 
at an infinite distance, or may coincide with one of the four 
points, in which latter case one of the legs of the pencil will be 
the tangent at that point; then, again, wo m«iy measure the 
anhamnonic ratio of the pencil by the segments on ant/ line 
drawn across It, which we may, if we please, draw parallel to 
one of the legs of the pencil, so as to reduce the anharmouic 
ratio to a simple ratio. 

The following example'^ being intended as a practical cxcrciso 
to the student in developing rho coiisc(|n(‘nccs of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which llio ratio is measured, and the res ulting theorem, 
recommending to tlic reader a closer examination oi'tlio manner 
in which each theorem is irifcired tVoui the goncral principle. 

We use the abbreviation {0. A/U^J)} to denote the aiilnr- 
monic ratio of the pencil OA^ 01*, (>(J, OD. 


Ex. 1. {J../AV h] - \n.Aiirjh, 

Let tliese ratid be estimated by the ‘•c’-incMts on tlK* biio let ihf' t.m" iifs 
at yl, 7? meet CD iii lln* points 7’, 7', ,ind Itt the cLojd 
AB meet CD in A", tlnm the I'Jitios .‘irc 

'JK.r>r_ KV^DC 

''ilJ.hC~ K/J. 7'<;’ 

that ifl, if any cliocd CD meet two tani^nuts in 7\ V, 
and their chord jf contact m JT, 

KC.KT. TD = KD. VK. TC. 

(The reader tuu« 1 be careful, in this jaul the following 
example, to tjikc tho points of the pencil in ffn •^ume 
order on both sides of the equation. Thus, on the Ht- 
hand side of this cqnniion w'e took K second, bccaiiH' it 
answers to tho leg OB of the pencil; on the light hand 
we take K lirpt, becau'-e it answ'eva to the leg OA), 



Ex. 2, Let T and T coincide, then 

KC.TD^-KD.TCf 

er, any chord through the intersection of two tangents i*; cut harmonically b> the 
chord of contact. 


Ex. $. Let 7* bo at an infinite distance, or tlie secant CD dinwn parallel to PT% 
and it will be found that the ratio will i educe to 

TK^ = TC. TD. 


Ex. Let one of the points be at an infinite distance, then [0,ABC cc] is eon* 
> etent. Let this lAtio be estimated on the line C go . liOt the lines A Oy BO cut C os 

ia a, then the ratio of the pencil w^Ul reduce to and we learn, that if two 

points, Ay By on 9k hyperixila or parabola, be joined to any vaiiablo point 0, 

QQ. 
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and the joining linea meet a fixed parallel to an as» 3 ’'mptot& (if the carve b© 
hola), or a diameter (if the oui've be a parabola), in a, then the ratio €i]t i 
be constant. ’ 

Ex. ft. If the same ratio be estimated on any other parallel line, lines inlTecI^ 
from any thiee fixed points to a variable point, on a hyperbola or parabola, out a fixed' 
parallel to an asymptote or diameter, so that oi : ac is constant. 


Ex. 6. It follf»w'3 from Ex. 4, that if tho lines joining A, B to any fourth point 
O' meet C oo in ft', 6', we must have 

of) _ aO^ 

~ u'C' 

* » 

Now let ns suppose tho point C' to be also at an infinite distance, the line C oo becomes 
an asymptote, the ratio ah ; a'b^ becomes one of equality, and lines ioiuing two fiiwd' 
points to any variable point on the hyperbola intercept on either asymptote a constant 
portion (Art. 199, Ex. 1). 

Ex. 7. {A.ABCct>] = {B.ABC^). 

Let these ratios be estimated on C* «> j then if the tangents at .4, By cat C' oo in 
0 t, by and the chord of contiict AB in Ky we have 
Ca CK 
(JK "Cb 

(observing the caution in Ex. 1). Or, if any paralle 
to an asymptote of a hyperbola, or a diameter of a 
parabola, cut two tangents and their chord of con¬ 
tact, the intercept from the curve to the chord is 
a geometric mean Ixjtvvceu the intercepts from the 
curve to the tangents. Or, conversely, if a line aby pnrjilh'I to a given one, meet th® 
side.s of a trijuigle in tlie points by A", and there he taken on it a point C such that 
— Ca . Cby the locus of C will be a parabola, if Cl> be parallel to the bisector of 
the ba.se of tho triangle (Art, 211), but otherwise a hyperbola^ to an asymptote oi 
which ah is parallel. 



Ex. 8. Let two of the fixed points be at infinity, 

{oo , ^4^ CO 00 '} = (oo A CO «■'}; 

the lines oo oo, oo' c©are the two asymptotes, while oo co' is altogether at infinity. 
Let the.se ratios be estimated on the diameter OA ; let 
this line meet the parallels to the asymptotes if oo, Bec'y 

in a and a '; then the ratios become . Or, 

C/a i/A 

pamllols to tho asymptotes through any point on a hyi)eT- 
bola cut any semi-diameter, so that it is a mean propor¬ 
tional between the segments on it from the centre. 

Hence, conversely, if through a fixed point 0 a line 
be drawn cutting two fixed lines, Ba, Ba\ and a point A 
taken on it so that OA is a mean between Oa, Oa'y the 
locus of A is a hyperbola, of which 0 is the centre, and 
Bay Ba'y parallel to the asymptotes. 





Ex. 9. 




{oo ,AB 00 oo'} = {oo'.^jSao oo'}. 


Let the segments be measured on the asymptotes, and we have ~ (O bei^ 

Ob Oaf ' ‘ ' 

the centre), or the i-ectangle under parallels to the asymptotes through any point;on' 
' the curve U con.sLaiit (we invert the second ratio for the reason given in Ex. 1). 
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S27* Wc next examine some particular cases of tlie anhar- 
mottic property of the tangents to a conic (Art. 275). 


3Sx. 1 . This property assumes a very simple form, if the curve be a parabola, 
for one tangent to a para* 



tKda is alwaye at an in 
finite distance (Art. 254). 

Hence •three fixed tanr 
^ gents to a parabola ent 
any fourth in the points 
Af B, €t so that AB ; AC 
is always constant. If 
the vanahle tangents co¬ 
incide in turn with each 
of the given tangents, wc obtain the theorem, 

* _ BP ^ 

QR "* Pq ^ tP' 

Ex. 2. liCt two of the four tangents to an ellipse or h^poibohi be parallel to each 
■other, and let ilie variable tangent coincide altcr- 
Qatcly with each of the parallel tangents. In the 
first case tlio ratio is 

- 7 -, and 111 the second 7 ^,. 

Ac 1)0' 

Hence the rectangle Ab.J)b' !>> constant. 

It may be deduced fioin the aiiharinonio pro¬ 
perty of the points of a conic, that if the lines joining any point on the nuve O lo 
A, />, meet the paiallel tangents in the pointa 5, b\ then the ucUnglc Ah.lH/ will 
be constant. 



828. We now proceed to give some examples of prol)l(*ms 
easily solved by the help of the auharraouio properties of conies. 

'Ex. 1, To prove MacLaiirin’s method of generating conit section® (ji 21 ^ 1 , 

To find the locus of the vcitcx V of .* tii ingle whobo j?i<h*w through tlu* i ouita 
Af jB, Cf and whose base angles move on the fixed lines Oa, Ob, 

Lot us suppose four such triangles drawn, then since the pencil {C,aa'a”a'"\ is tlia 
same pencil as [C,bb'b"b*"}^ we have 
{aa W''} = {55 W"), 
and, therefore, 

{A . aaWW") =: {B . 55W"} j 
or, from the nature of the que««tion, 

{A. VirV^V"*) = {B, FPP'F’"} j 
and therefore A, B, F, P, P', F" lie 
on the same conic section. Now if the 
first three triangles be fixed, it is evident 
that the locus of V**' is tbo conic section 
passing through AB V V' V**, 

Or the reasoning may be stated thus; The systems of lines through A, and 
through Bf being both homographic with the system through are homogi.iphic 
mrith each other} and therefore (Art, 297) the locus of the intei-stction of ooiienjond- 
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irtg lines IS a cr>iiio tlnough A and B He folloi^in^ examplea axe, in like i^M^ery 
lUustiations of tlx njplication of this pnnciple of Art 

Lx 2 M Chx'^lcs h is shovrcd that the same demonstiration ^ill hoDid if 
aht in«^tc'id ot pawiig Ihioiigh the fixed joint C, touch Any conic v^hich lonahctt 
OOf Ob, foi then 'iiiy foi i positions of the base out Oa, Ob, bo that 

{aa<i"a'"} = {bb'^'b'"} (Art. 275), 
and the icst of the pioof proceeds the eame as before. 

Lx d No^^ ton’s method of genciating conic sections —Two angles of wnstanfc 
m igmtiide move about fixed points P, Q j 
tl L inlt I section of tw ■* of their sides tra. 
vci^Ls the light hue A i , tli^ the locus 
of 1, th< mteiscction o£ tiinr other two 
bides, will be a conic pi>Miig throug 

Q 

For, as before, take four positions of 
thcsnglfs, tlxn 

{P AA^i 1 '}= Q AA r r’}j 
but {P A\ui A } - {P v\ \ ;'}, 

{Q AiA^A -{Q n V i ), 

since the angles of the pencils aie the ssme, thoiefoie 

{P VV'l* \ = {Q \V* F"p"}, 

and, tlicicfore, as before, the locus of F' is a conic tbiough P, Q, V, V, T"'. 

Lx 4 M Clia*«les has expended this method of gtiieiiting conic seetiona, by 
suppO'^ing the jcint A, instead of moving on a light line, to move on any conio 
1 ashing tluough the points P, Q, for we shall still have 

{P AA'A'A'"] = {Q A 

Lx 5 Ihe demonstiatioii would bo the same if in place of the angles AP\, AQV 
being constant, 4PV and AQF cut off constant intercepts each on one of two fixed 
lints, foi wc ‘'hould tlion piove the pencil 

{P AAA*'A'^} = {P rPP^F*"}, 

bee in e both pencils cut off intcicepts of tlie same length on a fixed line 

’I Ini'!*, also, given base of a triangle and the mteiucpt made by the bides on any 
fixed line, wc c ui fioxe that the locus of vertex is a conic section. 

Lx C We may albo extend Ex 1, by supposing the extremities of the line ab 
to mo\c oil any conic section pissing through the poiuta AB, for, taking fooy 
positions of the tiiangle, we have, by Art. 276, 

{nan = 

theicforo, {A aaW^a''} = {B 

and the icst of the pioof pioceeds as before. 

Ex 7 The base of a triangle passes through 0, the intei section of common 
tangents to two conic bcciions, the extiomities of the b i^e ab lie one on each of ihn 
conic sections, while the sides pass through fixed points A, B, one on each of the 
conics the locus of the veilox is a conic thioagh A, B, ^ 

The pioof proceeds exactly as before, depending now on the second theorent 
proved Alt 276 We may mention tliat this theorem of Art. 276 admits of a single 
geomctiical pioof lict the pencil be drawn from points correspan^g 

to nhc /} Now, the lines OA, oa, intersect at r on one of the common chorda of 
the roiiKin like mannei, BO, bo intersect m on the same chord, deq,; hence 
{f t \ weasuies the an'> armonic ratio of both thcjbc pencils. 
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Xn ]^4 ^ iiie has» iruteetd of pi^sin^^ tluough ci fixed point C, may be aap- 

\ fiOi toncdi a como having double contact with the given conic (see Ait 27b) 

If a polygon be insonbed in a oomc, all whose sides but one p iss through 
fiaoed points, the envelope of that side will be a conic having double contact with 
tibaj^venone 

iP0tt take any four positions of the polygon, then if a, b, c, do. bo the vertices 
of the ixilygon, we have 

• {na’a'a’"} = tm l> ) - i<f't V'"K Ac 

!Aie ptoUem ii, therofoio, xeductcd to tliail' of Ait 277,—“ Given three pain of points, 
aa^a", (frf'rf'', to hnd the envelope of a "rf'such that 

{aoW''} = {d^d"a"}f* 

Ex 10 To inscribe in a conic section a pol} gon, all whose sides shall pass thioiigh 
fixed points 

If we assume any point (a) at i mdom on the come for the vertov of tlie ijoh L,on, 

V and form a polygon whose sides piss through tlu given points, the punit wbcic 
the last side meets the conic, will not in gciu'inl coincide with a If wo m ikc four 
such attempts to inscnbe the polygon wc uuibt have os m the labt c\ iruplt 

(oa = {'•z*z 'z '} ♦ 

Kow, if the labt attempt weio successful the point a" would coincide x\ith a", and 
the problem is reduced to—Given thiee paub of points, aaW', zz'z to find a point 
K such that 

Now if we make the veitnos of an inscnbcd hexagon (m the ordci hcio 

given, taking an a and ^ alternately and so that 
as, a' J'f may be oppontc vcitn cs) then either 
of the points m wluch the lino joimn ^ tbc inter¬ 
sections ot oppo'ute sides meets the <omc may be 
token for the point A Tor, in the figure, the 
pointa AC£ are aaV', JJFB %rQzzz \ and ji we 
take the sides in the oidcr ABCDl /, il/, A aio 
the mtcisections of oppo«>ite sides how, since 
{KPNL} meabures both {D KACB) and {*l AJJjfB], 
we have 

{KACr\ = [KBFB) Q r D * 

It is easy to see, horn the last example, that K 
IS a pomb of contact of a come h ivmg double con¬ 
tact with the given conic, to which a*, az\ a * " aie tangents, and that we baie 
therefoiG just given the solution of the question ** To deaenbe a conic touchuig three 
given hues, and having double contact with a given come * 

Ex 11 Ihe anhajmonic pioperty affords also a simple pioof of Pascals theorem, 
alluded to in the last example 

We have {E CBFBi = {A^CJOFB} Now, if wc examine the segments made by 
the first pencil on BC, and by tbe second on J)Cy we have 
^ {CRAIB] = 

* Tlnsconstructionfor inscribing a polygon in a conic is due to M, Foncelet {TS'avti 
dek Propi ui(>h Pi (^cUnes, p. 851) The demonstration heie u^^ed is Mr Towmsend’s 
li shows that Poncclct’s construction wiU equally sohethc pioblem, ^^Toinsmbe a 
« Pplygon m a conic, each of whose side« sball tom h a couic having double contact with 
' the given come ” The conics touched bj the «.ides ro t\ be all difierent. 
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, Now, il wo draw lines from tlic point L to each of these points, wo foiitt two pGAttls 
which have the tliree legs, CL, JjE, AB, common, therefoi^ the fonrfch legs NL, L^f, 
must fonu one right line. In like manner, Brianchon’s theorem is deiived the 
anharmonic property of the tangents. 

Ex, 12. Given four points on a conic, ADFB, and two fixed lines through'any 
one of them, DC, I)E, to find the envelope of .the line GJ? joining the points where 
those fixed lines again meet the curve. 

The vertices of the triangle OEM move on the fixed lines DC, DE, NL, and 
two of its sides pass through the fixed points, i?, F', therefore, the third side 
envelopes a conie section touching DC, DM (by the reciprocal of MacLauviu’s mode 
of generation). 

Ex, 13 . Given four points on a conic ABDE, and two fixed lines, AF, CD, pa.s 3 - 
sng each through a different one of the fixed points, the line CF joining the points 
wdiere tlie fixed lines again meet the curve will pass througli a fixed point. 

For the triangle CFM has two sides passing through the fixed points B, E, qjid 
the vertices move on the fixed lines AF^ CD, NL, which fixed lines meet in a point, 
therefore (p. 2S0) CF passes througli a fixed point. 

The reader will find in the CJiapter on Projection how the Inst two theorems are 
suggcsteckby other well-known theorems. (See Ex. 3 and 4, Art. 3.)5). 

Ex,.Ji4, The anharmonic ratio of any four diameters of a conic is equal to that of 
their four conjugates. This is a particuhu- case of Ex. 2, Art. 297, that the anharmonic 
ratio of four i)oint3 on a line is the same as that of their four polars. We might 
also prove it directly, from the consideration that the sinbarmonic ratio of four 
choids proceeding from any point of the curve is equal to that of the sup[)lemcntal 
chords (Alt. 179). 

16. A conic cireumscribes a given quadrangle, to find tlie locus of its centre. 
(Ex. 3, Art. 151). 

Draw diameters of the conic bisecting the sides of the quadrangle, their anhar- 
monic ratio is equal to that of their four conjugates, but this last ratio i.s given, since 
the conjugates are parallel to the four given lines; hence the locus is a. conic passing 
through the middle points of the given .sides. If we take the ca.ses where the eonic 
breaks up into two right linos, we see that the intei'sections of the diagonals, and also 
those of l-he oppo.sito sides, arc points in the locus, and therefore tluit. these points lie 
on a conic passing through the middle jioints of the sides and of the diagonals. 

^329. Wc think it unnecessary to go through the theorems^ 
which are only the polar reciprocals of those investigated iu 
the last examples; but we recommend the student to form the 
polar reciprocal of each of these theorems, and then to prove it 
directly by the help of the anharmonic property of the tangents 
of a conic. Almost all are embraced in the following theorem: 

If there he any number of jjoints J, c, &c, on a ri^t line^ 
and a homographic system a', c\ d\ &c, on another hhe^ the 
lines joining corresponding points will envelope a conic. For if 
we construct the conic touched by the two given lines and by 
three lines aa\ bb\ cc\ then, by the anharmonic property of the 
tangents of a conic, any other of thcr lines dd must touch the 
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• SI11XI1& conic.* The theorem here proved is the reciprocal ot‘ 
that proved Art. ^97, and may also be established by interpreting 
tangentially the equations there used. Thus, if P, P'; Q' re¬ 
present tangentially two pairs of corresponding points, P+XP', 
Q + XQ' represent any other pair of corresponding points; and 
the Ijne joining them touches the curve represented by the 
tangential equation of the second order, PQ' ^ P'Q. 

Ex. Any ti’ansvei'fial through a 6xcd point P meets two fixed lines OA^ OA\ in 
tlio points AA'’f and portions of given length Au, A'a* are taken on caoh of the 
given lines; to find tlje envelope of an'. Here, if wo give tlio transvei’sal four 
positions, it is evident that [ABCJ)] = {A'B'CB'], and that {ABCJ)} = {abed}, and 
{A'B’CI)*) = {a'iVVr}. 


330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whetlier in any particular position the moveable line can 
be altogether at an infinite distance, for if it can, the envelope 
is a parabola (Art. 254). Thus, in the last example the line aa 
cannot be at an infinite distance, unless in some position AA' 
can be at an infinite distance, that is, unless P is at an infinite 
distance. Hence we see that in the last example, if the trans¬ 
versal, instead of passing through a fixed point, were parallel to 
a given line, the envelope would be a parabola. In like manner, 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable point, 
as we have illustrated in the last example of Art. 328. 


331. If we are given any system of points on a right lino 
we can form a honiograpbic system on another line, and such 
that three points taken arbitrarily a\ h\ c' 8h«all correspond to 
three given points a, 5, c of the first line. For let the distances 
of the given points on tile first line measured from any fixed 


* In the same case if P, P' be two fixed points, it follows from the last articio 
that the locus of the intellection of Pd, P'd' is a conic through P, P\ We saw 
(Art. 277) that if «, h, c, d, &c., o', P, c', d' be two homogrnphic systems of points 
on a conic, that is to say, such that {abed} always = {a'b*c*d*}, the envelope of dd' is 
a conic Ii^Ving double contact with the giyen one. In the same case, if P, P' bo 
fix^ points on the conic, the locus of the intersection of Pd, is a conic through 
P, P*.- Again, two conics are cut by the tangents of any conic having double con¬ 
tact with both, in homographic systems of points, or such that {abed} = {a'b’c'd'} 
(Art. 270) j hut it is not true conversely, that if we have two hoinogiaphic systems 
of points on diU'erent conicc, the lines joining corresiionding points necessarily en- 
^ veJope a conic. 
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origin on tbe line bo bj o, <and let the distance of vari¬ 

able point on the line mcasuied from the same origlp %e ar, 
Siiuilailj let the distances of the points on the second lino 
from any origin on that line be a, 6', c\ as', then, as in Art. 277, 
we have the equation 

j a^b) ( c^t) _ (cl (eW) 

(a — c) — a?) (a' — c') (i' - a?') * 

which expanded is of the form 

Ji-Xol H“ IBx H* GjI 4“ ^ 0.^ 

This equation enables us to find a point d in the second line 
corresponding to any assumed point x on the first line, and such 
that {abce} = [db'c'd]. If this relation be fulfilled, the line 
joining the points a?, d envelopes a conic touching the two given 
hues; and this conic will be a parabola if ^ = 0, since then d 
is infinite when x is infinite. 

The result at which we have arrived may be stated con¬ 
versely thus: Two systems of points connected by any relation 
will he homogi aphic^ ij to one point of either system alwctys coiie^ 
sponds one^ and hut one^ point of the other. For evidently an 
equation of the foim 

Axd + Bx + Cd + 2> = 0 


is the most general relation between x and d that we can write 
down, which gives a simple equation whether wc seek to deter¬ 
mine X in terms of d or vice verm. And when tins relation 
is fulfilled, the anharmonic ratio of four points of the fiist 
system is equal to that of the four corresponding points of the 

second. For the anharmonic ratio ^ unaltercdi 


* M Chefiles 6iato« the matter ihub Tbe points r, v* belong to homograpbic 
systems, if a, 6, a\ h' being fixed points, tbo r^itioB of tbe distances ax bx, aV . b'x', 
be connected by a liuciU lelation, such is 


aa aW . 
\rr^ + fi , +v = 0. 


dx 


If X 


a 


denoting, as above, the distances of tbe points fiom fixed oiigius, by ff, bf X} 
/, a., this rcldtion is 


ft — » 


a - X 


ri+A* 


yrhn b, expanded, gives a relation between x and xt of the foim 

Axx \ Zte + Ct -f * 0 , 
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if instead of x we write 
tlons for y, 


Bx + D 
Ax+ (7* 


and make similar substitu- 


332. ITie distances from the origin of a pair of points Ay B 

on thenixis of x being given bg the equatioHy ax* + 2hx + i = 0, and 
those of another pair of points A\ B' by aV + + 6'= 0, to 

dnd the condition that the two pairs should be harmonically cora- 
jugate. 

Let the distances from the origin of the first pair of points 
be a, ^; and of the second dy /3' j then the condition is 

AA' _AB\ a-a'_ 

which expanded may be written 

(a + /3) (a' + /S') == 2a/8 + 2ol0\ 

But a + /8 =-, a/8=-; (a+/3) = —, , 

a a a a 

The required condition is therefore 

aV + db — 2h1i = 0.* 

It is proved, similarly, that the same is the condition that the 
pairs of lines 

ad 4 2//a/8 + J/S®, a'a® 4 21/aB + b'^*y 
should be harmonically conjugate. 

333. If a pair of points aa? 4 2^hx 4 by be harraontcally con¬ 
jugate with a pair a';®* + 2A'a; 4 Vy and also with another pair 
d'x* ^2}/'x'^ V\ it will be harmonically conjugate with every 
pair given by the equation 

(a'oj* 4 2Kx 4 6') 4 X (a"a;* 4 21/'x 4 J") = 0. 

For evidently the condition 

a [b' + + J (a' 4 Xa") - 2A (A' + XA") - 0, 

wilt be fttlfilled if we have separately 

ay + Jo' - 2AA'« 0, ah" + Ja" - 2AA" * 0. 


^ * It cftn be proved that tho axibarmonic ratio of the intern of foar polnto will bo 

if {ab* — 2AA'}* be in a ^ven ratio to (aA (a'A' — A'*), 
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334. To find the locus of a point such that the tangents front 
it to two giien conies may form a harmonic pencil* 

If four lines form a harmonic pencil they will cut any of the 
lines of reference harmonically. Now take the second form 
(Art. 291) of the equation of a pair of tangents from a 
point to a curve given by the general trilinear equation, and 
make 7 = 0 when we get 

(673'^ 4 - 2i?]SYJ - 2 (f7a'/3' - FH - V + ^^7'*) 

+ {Ca'* + Ai^ - 2 (7aY) ^ » 0. 

We have a corresponding equation to determine the pair o« 
points where the line 7 is met by the pair of tangents from 
a')SY ^ second conic. Applying tlien the condition of 
Art. 332 we find that the two pairs of points on 7 will form 
a harmonic system, provided that a'/SY satisfies the equation 

((7/S“ + £ 7 * - 2F^y) ((7V + ^V - 2 O^ay) 

+ (4 Ay^ - 2 Oay) ( G'^ 4 i?V " 
«2((7a/S-J^a 7 - G0y + Ily^) - F'ay- G'/^y + Il'y^). 

On expansion the equation is found to be divisible by 7 *, and 
the equation of the locus is found to be 

{BG^B' ( CA'+ CA^2 G {ABAAB--2UR)y^ 

42 ( 6 ?/i '4 G'U^AF’-AF) ^y^2{nF^irF^Ba-^BG)yQi 

4 2 [FG^ ^FQ--GW^ ail) a/3 = 0; 

a conic having Important relations to tlic two conics, which will 
be treated of further on. If the anharmoiiic ratio of the four 
tangents be given, the locus is the curve of the fourth degree 
where 8^ 8\ F^ denote the two given conics, and 
that now found. 

335 . To find the condition that the line Xa 4 MjS 4 V 7 should 
he cut harmonically hy the two conics* Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
bcction are found to satisfy the equation 

(cX“ 4 — 2^Xv) a“ + 2 (cX/a —/Xr - gpv 4- hv*) ajS 

4 (c/A* 4- hv* - 2ffiv) /8* = 0. 

We have a similar equation satisfied for the points where the 
line meets the bccond conic; applying then the condition of 
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Art* wo Bnd, precisely as la the last article^ that the re- 
<|hli*e(l condition is 

(Jc' + Vc - 2ff) + (ca' + da - 2gg*) fj? + [aV + a'h - 2M') v* 

+ 2 {gV gfli-- af^ ay) fiv + 2 {hf hy-^hg^ — Vg) v\ 

• + 2 (/5/' +/- cli - c'A) X/A = 0. 

The lino consequently envelopes a eonic.^ 


INVOLUTIO!^. 


336. Two systems of points a, i, e, &c., a', 7/, e', &c., situ¬ 
ated on the same right Itne^ will be hoinographic (Art. 3.*U') if 
the distances measured from any orif^in, of two corrcapouJiiig 
points, be connected by a relation of tbc form 

jlxx^ ”)■ JBx H“ CJx H" = 0. 


Now this equation not being symmetrical between x and a?', the 
point which corresponds to any point of the lino considered as 
belonging to the first system, will in g<‘iieral not be the same 
as that which corresponds to it considered as belonging to the 
second system. Thus, to a point at a distance x considered as 
belonging to the first system, corresponds a point at the dis- 
lix 

taucc— . —-rA but considered as belonging to the second 

Ax’\-G^ ° ° 


system, corresponds — 


Two hoinographic systmiis situated on the same line aro 
said to form a system in involution^ when to any point of the 
line the same point corresponds whether it be considered as 
belonging to the first or second system. That this should he 
tbc case it is evidently necessary and sufficient that wc should 
have (7 in the preceding equation, in order that the relation 
connecting x and of may be symmetrical. Wc shall find it 


♦ If subsKtuting in tlio equations of two coi.k's Uj P, foi «, Xo h ««', &c. we 
obtain rebulU 

X«Cr+ 2X^P + \®r+ 2\/x(2 + r^ 

then it h easy to see, as above, tluit UV* + (TV — 2/*(2, lejnescnU the pair of linos 
which can be drawn through a'^y\ «*o as to be cut harmonioaUy by the conics. In 
the same case (Art, 29ti), the equation of the system of four lines joining a’ti'y' to 
the intersections of the conics, is 

(CTF + way = 4 {uv^ - p*) (vr - q«), 

VIT — P* and,rP — Q® denote the pairs of tangents from to the conics. 
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convenient to write the relation connecting any two correspond'* 
ing points + i2 {® + ar') + -B = 0 i 

and if the distances from the origin of a pair of corresponding 
points be given by the equation 

aaj* + 2Aap + ft = 0, 

we must have + Ba — 2i7A = 0, 


337. It appears from what has been said that a system in 
involution consists of a number of pairs of points on a line 
a, ft, V\ &c., and such that the anharmonic ratio of any 
four is equal to that of their four conjugates. The expression of 
this equality gives a number of relations connecting the mutual 
distances of the points. Thus, from [al)ca'\ = [a'ftVa], we have 

ah.ca^ a'J/.c'a 
aa',bo aaM<f^ 

or ab.ca\ ft V = — a'ft'. c'a. he. 

The development of such relations presents no difficulty. 


338. The relation Axx' + -ff (a: + a?') + 2? = 0, connects the 
distances of two corresponding points from any origin chosen 
arhitrarily / but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured from a point 
at the distance a:» a, the given relation becomes 

(oj + a) (aj' + a) + H[x + a?' + 2a) + JS= 0 

or Axx^ + (-£?+ -4a) (aj + a?') + ^a* + 22Za + jB=0. 

And if we determine a, so that 27+ .4a = 0, the relation reduces 
to a?j;^ ss constant. The point thus determined is called the 
centre of the system; and we learn that the product of the dis^ 
iances from the centre of two corresponding points is constant. 


339. Since, in general, the point corresponding to any point 

• JSx + S • 

ag is - when -4aj+Jr=a0, the corresponding point is 


infinitely distant: or the centre is the point whose conjugate is 
infinitely distant. The same thing appears from the relation 
{aftcc'} 5= {a'ftVo}, or 

ac.hd ctd.Vc 



ENHARMONIC PROPERTIES OF CONICS. 


309 


Let o' be infinitely distant, lo ultimately =«c', and aV =s l)c\ 
Hnd this relation becomes ac.a'c \ or, in other words, the 

product of the distances from o of two conjugate points is con- 
Stant» The relation connecting the distances from the centre 
may be either ca.ca'=s+A* or ca.ca' = In the one case 
two conjugate points lie on the same side of the centre; in the 
other case they lie on opposite sides. 

840. A point which coincides with Its conjugate is called a 
focus of the system. There are plainly two foci/, /' equidistant 
from the centre on either side of it, whose common distance 
from the centre c is given by the equation Thus, 

when is taken with a positive sign, that is, when two con¬ 
jugate points always lie on the same side of the centre, the foci 
ai*e real. In the opposite case they are imaginary. By writing 
ajssoj'in the general relation connecting corresponding points, 
we see that in general the distances of the foci from any origin 
arc given by the equation 

Aji? + 2 llx 4 i? = 0. 

341. We have seen (Art. .336) tliat if a pair of corresponding 

points be given by the equation 4 2//.r + 6 = 0, we must have 
vli +—2-fZA==0. Now this equation signifies (see Art. 332) 
that any two corresponding points are harmonically conjugate 
with the two foci The same inference may be drawn from 
the relation [off'a'] = which gives 

afMf^ _ fa_ , 

aaVr /V’ 

or the distance between the todff' is divided internally and ex¬ 
ternally at a and a' into parts which arc in the same ratio. 

Cor. When one focus is at infinity, the other bisects the 
distance between two conjugate points; and It follows hcnco 
that in this case the distance ah between any two points of the 
system is equal to the distance between their conjugates. 

342, Two pairs of points determine a system in involution^ 
We may take arbitrarily two pairs of points 

ax* 4 4 5, dx* 4 ^h'x + i', 
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and we can then determine B from the equations 

Ah + Ba — 2Hh = 0, AV + Ba' — 2HU ~0* 

We see, as in Art. 333, that any other pair of points in in¬ 
volution with the two given pairs may be represented by an 
equation of the form 

{ax* + 2Jix + J) + X (aV 4 2A'aj 4 V) = 0, 

since, when A^ ZT, B are determined so as to satisfy the two 
equations written above, they must also satisfy 

A{b + \V) 4 -B (n 4 Xa') - 2ll (A 4 XA') = 0.* 

The actual values of A^ found by solving these equations, 
are 2(aA' —a'A), ^ [hV aVa'b. Consequently the foci 

of the system determined by the given pairs of points, are 
given by the equation 

[aK - a'A) a?’* 4 [aV — a'b) x 4 [bV — A'A) = 0. 

This may be otherwise written if wo make the equations 
homogeneous by introducing a new variable y, and write 

U = ax* 4 2hxy 4 hy\ V = aV 4 2//xy 4 b'y*. 

The equation which determines the foci is then 

dx dy dy dx 

The foci of a system given by two pairs of points a, a'; A, 1/ 
may be also found as follows, from the consideration that 
{afba'] = [cifb'a]^ or 

af. ha' __ a'f, b'a ^ 
af.ha afMa! ^ 

whence af^ : ah.aV : a'b.a'V\ 

orf is the point where aa' is cut either internally or externally 
in a certain given ratio. 

343. The relation connecting six points in involution is of 
the class noticed in Art. 313, and is such tliat the same relations 


* It easily follows from this, that the condition that three pairs of points 
ax" + 2hx + A, a'x’® + 2h*x + lf\ + *2f{"x + h'* should belong to a system in in¬ 
volution, is the vanishing of the determinant 

rr, A b 
a', A', A* 
a", A" 
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\ "Will subsist between tbo sines of the angles subtended by them 

any point as subsist between the segments of the lines them- 
' selves. Consequently, if a pencil be drawn from any point to 
[BIX points in involution^ any transversal cuts this pencil in six 
points in involution. Again, the reciprocal of six points in tw- 
volution is a pencil in involution. 

The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of lines 
a - a - belong to a system in involution, if 

App + 77 (/A 4- /i-'j + Z? = 0; 

and if we are given two pairs of lines 

U = + 2Aay8 •+ V = + 2A'ayS + 

they determine a pencil in involution whose focal lines aro 
{ali - ah) 0 ? + {aV - ah) 4 {hb' - hh) /S’* = 0 , 

dUdV^^dV_ 
da d^ d^ da 

344. A syst< 7)1 of conics passing through four fixed points 
meets an7j transversal in a system of points in involution. 

For, if /S, S' be any two conics through the points, S-^\S' 
will denote any other; and if, taking the transversal for axis 
of X and making ^ 0 in the equations, we get ajd 4 '‘^gx 4 c, 

and aV 4 2^'a? + c to determine the points in which the trans¬ 
versal meets S and S\ it will meet S 4- XS' in 

« 

ax^ 4 - ^Igx 4 c 4 A- 4- ^g'x 4 c'), 

a pair (Art. 342) in involution with the two former pair. 

This may also be proved 
geometrically as follows: 

By the anharmonic proper¬ 
ties of conics, 

{a. AdbA!\ = [c. AdbA']: 
but if we observe the points 
in which these pencils meet 

AA', vf e get ^ {A B' o' A'] = {A' O'S' A ]. 

Consequently the points A A' belong to the system in in¬ 
volution determined hj Bid^ CG\ the pairs of points in ^^hicll 
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tbe transversal meets the sides of the quadrilateral joining tbe 
given points. 

Bcclprocating the theorem of this article we learn that^ 
^airs of tangents drawn from any point to a system of copies 
touching four fixed lines^ form a system in involutio/i. 

345. Since the diagonals oe, bd may be considered as a eonie 
through the four points, it follows, as a particular case of the last 
Article, that any transversal cuts the four sides and the diagonals 
of a quadrilateral in points BB'^ CC\ D//, which are in invo¬ 
lution. This property enables us, being given two pairs of points 
JBB', Diy of a system in involution, to construct the point con¬ 
jugate to any other (7. For take any point at random, a; join 
«/?, aZ>, a C ; construct any triangle 5cc?, whose vertices rest on 
these three lines, and two of whose sides pass through B'iX, then 
the remaining side will pass through (7', the point conjugate to (7. 
The point a may be taken at infinity, and the lines aB, oD^ aC 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is,—“ Through JP, 27, draw 
any pair of parallel lines Bb^ JJc ; and through Z^', D\ a diflPerent 
pair of parallels i7'6, B'c] then be will pass through tlie centre 
of the system.” 

Ex. 1, If three conics circumsciibe the same qnacliilatei*il, the common tangent 
to any two is cut h.irmonic.iUy by the Ihnd. For tlie points of contact of this 
tangent aic the fuci of the byjteia in involution. 

Ex. 2. If through the intersection of the common chords of tno conics we diaw 
a tangent to one of them, this line will be cut h.irinoniciilly by tbe other. For in 
this ousc the points D and 1/ in the last figuie ccancide, and will theicfore be a focus. 

Ex. 3. Tf tw'o conics have double contact with each otlier, or if they have a con¬ 
tact of the third onler, any tangent to the one is cut b<irinouicnlly at the iwiiits where 
it meets llic other, and where it meets the choid ot contact. Foi in this case the 
common choids coincide, and the point where any transversal meets the chord of 
contact is a focus. 

Ex. 4. To describe a conic through four points a, fr, c, d, to touch a given right 
line. The point of contact must be one of the foci of the system and 

these points can be determined by Art. 312. This problem, therefore, admits of two 
solutions. 

Ex. 5. If a parallel to on asymptote meet the curve in Cy and any insci'ibed 
quadrilateral in points abed ; Ca, Co^ Cb^Cd, For C is the centre of the system. 

Ex. 6. Solve the examples. Art. 326, as cases of involution. 

In Ex. 1, A is a focus: in Ex. 2, T is also a focus: in Ex. 3, T is a centre, Ac. 

Ex, 7. The intercepts on any line betw'een a hypeiboln and its asymptotes ore 
equal. For in this cose one focus of the system is at infinity (Cor., Art. 341)« 
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' 7/3464 If th^e he a Byst&m of conics hating a eonimon Belf-coiv^ 
\gug€^U, triangle^ any line paseing through one of the vertices oj 
triangle is cut hy the system in involution, 

, For, if in aa® + Jy 8 “ + <yf we write a « i/9, we get 

{aJc*h) + cy% 

a pair of points evidently always harmonically conjugate with 
the tw'o points where the line meets ^ and 7 . Thus, then, in 
particular, a system of conics touching the four sides of a fixed 
quadrilateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila¬ 
teral (Ex. 3, Art. 14G). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral arc conjugate points 
of the 83 "stem. 

Ex, 1. If two conics f7, V toncli their common tangents A, Z?, C, I> in the points 
ff, bf Cf d‘, a\ c\ d^f a conic S through the points a, b, r, and touching I) at tZ', 
will have for its second chord of intersection with F, the line joining the iiitcreectious 
of A with bCf B with ca^ C with ah. 

Let F meet ab in a, fij then, by tin's article, since aJt passes through an iiitei’SccLiou 
of iiagoiiala of ABC!) (Ex. 2, Art. 2(13), ri, b; a, ft belong to a system in involution, f f 
wh jh the points wlicro ab meets C and J) arc conjugate points. But (Art. 345) tlio 
con^tmon choi'ds of .S' and F meet ab in points belonging to this same system in 
invo’iution, determined by the points a, /3, in which S and V nu'et the line ub. 
If then one of the common cliords be />, the otlier must pass through the intersect ion 
of 0 with ah. 

Ex. 2. If in a triangle there be inscriVjed an ellipse touching the sides at their 
middle points a circle touching at the points /»', e', and if the fourth 

common tangent B to the ellipse and circle touch the circle at d\ then the circle <Ie- 
scribed tbrough the middle points touches the inscribed circle at d\ Bj' Ex. ], a conic 
dei^ribed through «, c, will touch the circle at d\ if it also pass through the points 
where the circle is met by the line joining the intersections of A, ic; C, ah. 

But this line is in this case the line at iniiiiit.y. The touching conic is therefore a 
circle. Sir W. R. Hamilton has thus deduced Feuerbach’s theorem (p 127) as a par¬ 
ticular case of Ex. 1.' 

The point cZ’ and the line .2) can be constructed without drawing the ellipse. For 
Fince the diagonals of an 'inscribed, and of the corresponding circumscribing quad¬ 
rilateral meet in a point, the lines ab^ cd\ a*b\ eVi', and the lines joining AD, BC\ 
BB all intersect in the same point. If then a. /?, y be the vertices of the triangle 
formed by the intei*sections of bCj b'c*; co, c'a' ; ab, a'b' \ the lines joining n'a, Z//J, e'y 
'IjQeet in d\ In other words, the triangle afty is homologous with ahe^ a'b*.c\ the 
of homology being the points </, In like manner, the triangle a/?y is also 
with ABC, the axis of homology being the line D, 
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CHAPTER XVIL 

THE METHOD OP PROJECTION * 

347. We have already several times had occasion to point 
out to the reader the advantage gained by taking notice of 
tlie number of particular theorems often Included under one 
general enunciation, but we now propose to lay before him. a 
short sketch of a method which renders us a still more impor¬ 
tant service, and which enables us to tell when from a particular 
given theorem we can safely infer the general one under whicli 
it is contained. 

If all the points of any figure be joined to any fixed point 
in spficc (t)), the joining lines will form a cone^oi which the 
point 0 is called the vertex^ and the section of this cone, by any 
plane, will form a figure which is called the pi'ojection cf ll,ie 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure will correspond a point in the other,. 

For, if any point A be joined to the vortex 0, the point 
in which Jlic j(»iniiig line OA is cut by any plane, will be tlm 
projection on that plane of the given point A, 

A right line will always he projected info a right Ime. 

For, if all tlie points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter¬ 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding points on the projection; and 
if any number of lines in one figure pass through a point, so 
will also the corresponding lines on the projection. 

* Tills method is the invention of M. Poncclct. See his TraiU tUa ProprUt^ 
ri'ojectivesi published in the year 1822, a work which I believe may be regarded 
as the foundation of the Modem Geometry. In it were tauglit the principjles, that' 
thcoicms conceming intinitely distant points may be extended to finite points on.a 
right line ; that theorems concerning systems of circles may be extended couicB 
having two points con)mon ; uiid that tljwrenid concerning imaginary points axtd line*! 
may be cxteiitUd to ival pohils and lines. ' ^ / .. 
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348, Any plane curve will always be projected into another 
curve of the same degree. 

For It is plain that, If the given curve lie cut by any right lino 
in any number of points, By Vy Dy &c. the projection will 
be cut by the projection of that right line in the same number of 
coiTcgponding points, by e, dy &c.; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ah will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
W’ill intersect in the same luiinbcr of points, and any point 
common to one pair, whether real or imaginary, must be con¬ 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Any tangent to one curve will he projected into a tangent to 
ike other. 

For, any line Ali on one curve must be projected into the 
line ah joining the corresponding points of the [)rojection. Now, 
if the points Ay By coincide, the points by will also coincide, 
and the line ah will be a tangent. 

More generally, if any two curves touch each otlicj* in any 
number of points, their projections will touch each other In the 
same number of points^ 

349. If a plane through the vertex parallel to the plane of' 
projection meet the original plane in a line ABy then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an iniinito distance, the Intorsoctlon of any two lines 
which meet on AB is projected to an iiiHiiitc distance on the 
plane of projection. Conversely, any system of parallel linos on 
the original plane is projected into a system of lines meeting in a 
point on the line BFy where a plane through th'i vertex parallel to 
the original plane is cut hy the plane of projection. Tlic method 
of projection then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing througli a 
point at a^n infinite distance, for their projections on any plane 
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pass tlirough a point in general at a finite distance; and agaln^ 
that all the points at infinity on any plane may be considered as 
lying on a right line^ since we have showed that the projection 
oji mj point in which parallel lines intersect must lie somewhet^ 
on the right line OF in the plane of projection. 

350. We see now, that if any property of a given curv6 does 
not involve the magnitude of lines or angles, but merely relates 
to position of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro¬ 
jected. Thus, for instance, “ if through any point in the plane 
of a circle a chord bo drawn, the tangents at its extremities will 
meet on a fixed lino.’* Now since wc shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projection shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Pascal’s and Brianchon’a 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 


351. Properties which, if true for any figure, are true for its 
projection, are called projective properties. Besides the classes of 
theorems mentioned in the last Article, there arc many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line [ABGD]^ 
being measured by the ratio of the pencil [O.ABOD] drawn to 
the vertex, must be the same as that of the four points [aheu]^ 
where this pencil is cut by any transversal. Again, if there bo 
an equation between the mutual distances of any number of 
points in a right line, such as 


AB, CD.EF’^h.AC,BE.DF^ l.AD. £7A’.J?jP+&c. =0, 


where in each term of the equation the same points are men¬ 
tioned, although in different ciders, this property will be pro¬ 
jective. For (see Art. 311) if for AB we substitute 


0A, OB,An AOB 
OP 


, &c. 


) 


each term of the equation will con^ain^Oyl. OD, OC. OD, OE. OF 
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in the numerator, and OP* in the denominator. Dividing, then, 
by these, there will remain merely a relation between the sines 
of angles subtended at 0. It is evident that the points -4, P, (7, 
2), J?, P, need not be on the same right line; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that, after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP. OP'. OP", &c. Thus, for example, If lines meeting in a 
point and drawn through the vertices of a triangle ABO meet the 
opposite sides in the points a, J, o, then Ab.Be.Ca^ Ac,Ba.ObP 
This is a relation of the class just mentioned, and which it is 
Bufficleirt to prove for any projection of the triangle ABO, Let 
us suppose the point C projected to an infinite distance, then 
AG^ BOj Cc are parallel, and the relation becomes 

Ab.Be^ Ac, Pa, 

the truth of which is at once perceived on making the figure. 

352, It appears, from what has been said, that if wc wish to 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the simpb^st figure into which the given 
figure can be projected; e.g, for one in which any lino of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic pro¬ 
perties of a complete quadrilateral ADGI)^ whose opposite sides 
intersect in P, P, and the intersection of whoso diagonals js (7, 
we may join all the points of this figure to any point in space 
and cut the joining lines by any plane parallel to OPP, then 
PP is projected to infinity, and we have a new quadrilateral, 
whose sides abj cd intersect in e at infinity, that is, are parallel; 
while arf, be intersect in a point/at infinity, or arc also parallel. 
Wo thus sec that any quadrilateral may be proj(cted into a 
paraUdoyram. Now since the diagonals of a parallclogmm 
bisect each other, the diagonal ac is cut harmonically in tho 
points a, o, and the point where it meets tho line at in¬ 
finity efi Hence AB is cut harmonically in the points A, G, (7, 
apd where it meets PP. 

Ex. If two triangles ABCj be such that the points of intersection of 

ABi A*I^; BC, CAf C*A*\ lie in a light line, then the lines AA\ liB\ tC* 

, meet in e pomt. 
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Project to infinity the lino in which AB^ A*B', &c. intersect,' then the theotem 
becomes: “ Tf two tn’angies nhcj have the sides of the one lespectively parallel 
to tlio sides of the other, then the lines an'^ hb\ co^ meet in a point.’* But the truth 
of this latter theorem is evident, since ua\ bh* both cut co’ in the same ratio. 

353. Ill order not to Interrupt the account of the applications 
of the method of projection, we place in a separate section 
the formal proof that every curve of the second degree 
may be projected so as to become a circle. It will also be 
proved that by choosing properly the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF on the 
figure to be projected to infinity, at the same time that the 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow: 

Gioen any con ic section and a point in its plane^ we can project 
it into a circle^ of which the projection of that point is the centre^ 
for we have only to project it so that the projection of the polar 
of the given point may pass to infinity (Art. 154). 

Any two conic sections may he projected so as both to hecomc^ 
circles^ for we have only to project one of them into a circle, 
and so that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 257, the projection of the 
second conic passing through the same points at infinity as tho 
circle must be a circle also. 

Any two conics which have double contact with each other may- 
he projected into concentric circles. For we have only to project 
one of them into a circle, so that its chord of contact with the 
other may pass to infinity (Art. 257). 

354. We shall now give some examples of the method of. 
deriving properties of conics from those of the circle, or from 
other more particular properties of conics. 

Bx 1. A lino through any point is cut harmonically by the curve and the polar 
of that point.” This property and its reciprocal aro projective properties (Art. 351), 
and Ixitli being true for the circle, are true for every conic. Hence all the properties 
of the circle depending on the tliemy of poles and pohirs are true for all the conic 
sections. 

Ex. 2. The anharmonic properties of the points and tangents of a conic are pro?' 
joctivc properties, which, when proved for the circle, as in Art. 312, aro proved for 
all conics. Hence, every property of the circle which results from either of 
anharmonic properties is true also for all the conic sections. 

Ex. 3. Carnot’s theorem (Art. 313), that if a conic meet the sides of a triangle, 
Ab.Ab\Bc.Bc\Ca.at' = Ac.Ac\Bu,Ba\Cb,Cb*t ^ 
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is a projective property* which need only be proved in the case of the circle, in which 
case it is evidently true, since Ad^AV = Ac,Ac\ &c. 

The theorem can evidently be proved in like manner for any polygon. 

Ex. 4. From Carnot’s theorem, thus proved, could be deduced the properties of 
Art. 148, by supposing the point C at an Inlinlte distance; we then have 

Ah,Ah' Ba.Ba* 

Ac.Ac' ~ 'Bc,Bc''* 
where ^le line ^46 is parallel to Ba. 

Ex. 6. Given two concentric circles, Given two conics having double con- 
any chord of one wliich touches tiie tact with each other, any chord of one 
other is bisected at the point of coii- which touches the other is cut Imrmo- 
tact. nically at the point of contiU’t, and whcie 

it meets the chord of contact of the 
conics. (E\. ;j, Art. 31.)). 

For the lino at infinity in the first case is projected into the chord of contact of 
two conics having double contact with each other. Ex. 4, Art. 23C, is only a particular 
case of this theorem. 

Ex. 6. Given three concentric circles, Given three conics all touching each 
any tangent to one is cut by the other otlier in the sjiine two points, any 1 un- 
two in four points wdiose anharmonic gent to one is cut by the other two in 
ratio is constant. four points w'hose anliarmonic ratio is 

constant. 

The first theorem is obviously true, since the four IcugtKs are constant. Tlie 
second may be considered aa an extoiisiou of the anbarraonic proj^erty of tlm tangents 
of a conic. In like manner the Ihcorem (in Art. 270) with regard to anliarmonic 
ratios in conics having double contact is immediately proved by projecting the conics 
into concentric circles. 

Ex. 7. We mentioned already, that it vfos sulllcient to prove Pascal’s theorem 
for the case of a circle, but, by the help of Art, S.'i.'l, wo m.'iy still further .simplify 
our figure, for we may suppose the line joining the interscciion of iJb]^ to that 
of EFf to pass off to infinity; and it is only ne(*e«sary to prove that, if a hexagon 
be inscribed in a circle having the side AB parallel to 1)E, and BC to EF^ then 
CD will be parallel to AF-, but the truth of this can be shown from elemental y 
considerations. 

Ex. 8. A triangle is inscribed in any conic, two of wbo=?o sides pass throngli fixed 
points, to find the envelope of the third (Ex. 3, Art. 272). Let the line joining the fixed 
points be projected to infinity, and at the same time the conic into a circle, and this pj’O- 
blcm becomes,—“A triangle is inscribed in a circle, two of whose i-idcs arc parallel 
to fixed lines, to find the envelope of the third.” Hut this envelope is a conceutilc 
circle, since the vertical angle of the triangle is given ; hence, in the gcn(;ral cn.-c', 
the envelope is a conic touching the given conic in two points on the lino joining 
the two given points. 

Ex. 9. To investigate the projective proiierties of a quaflrilateral inscribed in a 
conic. Let the conic be projected into a cii-cle, and the quadrilateral into a p.iraIlclo- 
gram (Art. 362). Now the intersection of the diagonals of a parallelogram in.scrihcd 
in a circle is the centre of the circle; hence the intoiHOction of the diagonals of a 
quadrilateral inscribed in a conic is the pole of the line joining th(3 intei’scctions of 
the opposite sides. Again, if tangents to the circle be drawn at the vertices of this 
parallelogram, the diagonals of the quadinlateral so formed will also pass tlirougli 
'the centre, bisecting the angles between the first diagonals; hence, “tlie diagonals 
of the inscribed and corresponding cu'cumscribing quadrilateral pass through a jxiint, 
foim a harmonic pencil. ’ 

' ' I 



320 


THE METHOD OF PROJECTIOH. 


Ex» to. GWen four points on a conic, 
the locus of its centre is a conic through 
the middle points of tiic sides of the given 
quadrilateral. (Ex. 15, Art. 328). 

Ex. 11. The locus of the point where 
parallel chords of a circle are cut in a 
given ratio is an ellipse having double 
contact with the circle. (Art. 168). 


Given four points on a conic, the locus 
of the pole of any fixed line is a conic 
passing through the fourth harmonic to 
the point in which this line meets each 
side of the given quadrilateral. 

If through a fixed point 0 a line be 
drawn meeting the conic in A, B, and 6n 
it a point P be taken, such that [OABP] 
may be constant, the locus of P is a 
conic having double cont^t with the 
given conic. 


355. Wc may project several properties relating to foci by 
the help of the definition of a focus, given p. 239, viz. that 
if i^be a focus, and aI, B the two imaginary points in which 
any cii’cle is met by the line at infinity; then FA^ FB are 
tangents to the conic. 

Ex. 1, The locus of the centre of a If a conic be descrihed through two 
ciiclo touching two given clicks is a hy- fixed i>oints A, P, and touching two given 
perbola, having the ceuLies of the given conics which albo iws tbiough tho<s(j 
CkVcles for foci, points, I lie locus of the pole of -IP i-i a 

conic t( nchmg the four hues C'-l, CJij 
r'y, where <\ 6", are the pokb of 
An u ith lOg ird to tlie two given coniCvS, 

In this example we substitute for tlie word ‘circle,* “conic ihiough tu'o fixed 
points A, P,” (Art. 257), and lor the woi-d ‘ccutie,* “pole of the lino AB” (Ait. 151). 

Ex, 2. Given the focus and two points Given two tangents, and two points 
of a conic section, the inter'^ectioii of tan- on a conic, the locus ot the intoinection 
gents at those points will he on a fixed of tangents at those points is a right line, 
line. (Art. 101). 

Ex. 3. Given a focus and two tan- Given two fixed points A, P; two tan- 
gouts to a conic, tlie locus of the other gents PA, FB pas'^ing one through each 
focus is a right liue. (This follows from point, and two other tangents to a conic; 
Art. 189). the locus of the inteisection of the other 

tangents from -1, P, is a right line. 

Ex. 4. If a triangle circumscribe a If two triangles circumscribe a conic, 
parabola, the ciicle circumscribing the their six vertices lie on the same conic.* 
tiiauglc passes through the focus, Cor. 4, 

Art. 223. 

Eor if the focus be F, and the two circular points at infinity A, P, the triangle 
FAB is a second triangle whose three sides touch the parabola. 

Ex. 5. The locus of the centre of a Given one tangent, and three points 
ciicle passing through a fixed point, and on a conic, the locus of the intersection 
touching a fixed line, is a parabola of of tangents at any two of these points is 
vrhich the fixed point is the focus. a conic inscribed in the triangle formed 

by those points. 

—- ■ ■ ■ " ■■ ■ . . . ■ ~ ■■■ ■ . . . . . 

* This is easily proved directly. Take a side of each triangle and, by the anhar« 
monk property of the tangents of a conic, these lines are cut homographically by the 
other four sides; whence it may easily be seen that the pencils joining the opporite 
veitlccb of each triangle to the other four are homographic: 
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Eac. 6. Given four tangents^ to a conic, Given four tang.'uts to a conic, the 
the lodus 6f the centre is the line joining loong of the pole of any line is l!ie lino 
the middle points of the diagonals of the joining the fourth harmonics of the points 
qua4Hlateral. wherc the given line meets the diagonals 

of the quadrilateral. 

It follows from our definition of a focus, that if two conic-s have the same focus^ 
this point will be an intersection of common tangents to them, and will possess the 
properties mentioned at the end of Art. 204, Also, that if two conics have the same 
focus and directrix, they may be considered as two conics having double (wiitact with 
each other, and may be projected into concentric oircles, 

* * 

356. Since angles which are constant in any figure will In 

general not be constant in the projection of tliat figure, we pro¬ 
ceed to show what propeity of a projected figure may be inferred 
when any property relating to the magnitude of angles is given; 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be a; = 0, y = 0, then the equation which determines the direction 
of the points at infinity on any circle is = 0^ or 

Hence (Art. 57) these four lines form a harmonic pencil. 
Hence, given four points yl, (7, of a lino cut harmonically, 

whore B may be real or imaginary, if these points he tran.*?- 
ferred by a real or imaginary projection, so that B may 
become the two imaginary points at infinity on any circle, then 
any lines through (7, D will be projected into lines at right 
angles to each other. Conversely, any two lines at right angles 
to each other will he projected into lines which cut hunnonihally 
the line joining the two fixed points lohich are the projections of 
the imaginary points at infinity on a circle. 

Ex. 1. The tangent to a circle is at Any chord of a conic is ont liarmoni- 
right angles to the radius, cally by any tangfmt, ami by iho lino 

joining tho point of contact of that tan¬ 
gent to the pole of the given chord, 
(Art. 11(5). 

For the chord of the conic is supposed to be the projection of the h‘no ut infinity 
in the plane of the circle; the points where the chord meets tlie conic will be the 
projections of the imaginary points at infinity on the circle; and the pole of the 
chord will be the projection of the centre of the ch’clc. 

’ " Ex. 2. Any right line drawn through Any right line through a point, tho 
'the focua of a conic is at right angles line joining its pole to that point, and 
■ to the line joining its pole to the focus, the two tangents from tho point, fonu 
(Act. 192), a harmonic pencil. (Art. 146). 

It iSi eyide^nt that the first of thc-bo prupntics is oivly a particular ra«e of ih* 

' i - 'I ^ 
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Becond, if we vcoollect that the taDgwts frcun the focoa ttve the lines Joining tile 
focus to the two imaginary points on any circle. 

Bx. 8. Let na apply Ex. 6 of the last Article to dctoriuine the locus of the pole 
of a given line with legard to a system of confocal conics. Being given the two i 
foci, we arc given a quadrilateral circumscribing the eonio (Art. 2&8a); one of the 
diagonals of this quadrilateral is the line Joining the foci, therefore (Ex. 6) one point 
on the locus is the fourth harmonic to the point where the given line cuts th^ dis¬ 
tance between the foci. Again, another diagonal is the lino at infinity, ax«d since 
tlio extremitioe of this diagonal are the points at infinity on a circle, therefore by the 
present Article the locus is perpendicular to the given line. The locus'is, thei^re, 
completely determined. 

Ex. 4. Two confocal conics cut each If two conics be inscribed in the same 
other at right angles, quadrilateral, the two tangents at any of 

their points of intersection cut any dia¬ 
gonal of the clicumfiCiibiDg quadrilateral 
harmonically. 

The last theorem is a case of the reciprocal of Ex. 1, Art. 345. 

Ex. 5. The locus of the intciscction The locus of the intersection of tan- 
of two tangents to a cential conic, winch gents to a conic, which divide Imrmonl- 
cut at right angles, is a circle. cally a given finite light line A^, is a 

conic through A, B» 

The last theorem may, by Art. 146, be stated othtraise thus: “The locus of a 
point Of such that the bnc Joining 0 to the pole of AO may pass through /i, is a 
conic through A, B;” and tiie trutli of it is evident diicctly, by taking four positions 
of the line, when we see, by Ex. 2, Art. 297, that tlic anhaimoniC ratio of four liucs 
AO 18 equal to tliat of four cot responding lines BO. 

Ex. 6. The locus of the intersection If in the last example AB touch the 
of tangents to a parabola, which cut at given conic, the locus of 0 will be tbo 
right angles, is the directrix. line joining the pomts of contact of tan¬ 

gents from A, B. 

Ex. 7. The circle circumsciibiug a tri- If two triangles are both self-^on,- 
angle self-conjugate with le^^.ard to an jugate with regard to a conic, their six 
equilateral bypcibola passes through the veitices lie on a conic, 
centre of the cuive. (Ex. 5, Art. 22B). 

The fact that the asymptotes of an equilateral hypeihol.i are at right angles may 
bo stated, by this Article, that the line at infinity cuts the cuive in two points which 
are harmonically conjugate with respect to Af B, the imaginary circular poinls at 
infinity. And since the centre C is the pole of ABf the triangle CAB is self-con jugate 
with regard to the equilateral hyperbola. It follows, by reciprocation, that the alst 
sides of two selt-conjugate triangles touch the same conic. 

Ex. 8. If from any point on a conic If a harmonic pencil be drawn through 
two lines at right angles to each other be any iioint on a come, two legs of which 
drawn, the chord joining their extiemities are fixed, the chord joining tlie extremities 
passes through a fixed point, (Ex. 2, of the other legs will pass through a fixed 
Ari. 181). point. 

In other words, given two points a, c on a conic, and {u&cd} a harmonic raido^ hd 
will pass through a fixed point, namely, the intersection of tangents at o, o. Bat the 
truth of this may be seen directly: for let the line ac meet bd in JT^ theiij 
{n.ahcd\ is a harmonic pencil, the tangent at a cuts bd in the fourth harmoifio tQ < 
but po likewise must the tong^^nt at c, therefore these tangents meet bd in ^h4 sahie* 
point. As a particular case of tliis theorem we have the follow^mg: “ Through a 
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point on fl oonio two lines are drawn, making equal angles with a fixed line, the chord 
Joining their extremities will pass tbrongh a fixed point.’* 

367. A system of pairs of right lines draxon through a pointy 
00 that the lines of each pair males equal angles with a fijced line^ 
cuts the line at infinity in a system of points in involution^ of 
which tthe two points at infinity on any circle form one pair of con^ 
jugate points* For they evidently cut any right Hue in a system 
ot points 111 involution^ the foci of which are the points where the 
line is met by the given internal and external bisector of every 
pair of right lines. The two points at infinity just mentioned 
belong to the system, since they also arc cut harmonically by 
these bisectors. 

Tlie tangents from any point to a The tan'^<*nt«» from nny point to a 
system of confocftl conics make equal system of conics iiit>cnbc<l in the same 
jingles with two fixpd lines. (Art, 180), qnadiilsteral cut any diagonal of that* 

qnadiilatcial in a sj’sLeru of i>oiuts in 
involution of which the two extremities 
of that diagonal are a pair of coujugalo 
points. (Art, 311). 

358. Two lines which conUnn a constant angle cut the line 
joinii/tg the two points at infinity on a circle^ so that the an/tar’^ 
monio ratio of the four points is cxnistanL 

For the equation of two lines containing an angle 0 being 
y^O^ the direction of the points at infinity on any circle 
is determined by the equation 

cos5 = 0; 

and, separating this equation into factors, wo see, by Art. 57; tiiat 
the anbarmonic ratio of the four Hues is constant if 0 be constant. 

’ Ex. 1, “ The angle ooniained in the same Begmoiit of a circle is constant.” Wo 
fiee, by the pre»»cut Article, that this i«- the foim assumed by the anliarmonic propcity 
of four points on a circle wlien two of them are at au infinite dii^taucc. 

Ex, 2. Th© envelop© of a chord of a If tangent'* thiongli any poiut 0 meet 
conks which subtends a constant angle the conic in T, 7", and lliere be taken 
at the foens is another conic having th© on the conic two points J), siuli that 
came focus and the same directrix. {O.ATBT'] is constant, the envelope of 

A/f is a conic touching the given conic 
iu the points T, 7”. 

Esc. 8. Th© locus of the intersection If a finite line AD^ touching a conic 
of tangents to a parabola which cut at be cut by two tangents m a given an- 
% giten angle is a hyperbola having the harmonic ratio, the locus of Iheir inter* 
loeos and the same difhctiix. section is a conic touching the given conic 

at the points of contact of tangents from 
A, B, 
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Ex. 4. If from tho focu^ of a conic a If a rarinble tongezifc b> a ooni6 AedI 
line be drawn mtiking a given angle with two fixed tangents in T\ and a fixed 
any tangent, tho locus of the point where line in 3/, and there be taken on it a 
it meets it is a circief point P, such that {PTMT'\ may bo con* 

etant, the locus of P is a conic passing 
through the points where the fixed tan* 
gents meet the fixed line. 

A particular case of this theorem is: ** The locus of the point where the intercept 
of a vaiiablc tangent between two fixed tangents is cut in a given ratio is a hyper 
bold whose asymptotes are parallel to the fixed tangents.” 

Ex. 5. If from a fixed point 0^ OP be Given tho anharmonic ratio of a pencil 
d) awn to a given circle, and TF be drawn three of whose legs pass through fixed 
making the angle TPO constant, the points, and whose vcitex moves along a 
envelope of TP is a conic having 0 for its given conic, passing through two of the 
focus. points, tho envelope of tho fourth leg is 

a conic touching the lines joining these 
two to the third fixed point. 

A particular case of this is: “ If two fixed points Ay B on a conic be joined to 
a variable point P, and the inteicopt made by the joining chords on a fixed line be 
cut in a given latio at Jf, the envelope of PM id a conic touching paiallels tbrougfi 
..1 and B to the fixed hue. 

Ex. 0. If from a fixed point 0, OP be Given tho anharmonic ratio of a pencil, 
drawn to a given right line, and the angle three of whose logs pass through fixed 
TPO be constant, the envelope of TF is points, and whoso vertex moves along a 
a parabola having 0 for its focus. fixed line, the envelox>c of the fouith leg 

is a conic touching tho three sides of tha 
tiiangle formed by the given points. 

359. We have now explained the geometric method by 
which, from tho properties of one figure, may be derived tho.se 
of another figure which corresponds to it (not as iu Chap. XV., 
BO that the points of one figure answer to the taugents of the 
other, but) BO that the points of one answer to the points of the 
other, and the tangents of one to the tangents of the other. 
All this might be placed on a purely analytical basis. If any 
curve be represented by an equation in trilinear coordinates, 
referred to a triangle whose sides are a, 5, c, and if we interpret 
this equation with regard to a different triangle of reference 
whose sides are a\ h\ c', we get a new curve of the same degree 
as the first and the same equations which establish any pro¬ 
perty of the first curve will, when differently interpreted, establish 

. ■ — .i... .1. . .. .1- . ). .. , , —« .. ,,, 

* It ia easy to see that tho equation of the new curve referred to the old triangle 
ia got by substituting in the given equation for a, /3, y; Za+j»j8 + «y, 

4- + n''y» ’where fa + w/3 + «y represents the lino which is to correspdatf ta 

a. (tc. For fuller information on tliia method of transformadon see Mighet JPfqijtiQ 
Chap. vin. 
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^ corresponding property of the second. In this manner a 
right line in one system alv^ays corresponds to a right line in 
the other^ except in the case of tlie equation aa + J/S 4 - cy = 0 , 
which in the one system represents an infinitely distant lino, 
in the other a finite line. And, in like manner, a'a + b'l3 + c 7 , 
which represents an infinitely distant line in the second system 
represents a finite line in the first system. In working with 
trilinear coordinates, the reader can hardly have failed to take 
notice how the method itself teaches him to generalize all 
theorems in which the line at infinity is concerned. Thus 
(see Art. 278) if it be required to find the locus of the centre 
of a conic, when four points or four tangents are gircu, this 
is done by finding the locus of the pole of the line at infinity 
aa 4 -I- cy, and the very same process gives the locus under 

the same conditions of the pole of any line \a + fujS 4 * yy> 

We saw (Art. 59) that the auharmonic ratio of a pencil 
P~-kP\ P-^lP'j &c. depends only on the constants A*, and is 
not changed if P and P' are supposed to represent different right 
lines. Wo can infer then, that iu the method of transformation 
'Which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anharmonic ratio; and that to four paints on a lino correspond 
four points whose anharmonic ratio is the same. 

An equation, / 8 = 0 , which represents a circle in the one 
system will, in general, not represent a circle in the other. 
But since any other circle in the first system is represented 
by an equation of the form 

iS 4 (aa + 5^9 4- cy) (\a + fi^ + vy) = 0, 

all curves of the second system answering to circles In the 
first will have common the two points common to 8 and 
aa 4- 4* cy, 

360. In this way we afe \ d, on purely analytical grounds, to 
the most important principles, on the discovery and application 
of which the merit of Poncelot’s great work consists. Tho 
principle of continuity (in virtue of which properties of a figure, 
iia which certain points and lines arc real, are asserted to be 
true even when some of these points and lines are imaginary) 
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is more oadly established on analytical than oil purely' 0 eo-* 
metrical grounds. In tact, the processes of analysis tahe no 
account of the distinction between real and imaginary, sq bn^ 
portant in pure geometry. The processes, for example, by which, 
in Chap, xiv., wc obtained the properties of systems of conics 
represented by equations of forms 8 *= ka^ or 8^ la* are un¬ 
affected, whether we suppose a and to meet 8 in real or 
imaginary points. And though from any given property of a 
system of circles we can obtain, by a real projection, only a 
property of a system of conics having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it, at the same time, for conics 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
points on the other. Thus, for example, a*-^ denotes a 

curve met by y in imaginary points; but if we substitute for 
a, 8] jP± Q V(—1)> und for 7 , JS, where P, B denote right 
lines, we get a curve met in real points by B the line corre¬ 
sponding to 7 . < 

The chief difference in the application of the method of 
projections, considered geometrically and considered algebrai¬ 
cally, is that the geometric method would lead us to prove 
theorem, first for the circle or some other simple state of the 
figure, and then infer a general theorem by projection. The 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem first, and afterwards infer the other as a particular 
case. 


THEORY OP THE SECTIONS OF A CONE. 

361. The sections of a cone by parallel planes are stmUar, 
Let the line joining the vertex 0 to any fixed point A in one 
plane meet the other in the point a; and let radii vectores be 
drawn from a to any other two corresponding points J5, 5. 
Then, from the similar triangles OAB^ Oah^ AB is to ah in the 
constant ratio OA ; Oa ; and since every radius vector of the one 
r curve is parallel and in a constant ratio to the correspondiUg 
radius vector of the o^hcr, the two curves are sunilar (Art. 2 d 8 }« 
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J£ a cone etanding on a circular base be cut by any 
plane parallel to the base, the section will be a circle. Tliis 
ia evident as before; we may, if we please, suppose the points 
a the centres of the curves. 

t ^ S62. A section of a cone^ standing on a circular hase^ may 
oSt cither an ellipse^ hyperbola^ or parabola. 

A cone of the second degree b said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle; in which case 
this line is called the axis of the cone. If this lino bo not per¬ 
pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but wo shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
Brat find some difficulty in the conception of figures in space. 

Let a plane {OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the 
section, so that both the section MSsN 
and the base A SB arc supposed to 
be perpendicular to the plane of the 
paper; the line B8^ in which the 
section meets the base, is, therefore, 
also supposed perpendicular to the 
plane of the paper. Let us first 
suppose the line MN^ in which the 
section cuts the plane OAB to meet 
both the sides OA^ OB^ as in the figure, on the same side of 
the vertex. 

Now let a plane parallel to the base be drawn at any other 
point 8 of the section. Then we have (Euc. lir. 35) the square 
of BS^ the ordinate of the circle, s AR, UB^ and in like manner 
r^^ar.rb. But from a comparison of the similar triangles 
ABMj arM\ BRN^ brN^ it can at once be proved that 

AR.RBx MR,RNi\ ar,rb : Mr,rN, 

Therefore RS *: r^ :: MR.RN : Mr,rN, 

Hence the section MSsN is such that the square of any ordinate 

I 
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r$ is to the rectangle under the parts in which it line 

MN in the constant ratio It8 ^: MB* BN, 

Hence it can immediately be inferred 
(Art. 149) that the section is an ellipse^ 
of which MN is the axis major, while 
the square of the axis minor is to MN^ 
in the given ratio 

R8 ^: MR.RN 

Secondly. Let MN meet one of the 
sides OA produced. The proof proceeds 
exactly as before, only that now we prove 
the square of the ordinate rs in a constant 
ratio to the rectangle Mr.rN under the 
parts into which it cuts the line MNpro^ 
duced* The learner will have no difficulty 
in proving that the locus will in this 
case be a Jiypcrlola,^ consisting evidently of the two opposite 
branches Ns 8^ Ms'8\ 

Thirdly. Let the line MN be parallel 
to one of the sides. In this case, since 
AR = ar, and RB: rb:: RN : rN^ we have 
the square of the ordinate rs{j=ar*rb) to 
the abscissa rN in the constant ratio 

RS^[=:AR.RB)iRN. 

• 

363. It is evident that the projections of the tangents at the 
points A^ B of the circle are the tangents at the points N of 

* Those who first treated of conic sections only considered the case when a right, 
cono is cut by a plane perivandicular to a side of the cone; that is to say, when jftfiV 
is perpend icular to OB. Conic Bcctions were then divided into sections of a right- 
angled, acute, or obtuse-angled coiic j and according to Eutochius, the commentator 
on Ai)olloijius, were called parabola, ellipse, or hyperbola, according as the angle of 
the core was equal to, leas thin, or exceeded a riglit angle. (See the passage cited 
in full, }yal(ons JCjcampIeSj p. 428). It was Apollonius who first showed that all 
three sections could be made from one cone; and who, accoiHling to Pappus, gave- 
them the names parabola, ellipse, and hyperbola, for the reason stated, Art. 194. Tim 
authority of Eutochius, who was nioro than a century later than Pappus, may not 
b^very great, but the name pavaljola was used by AicUimedefi, who was prior to! 


The section is therefore a parabola 
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the conic section (Art, 348}; now in the case of the parabola the 
' point M end the tangent at it go off to infinity; we arc therefore 
again led to the conclusion that every parabola has one tangent 
altogether at an injlnite distarioe. 

8^4, Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the Hue OC^ perpendicular to 
the plane of the circle AQSB, Now let 
the section meet the base in any line Q8^ 
draw a diameter LK bisecting Q8^ and 
let the section meet the plane OLK in the 
line MN^ then the proof proceeds exactly 
as before; we have the square of the ordi¬ 
nate R8 equal to the rectangle LR,JIK\ 
if we conceive a plane, as before) drawn 
parallel to the base (which, however, is left 
out of the figure in order to avoid render¬ 
ing it too complicated), we have the square 
of any other ordinate rs equal to the corresponding iccfangle 
/r.ri; and wo tlien prove by the similar triangles KIIM^ krM^^ 
LRNj JrN, in the plane OLK^ exactly as in the case of the right 
cone, that RS ^: r/»“, as the rectangle under the parts into which 
each ordinate divides hJN^ and that therefore the section is a 
conic of 'which MN is the diameter bisecting QS^ and which is an 
ellipse when 3/N meets both the lines OL, OK on the same side 
of the vertex, a hyperbola when it meets them on differenf sides 
of the vertex, and a parabola when it is parallel to cither. 

In the proof just given Q8 is supposed to intersect the circle 
in real points; if it did not, we have only to take, instead of the 
circle AB^ any other parallel circle «&, which does meet the sec¬ 
tion in real points, and the proof will proceed as before, 

365. We give formal proofs of the two following theorems, 
though they arc evident by the principle of continuity : 

1, If a circular section be cut by any plane in a line Q8^ 
the diameters conjugate to Q8 in that plane^ and in the plane of 
ike circle^ meet Q8 in the same point. When qs meets the circle 
in real points, the diameter conjugate to it in every plane must 
evidently pass through its middle point r. We have therefore 
i u U. 
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only to examine the cape where Q8 does not xneot in 
points. It was proved (Art. 361) that the diameter ^ which 
bisects chords, parallel to js, of any circular section, will ba^ph) 
jected into a diameter DF bisecting 
the parallel chords of any parallel 
section. The locus therefore of the 
middle points of all chords of the 
cone parallel to qs is the plane Odf. 

The diameter therefore, conjugate 
to QS in any section, is the inter¬ 
section of the plane Odf with the 
plane of that section, and must 
pass through the point R in which 
QS meets the plane ODf, 

II, In the same case^ if the diameters conjugate to Q8 in the 
circle^ and in the other section^ he cut info segments RD^ RF/ Rg^ 
Rh; the rectangle DR,RF is to gR,Iik as the square of the dia¬ 
meter of the section parallel to QS is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points; since rs^=^dr,rf In general, we have jnst proved that 
the lines gk^ df DF^ lie in one plane passing thiough the vertex. 
The points jD, d are therefore projections of g ; that is to say, 
the}’^ lie in one right line pa«^Mng through the vcitcx. We have 
therefore, by similar triangles, as in Ait. 361, 

rfr.r/: DR.RF\\ gr^'ih : gR,Rlc] 

and since dr,rf is to gr,rk as the squares of the parallel seml- 
dinmeters, DR. RF\^ to gR.Rk in the same ratio. 

If the section gskq and the line QS be given, this theorem 
enables us to 6nd DRRF^ that is to say, the square of the 
tangent from R to the circular section whose plane passes 
through QS, 

366, Given any conic gskq and a line TL in its plane not 
cutting it^ we can project it so that the conic may become a circle^ 
and the line may he projected to infinity. 

To do this, it is evidently necessary to find 0 the Vertex of 
a cone standing on the given conic, and such that its seettons 
parallel to the plane OTL shall he circles. For them ftby of 
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aibctioiQs woald be a prqfectlon fulfilling the con- 
dit&be the p^blem. Kow, if TL meet the conjugate dia- 
taleter la the point it follows from the theorem last proved 
"thhl the distance OL is given; for, since the plane OTL is 
‘^'td the cone in an infinitely small circle, 011^ is to gL.Lk 
in the ratio of the squares of two known diameters of the section. 

mii$t also lie in the plane perpendicular to since it is 
parallel to the diameter of a circle perpendicular to TL. And 
there is nothing else to limit the position of the point 0, which 
may lie anywhere in a known circle in the plane perpendicular 
to 2!Z/. 


867. If a sphere he inscribed in a right cone touching the 
plane of ang section^ the point of contact will be a focus of that 
section^ and the corresponding directric will he the intersection of 
the plane of the section with the plane of contact of the cone with 
ade sphere. 

Let spheres bo both inscribed and oxscribod between the 
<ione and the plane of the section. Now, if 
any point P of the section be joined to the 
vertex, and the joining lino meet the planes 
of contact in Dd^ then we have PD ■= PF^ 
since they are tangents to the same sphere, and, 
similarly, Pd^PF\ therefore PF-vPF'^Dd, 
which is constant. The point (B), where FF' 
meets AB produced, is a point on the direc-* 
trix, for by the property of the circle NFMB 
is cut harmonically, therefore R is a point on the polar of F. 

It is not difficult to prove that the parameter of the section 
MPN is constant, if distance''of the plane from the vertex 



be constant. 


Cob. The locus of the vertices of all right cones, out of 
which a given ellipse can be cut, is a hyperbola passing through 
the foci of the ellipse. For the difference of MO and ^0 is 
constant, being equal to the difference between MF' and NF'^ . 


the hdp of this principle^ Mr. Mulcdhy showed how to derive properties of 
ahgteft fiubthnded at the focus of a come from piopertiea of small circles of a sphere. 
tot example, it is kxiowa that if through any point P, on the surface of a sphcie, a 
gtoat circle he drawn, cutting a small drclo in the points A, B, then tan |riP tan 
iBQOlM«snt. NoW| let us take a cone whose base is the small ciicle, and whose vertex 
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368. If from all the points of any figure perpendlculiwreHbe, 
let fall on any plane, their feet will trace out a figure w.bioKl&f 
called the orthogonal projection of the given figure. The lortbjp^-• 
gonal projection of any figure is, therefore, a right sectioa of A; 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
projections on any plane^ 

For (see fig. p. 3) MM' represents the orthogonal projectioia 
of the line P§, and it is evidently = PQ multiplied by the cosiuo 
of the angle which PQ makes with MM'^ 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected are eqiial to their orthogorhdl^ 
projections. 

For since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

21ie area of any figure in a giren plane is in a constant ratio 
to its orthogonal projection on another given plane^ 

For, if wc suppose ordinates of tho figure and of its pro-* 
jection to be drawn perpendicular to tho intersection of the 
planes, every ordinate of tho projection is to the correspond-* 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity; and it 
will be proved, in Chap, xrx., that if two figures be such that 
the ordinate of one is in a constant rfitio to the corresponding 
ordinato of the other, the areas of the figures are in the 
same ratio. 

Any ellipse can he orthogonally projected into a circle^ 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planea 


is the centre of the sphere, and let tis ent this cone hy ahy plane, and we learn that, 
*'if through a point p, in the plane of any conic, a line be drawn cutting tho oonie 
in the points a, then the product of the tangents of the halves of the angles 
op, hp subtend at tho vertex of the cone will be constant." This property will 
true of the vertex of any right cone, out of which the section can be cut, js^dk 
'therefore, since the focus is a point in the locus of such vertices, it ipj^at trm!, 
that tan \nfp tan ^fp is constant (see p. 210). 
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b 

Jts ^ y then every line parallel to the axis minor will be unaltered 

^hy projection, but every line parallel to the axis major will* 
be shortened in the ratio 6 : a; the projection will, therefore 
(Art. 163), be a circle, whose radius is b. 


369. We shall apply the principles laid down in the last 
Article to Investigate the expression for the radius of a circle 
circumscribing a triangle inscribed in a conic, given Ex. 7, 

p. 220.** 

Let the sides of the triangle be a, 7 , and its area then, 
by elementary geometry, 


i? = 


a/3y 
4A • 


Now let the ellipse be projected into a circle whose radius is J, 
then, since this is the circle circumscribing the projected triangle, 
we have 




a'/3V 

4J[' • 


But, since parallel lines are in a constant ratio to their projec¬ 
tions, we have 

a': a :: h : h\ 
r/ : 7 :: h ; 6'"; 

and since (Art. 368) A' is to A as the area of the circle (=V5*) 
to the area of the ellipse (— *trah) (see chap, xix.), we have 

A': A :: b : a. 


Hence 

and therefore 


aJ"; JW" 

4A 4A 




ah ' 


* TUa ptoof of He. HacCollagh’a theoEom ia due to Dr. Oiavca, 



( 334 ) 


CHAPTER XVIIL 


INVARIANTS AND COVARIANTS OF SYSTEMS OF OONIOS/ 


370. It was proved (Art. 250) that if 8 and 8' represent 
two conics, there are three values of k for which kS-\- S' re¬ 
presents a pair of right lines. Let 

8 = aa?* + by* + cz* -f 2^yz + 2gziiy + 2hxyy 
8' == a'x* + b'y^ + cz* + 2f'yz + 2g'zx + 2h'xy. 

We also write 

A = ahc 4- 2fyh — of* — hg* — cA®, 

A' = a'5V 4 2fg'K - a'f^ -- Vg'^ c'KK 
Then the values of Ic in question are got by substituting ha 4 a', 
Kh 4 b\ &c. for a, 5, &c. in A = 0. We shall write the resulting 
cubic ^ ©P + ©'^i + A' = 0. 


The value of 0 , found by actual calculation, is 
(ic -/') a' + (ca -/) b' + («J - h^) c' 

+ 2 ((/A - af)f + 2 [lif~ bg)(f + 2 (/y - cA) h '; 
or, using the notation of Art. 151, 

Aa 4 Bb' 4 Cc 4 4 2 f 2//// j 

or, again, 


n' ^ ~ + J' + c' 4 . + o' 4 . i' 

c/a c /6 do ^ Sf ^ dg dh ’ 

as is also evident from Taylor’s theorem. The value of ©' is 
got from 0 by interchanging accented and unaccented Icttevs, 
and may be written 

0'« A a 4 Bb 4 C'c 4 2^/4 2 G'g f 227'A. 

If we eliminate k between 4 fi" 0 , and the cubic which 
determines hy the result 


Aflf'® - ea'^8^ &BS* - A'5’« 0, 

(an equation evidently of the sixth degree), denotes the three 
pairs of lines which join the four points of intersection of the 
two conics (Art. 238). 
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To And tlie locos of fhe intersection of normals to a conic, at tbe extremities 

df a dhosd whi<di passes thiongh a given point ap. Let the curve ^ ^ ~ ~2 ~l' I > 

then tba points whose normals pass through a given point ate determined (Art ISl, 
Bx. 1) as the intersectionB of S with the hyperbola 5' =r 2 (c'^rf/ + b^*x — a^'y), Wo can 
thopf t>7 this artide, form the equation of the sue chords which ]oin the feet oi 
nOnnals through a'p', and ezpiessing that this equation is satisfied for the point a/i, 
we ha'^ the locus icquiied. 

We ll*« A = - , 0 = 0, 0' = - (o^** + - c‘), A' = - 2a«i*cVy’. 

The equation of the locus la then 

- c®a/3)» + 2 (aV + b^ - C*) - b'^ay - c=a/3) ^ ^ ) 

which ropiescnts a curve of the thud degice If the given point be on oitLoi axis, 
the locus 1 educes to a conic, as, maj be seen by ui iking a = 0 m the picceding cqii i- 
tion. It lb also gcomclncally evident, that m this ease the axis is psit of the locus 
The locus also icduccs to a conic if the point bo infinittly dibt'uifc, that is to say, 
when the problem is to find the locus of the mtersection of noimals at the extremities 
of a choid paiaUel to a given hue. 


371. If on transfornihig to any new set of coord'mat e*!, 
Cartesian or trilincar, S and /S' become S and /S', it is manift st 
tliat kS f S' becomes h'S + ~S'j and that the coelliclent Jc ib not 
affected. It follows that the values of /f, for which kS + S' 
represents right lines, must be the same, no matter in what 
system of coordinates 8 and /S' are expressed. Hence, then, 
the ratio between any two coefficients in the cubic for 4, found 
in the last Article, remains unaltered when we transform from 
any one set of coordinates to another.* The quantities A", 0, 
0', A' are on this account called invariants of the system of 
conics. If then, in the case of any two given conics, having 
by transformation brought 8 and 8' to their simplest form, and 
having calculated A, 0, 0', A', we find any homogeneous rela¬ 
tion existing between them, wc can predict that the same relation 
will exist between these quantities, no matter to what axes the 
equations are referred. It will be found possible to express ia 

* It may be pioved by actual tiaimfoiuiation tliat if in S and /S' wo biibbtilute 
for ar,y, !x + my + njg, Vx + m'y + n'zj V'l + m"}j + n the quantities A, B, B' A' 
for the tiansformed system, aie equal to those for the old, respectively multiplied by 
the square of the dcteiminont 

/, m, n 
m', n' 

I", m", n" 
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terms of the same four quantities the condition that the conies 
should he connected by any relation, independent of the position 
of the axes, as is illustrated in the next Article. 

The following exercises in calculating the invariants A, d, 
0 ^, include some of the cases of most frequent occurrence^ 


Ex. 1. Calculate the invariantB -whea the conics are referred to their cernmon 
self-con jugate triangle. We may take 

S = ax* + Jy* + S* = a'x* -f i'y* -f- c'a®; 
and we may further simplify the equations by writing x, y, instead of x 
y ® 4(c0» so to biing to the foim x® -f y* -h z\ We have then 
A = afic, Q :=: be + ca + abf O' =:a + 6 +c, A' = 1, 

And S + RS' will represent right lines, if 

^ -f A® (a + ft -I- c) + ^ (ftc -f ca -f aft) + abc = 0. 

And it is otherwise evident that the three values for which S + ^S' represents light 
lines are — a, — ft, — c. 

Ex. 2. Let S'f as before, be x® + y® + c®, and let S represent the general equation. 

Ans, 0 = (ftc —y®) + (ctf — y®) 4- (aft — ft®) = A + -f (7; 0' = a -f ft + <?, 

Ex. 3. Let S and S' repi’esent two circles x® + y® — r®, (x — a)® + (y — /3)® — i*'®. 

Ans. A = ~r®, t> = a ®^2 - 2>-® ~ r'®, O'= a® +/a® - r® - 2»*% A'= -»•'*. So 
that if I) l)c the distance between the centres of the circles, S + hS’ will icprebent 
right lilies if 

r® + (2r® H- r'* - D®) ft + (r® -f 2r'® - J>®) it® + r'®^® = 0. 

Now since we know tliat S — rcpicsents two right lines (one finite, the other 
infinitely distant), it is evident that — 1 mubt be a root of this equation. And it is 
in fact divisible by ft + 1, the quotient being 

r® + (r® + 1 *'® - D®) ft -f r'®ft® = 0, 


X® ti® 

Ex. 4, Let S represent _ + ^ — 1, while S' is the circle (x - a)® + (y — /3)® - r*. 

€ 8 “ V* 

d=-i, 0 = (o’ + ^-O*-**-.*), 

— r®r- + M A'----r® 

Ex. 6. Let S I'cpi'eecnt the parabola y® — 4 otxj and S' llic circle as bcfoi*e. 

Atis, A = — 4m®, 0 = — Ani (a + »«), 0' r: /3® — 4»ia — »•*, A' ~ — r®. 


372. To find the condition that two conics 8 and S' should 
touch each other. When two points, of the four intcr- 

sectious of two conics coincide, it is plain that the pair of lines 
A (7, BD is identical with the pair AD^ BC, In this case, then^ 
the cubic 

AX^ + + &k + A^ = 0 , 

must have two equal roots. But it can readily he proved that 
the condition that this should be the case is 


(00' - 9AA7 *4(0*- 3A0'J (0 " -- 3A'0), 



OF STStEMS OF COHTCS. 


337 


or &&* +18AA'00' - 27A*A'* - 4A0’* - 4A'0* = 0, 

, f A 

t 

which is the required cotidltion that the conics should touch. 

It is proved^ in works on the theory of equations^ that the 
left-hand member of the equation last written is proportional 
to the product of the squares of the differences of the roots of 
the equation in k] and that when it is positive the roots of 
the equation in k are all real, but that when it is negative two of 
these roots are imaginary. In the latter case (see Art. 282), 
S and S' intersect in two real and two imaginary points: in 
the former case, they intersect either in four real or four 
imaginary points. These last two cases have not been distiu- 
guished by any simple criterion* 

If three points Ay C coincide the conics osculate and in 
this case the three pairs of right lines are all identical so that 
tlie cubic must be a perfect cube; the condition for this are 
8A 0 0' 

^ . The conditions for double contact are of a 

0 0 3A 

different kind and will be got further on. 

Sz. 1. To find by tliis method Ujc condition that two circles shall tonch. Forming 
the condition that the reduced equMtioii (Ex.,% Art. S71), 

Bhould have equal roots^ we get r* + r'* —1/^ = ± 2rr '; = »• ± r" as is geometrically 

evident. 

Fx. 3. The conditions for contact between two conics can be shortly found in 
the cases of trinomial equations by identifying the equations of tangcuts at any 
point given Arts. 137} 180^ and are for 

f^z + gzx + hxy =r 0, J(/a;) + 4(wy) + 4 (m«) = 0, (//)^ + “ 0, 

for + ^/(7w) = 0, oaj* + fty’ + cz^ = 0, + (y)^ - 

for aai* + hy^ + = 0, Jyz + gzx + hxy =. 0# (q/**)! + 0. 

Fx. 3. Find the locus of the centre of a circle of constant radius touching a given 
conic. We have only to writo for a\ B, B' in the equation of this article, tho 
values Ex. 4 and 5, Art. 871 \ and to consider a, /3 as the running coordinates. The 
locus is in general a curve of the eighth degroc, but reduces to the sixth in the case of 
the parabola. This curve is the same whicli we should find by mca<*uring from the 
curve on each normal, a constant length, equal to r. It is sometimes called the curve 
petralhl to the given conic. Its evolute is the same as that of the conic. 

The following are the equations of the parallel curves given at full length, which 
tnay also be regarded as equations giving the length of tho normal distances from 
aiiy point to the curve. The parallel to the parabola is 

— (3^ -h + 8i»* — 8»»*) r* + {3y* + y® (2 jj* — 2tnx + 20«i*) 

+ Swa* + — B2m^x + 16»i^} — (y® — 4ma)® {y* + (a? — »i)®} =a 0. 

X X. 
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The parallel bo the elhpse w ^ 

- 2c*>« {r* (fl* + J") + (a2 - 20 jr* + (2a* - 5*) y*} 

4- r< {< * (a* + + 6‘) - 2c* (a* - aTlT + 36<) + 2c« (3a« - ^ 

+ (a* - ea***’ ^ 6fi<) X* + (6o* ~ + &*) y* + (Oa* - lOa^* + 6&<) ^V*} 

4 r {- 2« * («» + O 4 2c*c’6'* (a«» - 4 O - 2t ^ (rt* - a*b* 4 86«) 

— (ba^ — \Qa^l>* 4 6i‘) ~ a*\/^ (ba* — \OaV)^ 4 6&*) 4 x^y (Aa* — Ga*b* — C«®5^ 4 4®^ 
4 ib (a‘ — 26") jr® — 2 (a^ — a^6® 4 36^) ~ 2 (xi* — a®6^ 6^) x'y* h 2a^ (6^ 2a-*) jj*} 

4 (6 4 aV - 0**“*;^ {(» “ c)* + y®] {(« 4 e) -f y**} == o 

Thu^ the locus of a pouit is a conic, if the sum of sqnaies of its normal cUstanoes to 
the C 1 UV 0 be given If we foim the coudibion tint the equation in 9® should have 
cqu il ioot'<, we get the sq laicq of the i\cs midtiplied bytbe cube of the ©volute* If 
maker =■ 0, we find the fori apptiiing as points whoso normal distance to the 
ciiive vanislies Ihis is to be arconnted fox by remembciing that the distanoe from 
the oiigin vanishes of any pome on cithci of the lints a.* 4 y® = 0, 

Hx 4 To find the eqii ition of the evolute of an ellipse Since two of the noimals 
comeidc which can bo di iwn thmi li ovciy point on th cvolute, wc have only to 
express the condition that in I X \U 370 the cuivc'^ and S'touch Kow when the 
tcim ^ 18 absent fioni an equation, Ihe condiLicn that A/® 4 4 A' should have 

equal roots rcdiuea to 27 A A'® 4 40-* 0 The eqiiition of the evolute is thoiefot® 

(a^uJ^ 4 6*y® -- r®)® H 27a b^c'x = 0 (See Art 2IS) 

Ex 5 To find the equation of the evolute of a jxaial ola We have here 
8 - 4w3 , 2>' — 2xy 4 2 (2»* — a;') i, — 4wr/, 

A =■ — 4# i", 0 = 0, 0 = — Am (2m — -»), A' ]m /, 

and the rqintion of the c volute is 27//??/*’ = 4 — 2m)’ It is to be obiei ved, that the 

inltibccliomi of 8 and S' include not only the feet of the thee noimals which can be 
di iwn througli any p^^mt, but albo the p tint at infiiuty on y And the ix choids of 
intcisection of 5 and A coiisiot of thice choids joinuig the tcct of the noimala, md 
thiec paiallcls bo the axis tlnonqh tht cfc»-t ConscqiKiirly the method used (Lx, 
Alt 370) IS not the Biiuilc‘<t fei sclv tl c toir#s| >mhn^ f i VUin in theci e of the 

paiiboln We get thus the equation found (ux 12, Ait 227;, but multipUcd by the 

f xclor Am (2my 4 y'x — 2mj) - / 

373. If S' bleak up into two ilglit lines wc Lave A^==0, 
and we proceed to examine the meaning in tins ease of 0 and 0'. 
Let us suppose the two right lines to be x and y ; and, by the 
principles already laid down, any propel ty ot the invariants, 
true when the lines of reference are so chosen, will bo true in 
general. The disciiniinant ot S+2kxy is got by writing A 4 & 
for h in A, and is A 4 2/i> (/^ — cA) - Now the coefficient 
of k* vanishes when 0 = 0; that is, when the point xy lies on 
the curve 8. The coefficient of A vanishes whon^ = cA; that 
is (see Ex. 3, Art 228), when the lines x and y aie conjugate with 
respect to 8. Thus, then, token S' represents two right lme$^ A' 
vanishes; ©' = 0 represents the condition that the intersectioti <tf 
the two line^ should lie on 8; and &^0 is the condition 
two lines should be conjvgaie with tc'tpect to 8* 
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’I’lia condition tliat A + &k + Q7c^ should be a perfect square 
ii^ which}ikccording to the last Aiticlc) is the condition 

thfij: either of the two linos represented by S' should touch 8. 
l^bts is easily verified in the example chobcU} whole 0^*- 4A0' 
is fooAd to be equal to (6c —/^) [ca - ff"). 

Ex 4. Given five comes 3^ S„ tc, it Is of course po<«<ible m au infinity of wa>s 
io ^ctenmoe the constants ^ dc, so that 

may be either a perfect square or the pioduct of t^vo hn^s 31V prove tlintthe 
lines Zf all touch a fixed conic Vj and that the hn<^s 17^ N iic conjii^itc \\itli regsid 
to V, We cm determine V so tliat the mvaiinnt O hli ill vanish foi V and cich 
<if the five conicSi smee we have fivi> cqaitions of the i< iin 

iAffi + + Clpj + f ^ + 2it^^ f 2/7//| — 0^ 

which, are sufficient to determine the mutual latios of >1, E, , the cocflidonts in 
the tangential equit^on of V, Now if we hive bvpaiatcly Aa^ f do =0, Aa^ t-do. = 0| 
Aa^ + dc. = 0, dc , we have plainly also 

A + f/ig + Vj + + Vj) + 4c = 0, 

that IS to say, 0 vanishes for V and evoiy conic of tho system 

4* /.^a + ^^ 3 ^ + ^4 ^4 4 

whence by this aituh the theoiem stated iiumcdntely follows If the lino il/he 
given, N pa«scb tluuujn a fixed point, n imcly, the pole of 1/ w tli itspcct to V 

Ex 2 If SIX lines r y, z, ii, VfW all touch the simc conic, tho squiicj aie con¬ 
nected hy a Imeai icUL on 

VM I ^ +V’ +V"-o, 

This IS a paitioular case of the list exariplo, but may be also proved ns follows ; 
Wiice down the conditions. Ait lol, tint the six lines*should ioutli i conn, mid 
eliminate the unknown quintities 4, 77, dc and the condition that the lines should 
touch the some come is tound to he tl c \ iiiidhmg of the dctcimmant 

'i ^i"i> *^1^1* 

(i2^ V ^ l^aV , \ fA2 

^ 8 ® /^3®» ''/» \ 

^4/^4 

V» /‘o-'s 

Wt Va, Uei/B, i/gX^, 

But this is also the condition that the equates shoul 1 Ik connected hy a lincai i elation. 

Ex 8 If wo are only given four comes *Sf^, 3^^ % and seek to dttermino T', as 
in Ex 1, so that 0 shall vanish, then since we have only foiii condilion», one of the 
tangential coefifieients A, dc lemains indcteinimate, but we cm dctnuui o all tho 
rest in terras of that, so that the tangcnti il cqu ition of V is of the f< i m Si- kZ* = 0, 
or Ptouches four fixed hues We shall attirwaids show directly that ai tour wn}s 
Wb can doteimine the constants so that li3^ + 4 may be a pcifect 

square. 

It IS ea^ to sea (by taking for Af the line at infinity) that if be a pi\» n hue 
It problem admitting of but one solution to determine the con Cants, so 

4^14-dc. shall be of the form AfU, And £z. 1 shows that N is the locus of 
of 3/ with regard to F. Compare Ex 8, Ait. 228 
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374. To find the equation of the pair of tangents at the points 
where 8 is cut hy any line + /i-y + vsf. equtttioA of any 

co^ic having double contact with 8^ at the points where it meets 
this line, being k8 + (fix 4 - + visY = 0 , it is requii*ed to deter- 

mine k so that this shall represent two right lines. Now it will 
be easily verified that in this case not only A' vanishes but 0 
also. And if we denote by S the quantity 

A\^ + + 6V‘ + 2Ffiv + 2 (yi/X + 2m/i, 

the equation to determine k has two roots = 0 , the third root 
being given hy the equation &A + 2 = 0 . The equation of the 
pair of tangents is therefore A {\x 4 it is plain 

that when Xa; 4 4 vz touches 8y the pair of tangents coincides 

with Xa5 + Xy 4 * vz itself; and the condition that this should be 
the case is plainly 5 = 0 ; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotes of a conic given by the general 
trilinear equation. 

875. We now examine the geometrical meaning, in general, 
of the equation 0 = 0 . Let us choose for triangle of reference 
any self-conjugate triangle with respect to 8, which must then 
reduce to the form aa 5®4 Jy* 4 -(Art, 258). We have there¬ 
fore /= 0 , ^ = 0 , A = 0 . The value then of 0 (Art. 370) reduces 
to hca 4 - caV 4 - alc\ and will evidently vanish if we have also 
a = 0 , 5 ' =s 0 , c' = 0 , that is to say, if 8\ referred to the same 
triangle, be of the {ovvo fyZ’{‘g*zx-\Kxy, Hence 0 vanishes 
whenever any triangle inscribed in 8* is self-conjugate with regard 
to 8. If wo choose for triangle of reference any triangle self¬ 
conjugate with regard to /S', we have /' = 0 , 0 , h' = 0 , and 

0 becomes 

(Jo — /“) o' 4 - (oa — g^) J' 4 - (oJ — A*) c ; 

and will vanish if wc have he =/“, ca = 5 “, oJ = A^ Now be =/'* 
is the condition that the line x should touch 8 ; hence 0 also 
vanishes if any triangle circumscribing 8 is self-conjugate with 
regard to S. In the same manner it is proved that 0' 3±: 0 tsr ike 
condition either that it should be possible to inscribe in 8 a tru 
angle self-conjugal with regard to 8^^ or to drcumscribe ahoui B 
a triangle self conjugate with regard to /S. When one of 
things is possible, the other is so too. 



OP SYSTEMS OP CONICS. 


341 


A pair of conics connected hy the relation 0 s 0 possesses 
another property, Xet the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri¬ 
angle with respect to a conic be called the pole of either 
triangle with respect to that conic; and let the line joining the 
inteiisections of corresponding sides be called their axis. Then 
if 0 =7 0, the pole with respect to 8 of any triangle inscribed in 
8' will lie on 8; and the axis with respect to 8 of any tri¬ 
angle circumscribing 8 will touch 8. For eliminating a?, y, z 
in turn between each pair of the equations 

I 

+ = hx + by+fz^Oy — 

we get {gh ^af)x^ [hf- hg) y = (/y - ch)zy 

for the equations of the lines joining the vertices of the triangle 
xyz to the corresponding vertices of its polar triangle with 
respect to 8. These equations may be written Fx^ Oy^ Hzy 


and the coordinates of the polo of the triangle are 


Substituting these values in 8y in which it is supposed that tho 
coefficients a', b\ d vanish, wo get 2Ff+ 20g'2TIk'-=0^ or 
0 — 0. The second part of tho theorem is proved in like 


manner. 


Ex. 1. If two trianglOT be self-conjugate with regard to any conic a conic can 
be described passing through their six vertices; and another can bo described touch¬ 
ing their six sides (see Ex. 7, Art. 35G). Let a conic be described through the three 
vertices of one triangle and through two of the otherj which wc take for ar, y, z. 
Then, because it circumscribes tho first triangle, O' = 0, or or + 6 + <; 0 (,Ex. 2, 

Art. 371), and, because it goes through two vertices of wc have a =■ 0, = 0, 

therefore c = 0, or the conic goes through the remoiuing veiiiex. The second part 
of the theorem is proved in like manner. 

Ex. 2. The square of the tangent drawn from the centre of a conic to ihe circle 
circum.«:cribing any self-con jugate triangle is constant, and + [M. Faure] 

This is merely the geometrical interpretation of the rx)ndition 0 =■ 0, found (Ex. 4, 
Art. 371), or a* -I-— r* = a* + J*. The theorem may be otherwise stated tlius; 

Every circle which circumscribes a scll-conjugate triangle cuts orthogonally tho 
circle which is the locus of tlio intersection of tangents mutually at right aiiglea.’* 
For the square of the radius of the latter circle is -f 6^. 

Ex. 8. The centre of the circle inscribed in every self-conjugate triangle with 
respect to an equilateral hyperbola lies on the curve. Tliis appears by making 
^ sr a* in the condition s 0 (Ex. 4, Art. 371). 

Ex. 4. If the rectangle under the segments of one of the perpendiculars of the 
triangle formed by three tangents to a conic be constant and equal to jlf, the locus 
of the intersection of perpendiculars is the circle a;* -f- = a- -i- + M, For 0 = 0 

(BXk 4, Art. 871) is the condition that a triangle self-conjugate with regard to the 
fihpcle Ctm he- circumscribed about S, Bui when a triangle is self-con jugate with 
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regard to a cjiclc, ibe intersection of pcrxicndiculais is the centie of the Olrdle Juid 
iff IS the square ot the loclins (Lx J, Art 278) 1 lie locus of the intensection rdot- 

angular tangents is got f om this exainjilc by m iking M r; 0 

Ex 6 If tho lectmtlc under the segments ot one of the perpendiculars of a 
triangle inscribed m bo constant, and = J/, ibe licus of intersection of perpen¬ 
diculars IS the conic concent] 1 C mid similai with Sj jSf = Jf + [Di Hart]. 

This follows m the sime way fiom O'-=0 

Ex 6 Imd the locus of theiuteis clion of pcrpendicuhis of atnangle insciibed 
in one conic and cucumsoiibcd about suo^htr [Mr Bmaside] Tike for ongm the 
ccntic of the lattei conic, and equate the values of 1/ found tiom Px 4 aud 5, then 
if /i', If be tho axes of the conic in which the tiian^lc is inpciibcd, the equation of 

n f 

the locus IS a;** + — a’ — 6” = ^ ® locns is theicfoic a conic, whose axes 

aio pxi did to those of and wlmli is a ciicle when 8 is a ciicle. 

Ex 7 The contf^ of tho c ich ciicnmsciihin » c\ti} tnin^,!©, stIf conjugate with 
rcgiid to a paisboU lies on the dxiectiix This and the next example follow irom 
e-O (Jx ^ Alt '»71) 

Lx 8 The intersection of peipondicuUis of any tmngle ciicumsciibingapaia- 
boll lies on tlio dncctiix 

Ex 9 Given tho lahus of the ciidc insciibed in a self conjugate tiiingle, the 
locus of ceutic lb d puabulti of equal paiamctei with the given oue 

376. If two conics be taken arbitrarily it h In creneril not 
possible to iiiBciibe a triangle in one which shill be ciicuna- 
scubod about the other; but an infinity of such tmnglcs can 
be diawn if the cooffidcnts of tho conics be councettd by a 
ccittiin icLition, which we pioceed to detcimirie. L(t ih suppose 
that SLuli a tiiaiigle c»in be dcsciibed, and let us take it lor 
tiiangle of icfciencc; then tho equations of the two conics 
must be reducible to the foiin 

8 =s -f - 2yz — ^zx - 2 = 0 , 

8* = 2fyz + 2gzx + ^hxy « 0, 

FonnIng then the invaiiants we have 

A = -l, ©=4(/H-flr + Zi), © <=-(y+j A' = 2/7A; 

values which aie evidently connected by tho relation 0® 5=4A©'.* 


* Th s cm htion wis first given by Piof Ciyley (Pbtlosophtcal vol tj, 

p 99) who deiived it flora the theoij of cllqtic fuiict ons He alK) proved, 
eirue way, that if the square loot of ^ 0 + / 0 + a', when expanded in powerfij 

of 7, be A + 17/ -I + <&c , then tbe conditions tlut it should be possible to hav4 
a polvgon of n sides insciibed m U and cirenra'-eiibing F*, are for n$i 5, 7f 
respectively 

c=o, I (7, /> 

DyE n, J F 

X", /, 6 — 0 , 4.c« 
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l!!hisiB 6(][nation of the kind (Art 371) which is unaffected 
by My change of axes; therefore, no matter what the form in 
which the equations of the conics have been originally given, 
this relation between their coefficients must exist, if they are 
capable of being transformed to the forma Ijoro given. Con- 
Tersely, it is easy to show, as in Ex. 1, Art. 375, that when the 
relation holds 0“ =* 4^0', then if we take any triangle circum- 
Boribing S, and two of whose vortices rest on 8\ the third must 
do so likewise. 

Ex. 1. Find the condition that two circles may bo «uch that a triangle can bo 
inscribed in one and ciicura«cnbed about the other. Let 2>- — — 6^, tk n the 

condition is (see Ex. 3, Ait. 371) 

(Gf + 4r* (G - r'*) = 0, or {G + r'^Y = irh '^; 

whence D* — r'® i 2r>*', Enlcr’a well known for the distance between the 

centre of the circumscribing ciicle and that of one of the ciiclcs 'v^lilch touch the 
three sides. 

Ex. 2. Find the locus of the centre of a circle of given radius, circiim«ici ihing a 
triangle circumscubing a conic, or invciibed in an in (iiUd hnnij^le. 'Hie loci aie 
curves of the fourth degree, except that of the ccntie of the circnrnscnhiiig ciiclo 
in the case of the paidbola, which is a circle whose eeiitie is the focus, as is othor- 
wise evident. 

Ex. .3. Find the condition that a tii.ingle may be inscribed in S' whose sides 
touch respectivi ly h IS'f S t- fni>% S + nS\ Lot 

S = + lY + — 2 (I t- — 2 (1 + w<j) zx — 2 + nJi) 37 , 

S' = 2 ft/'s 4 * 2ffzx + 2hj(y j 

then it is evidcAt that /S' + IS' is touched by r, die. Wc liavc then 
^ r — (2 + [/*+ 4 - vhy — 2 lmnjghf 

0 = 2 (/ + g + h) ^2 + \f + nh) + 2J\}h (jnn hnl -i bn\ 

O' = ~ (/+ -I- hY - 2 (/ + »i + n) fgh^ A' ^ 2Jgh. 

Whence, obviously, 

{O — A' (/«« + nl + f/A)}* = t (A 4- fm/»A') {O' 4- A' (/ 4- w/ 4- «)}, 
w'liicli is the required condition. 

377. To find the condition that the line Xx-^^fiy-^vz should 

pass through one of the four points common to 8 and 8\ This 

is, in other words, to iiud the tangential equation of these four 
points. Now we get the tangential equation of any conic of 


and for n = 4, 6; 8, <S:c. are 


= 0 f JD, E 

/), F, F 

£, /-’Uo, 

1 , F, a 


Fy (jy £1 r 0, die. 
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the system 8+k8' by writing a + ka\ &c. for a, &c, ia the 
tangential equation of 8^ or 

S = (5c —/“) X* + (ca — g^) /a* + {ab — A®) v* 

+ 2 (— qf) V 4- 2 (A/*— 5^) y\ + 2 — cA) \/* *a 0- 

We get thus 2 + A<l> + = 0, where 

^ = (5c' + 6'c - 2J') X* + (ca' + c'a - 2^^.^') /i* 

+ (a5' + ab — 2AA') v*•+ 2 {gh* + ^'A — af‘ — a^*) 

+ 2 (//' H- A/- bg' - S'ji/) vX + 2 (jf^' ^fg - cK - c'A) X/*. 

The tangential equation of the envelope of this system is there¬ 
fore (Art. 298) <I>* = 4SS'- But since )S + A5', and the corre¬ 
sponding tangential equation, belong to a system of conics 
passing through four fixed points, the envelope of the system ia 
nothing but these four points, and the equation 4>’* = 42S' is the 
required condition that the line \x + [iy + vz should pass through 
one of the four points. The matter may be also stated thus: 
Through four points there can in general be described two 
conics to touch a given line (Art. 345, Ex. 4); but if the given 
line pass through one of the four points, both conics coincide 
in one whoso point of contact is that point. Now 4>’* = 4SS' is 
the condition that the two conics of the system 8 + k8\ which 
can be drawn to touch Xo; -f shall coincide. 

It will be observed that = 0 is the condition obtained 
(Art. 335), that the line Xa; + At^y+ vz shall be cut harmonically 
by the two conics. 

378, To find the eguation oft e ;four common tangents to two 
conics. This is the reciprocal of the problem of the last Article, 
and is treated in the same way. Let 2 and 2' be the tangential 
equations of two conics, then (Art. 298) 2 H- A2' represents tan¬ 
gentially a conic touched by the four tangents common to the 
two given conics. Forming then, by Art. 285, the trilinear 
equation corresponding to 2 -h A2' = 0, we get 

where 

F = [BC + B'C- 2FF) + (CA' + CA - 2(?C') f 

+ (AJ5' + A'5-2Hff')«" 
4 2 (C//'4 CB- AF) 4 2 (/iF'4 BF^ BO) zx 

4 2 {FC j^FQ^CF^ CH) 
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the letters J5*, &c, having the same meaning as in Art. 151. 
But AS-h kJP ^ denotes a system of conics whose en¬ 
velope is = and the envelope of the system evi¬ 

dently is the four common tangents. 

The equation ss 4 AA'SjS\ by its form denotes a locus 
touching S and JS\ the curve P passing through the points of 
contact. Henco^ tie eight points of contact of two coincs 
their common tangents^ lie on another lonk F. Kociju’ocally, the 
eight tangents at the points of itihrsidion oj fuo conics o}}elope 
another conic 4>. 

It will bo observed that F = 0 is the equation found, Art. 331, 
of the locus of points, whence tangents to the two conics form 
a harmonic pencil.* 

If S' reduces to a pair of right lines, F leprcscnts the pair 
of tangents to 8 from their intersection. 

Ex. Find tbc equation of thf* common 1 to the i>aii of ronirs 

0/^4 hy 4-ts 0, n'i -0. 

Here -4 - At, B — tOj C —ab whence 

F atr ih* i +■ bb' {la 4 h (c (tfb' i a'b) 

and the icqiuied equnt/on h 

{aa* {b'c + 6 c; j*" 4 hh* ictt' ^ «' /) +1 c' («// + n'b) f 

^iafhu'bi (o b?y -t t - ) (rt'r'*-4-4 c'-*), 
which is> cisil^ ic-solve^ info the four lofijis 

a V m' (b y hyyj hU {u,')} 4 " J. ' (a/;)} - 0 

378a. If S and 8' touch, F touches each at their point of 
contact. This follows immediately from the fact that F passes 
through the points of contact of common tangents to 8 and 8\ 
Similarly if 8 anfl 8' touch in two distinct points, F also has 
double contact with them in those points. This may be verified 
by forming the F of cz‘ 4- cz* -h 2h'rg which is found to 
be of the same form, viz. 2ccltliz^ 4- 2A4' {cli + fh) 

From what has boon just observed, that when 8 and 8' 
have double contact, F of the form 18 4 mS\ we can obtain 
a system of conditions that two conics miy have double contact. 
For write the generil value of F, given Art. 3.U, 

a-c** f by 4- cz* 4 2f^3 f 2g?aj 4 2liJ3y, 


♦ Itwhivcl was tin* fiist to duect attention to the imp rt^nce of tln« come m 
tlie thooi/ ot two couics 
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Xhm evidently if they have double 
vanishes of the system 

^ ^^ 1 y* ? i? j 

a', b\ c\ /', g\ A' 

a, t) c, f , g, h «0. 

That when 8 and 8 ' have double contact, 8 , P and 8 ^ arS^ 
connected by a linear reldtlon, may be otherwise seen^^as 
follows: When and S' have double contact there is fa faittls 
of A for which kS + 8' i epi esents two coincident right 
Now the icciprocal of a conic icpicscnting two coincident r%jNt 
lines vanishes identically. Hence we have * 

identically. But the value of A, for which this is the casQj, is 
the double loot of the cqnaliuii 

A’A4-A'0+A0'+ A'=0. 

Eliminating h between the foimer equation and the two dif¬ 
ferentials of the lattci v\c have S, S', ^ satisfying the identical 
relation 

S, <I>, S' 

3A, 20, 0' 

0, 20', 3A' ==0. 

When two conics have double contact their reciprocals have 
double contiict also; and it may be seen without difficulty that 
the iclation just written between S, S', implies tbe following 
between /S, A?', P 

sr, F , 

3A, 2A©', 0 
0', 2A'0, 3A' =0. 

379. Tbe former part of this Chapfer has sufficiently shown 
what is meant by invariants, and the last Article will seiv^^ 
to illustrate the meaning of the word covariant lnvarilu!;its 
and covariants agree in this, that the geometric meaning of 
both is independent of the axes to which the questions^ 
referred; but invariants are functions of the coeffieienti^^O q! 
while covariants contain the variables as well. If We a]|[^*^iven 
a curve, or system of curves, and have learned to derlto%om 
their general equations the equation of some loc 3 ta^ 0^ 
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to tho givajQ curves is indcpcudcnt of the axes 
tVo ^<j[ifttiona are referred, V is said to be a covariant 
’gi^eu system^ Now if we. desire to have the equation 
tbiis.l^QUS refeijred to any new axes, we shall evidently arrive 
^Ulie result, whether we transform to the new axes the 
eqSation or whether we transform to the new axes the 

equatiotUl'of'the given curves themselves, and from the trans- 
fblteed equations derive the equation of the locus by the same 
rtU^flHIt 77 was originally formed. Thus, if wc tiansfonn the 
e^^ttoUS of two conics to a new triangle of icfucncc, by 
iByttm^ instead of a?, s, 

ip + my + /V + viy 4 T'x + m'*y 4 n'z ; 

Ejddif we make the same substitution in the equation F^=4A A'iS5’, 
we can foresee that the result of this last substitution can only 
ditfer by a constant multiplier from the equation F^ = 4AA'/S6'', 
fo)rmed with the new coefficients of S and 6 ". For eitlu r form 


represents the four common tangents. On this property is 
founded the analytical definition of covariants* “A dciived 
function formed by any rule from one or nioic given functions 
is said to be a covariant, if when the vaiiables in all aio trans¬ 
formed by the same linear substitutions, the ix'nult obtiined by 
transforming the derived differs only by a constant multiplier 
from that obtained by transforming the oiiginal equations and 
tben forming the corresponding deii\ed.’^ 


880. There is another caso In winch it is possible to predict 
the Vedult of a^transformation by linear substitution. If wc have 
learned how to form the condition that the line X.c4m//4 vz 
should touch a curve, or more generally that it should hold to 
a curve, or system of curves, any relation independent of the 
axes to wbich the equations are referred, then it is evident that 
when the equations are transformed to any new coordinates, 
the corresponding condition can be formed by the same rule 
jfrqm the transformed equations. But it might also have been 
obtained by direct transformation from the condition first ob- 
tallied* Suppose that by transformation X’’? 4 4 vz becomes 

' (Tp 4* my + »i«) + {Vx 4 m!y 4 nz) 4 v [rx 4 
and that we write this X'jj4- mV + 

X' eb 7X <4 ^ M + r' = nX 4 ny, 4 n'V. 



34 $ 


IXVAKIANTS AND ODVABiAKTS 


Solving these equ itions, we get equations of the form 

If then wc put those values into the condition as first obtained 
in terms of v, we get the condition in terms of X', /u,\ v\ 
which can only differ by a constant multiplier from the condition ' 
as obtained by the olher method. Functions of the class here 
considered are called contravariants, Contravariants are like 
covariants in this: that any contra variant equation, as for 
example, the tangential equation of a conic {be —/*) X* -f 0 

can be transformed by linear substitution into the equation of 
like form (JV —+ &c. = 0, formed with the coefficients 
of the transformed trillnear equation of the conic. But they 
differ in that X, /a, v are not transformed by the same rule as 
05, y, «; that is, by writing for X, /X + m/i + wv, &c., but by the 
different rule explained above. 

The condition = 0 found, Art. 377, is evidently a contra^ 
variant of the system of conics 8^ 8\ 

381. It will be found that the equation of any conic co- 
variaiit with 8 and S' can be expressed in terms of 8, S' and F; 
while its tangential equation can be expressed in terms of 2 , 2 ', 

Ex. 1. To express in terms of S, F the equation of the polar conic of S with 
respect to S\ From the natnie of covniiants and invariantfl^ any relation found con- 
neeting these quantities, when the equations arc roforred to any axes, must remain 
tmo when the equations arc tiansformed. Wc may therefoio lefci S and S* to their 
common self-con jugate triangle and write S =r ajs* + jS" =: H 

will be found then that F = o (A + c) -+■ i (c + a) y® + c (o -l- &) a®. Now since the 
condition that a line should touch S is + cu/u® + adv® r- 0, the locus of the poles 
with respect to F of the tangents to is bt'x* -f- cuy® + afts® = 0. But this may be 
written {be -l* ca + o^) (aj® + y® + 2 ®) ■= F. The locus is therefore (Ex. 1, Art. 371) 
6F =: Ft In like manner the polar conic of S' with regard to is O'B =s F. 

Ex. 2. To express in terms of Sy S’^ F the conic enveloped by a line cut har« 
moiiically by 3 and 3\ The tangential equation of this conic ^ ^ 0 is 

(ft -4- o) \* 4* (c + o) /u,"* 4* (a + ft) V® = 0. 

Hence its trih'near equation is 

(c 4- o) (« 4- ft) ®* 4- (a + ft) (ft 4- c) y* 4- (c 4- n) (ft 4- c) a® = 0, 
or (ftc 4- ca -h oft) (a® 4- y® 4- a®) 4- (o -t ft + c) (a®* 4* fty* 4- ca®) — F 

or e^S'4-e'iSf-F = 0. 

Ex. 3. To find the condition that F should break up into two right lines. It Is 

abo (6 + c) (c 4- o) (o + ft) = 0, or abc {(a 4- ft 4- r) (ftu 4* co -t- oft) — abc) a 0, 
or AA' (09* - AAO = 0. 

I^bich is the required formula. 09' = AA' is also the condition that ^ should break. 

I up into factors. This condition \\ ill be found to be satisfied in the case of two dedes 
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out at light angles, in 'which cope any line Uiroi^gh oithcr centre is cut har- 
DAol^iallj b/ the circles, and the locus of f oints whence tangents form a harmonic 
pencil |da6 xednees to two right lines. The locus and envelope will 2 educe similarly 
If = + 

Bx. 4, To reduce the equations of two conicb to the forms 

+ y® + a* = 0, aa,® 4 Ay® + cz^ “ 0. 

The constants a, A, c are determined at once (Ex. 1. Art. 871) as the roots of 
• AP - 0^* + O'k - A' = 0. 

And if we then solve the equations 

+ y® + «* = + cz‘‘ = S'f o (A + r) a;® + A (c + <?) y® + C (^ + A) sr® = P, 

wefinda^, yS «* in terms of the knonn functions 5, 8', P. Strirtly spenking, wo 
onght to commence by dividing the tno given equations by the cube loot of A, <uuco 
we want to reduce them to a form in which the dibciiminant of shall K* 1. Eut it 
will be seen that it will come to th(^ same thing if leaving 8 and 8' unchanged, wo 
calculate F from the given cuclHcicuts and divide the result by A. 

Ex. 5, Eeduce to the above form 

8j 5* — 6icy + Oy® — 2a: 4- 4y = 0, fix® — I4xy 4 8y* — G.i: — 2 ■=■ 0. 

It is convenient to begin by forming the coefficients of the tangential equations 
Ay By Ac. These are -4, —1, 18; —3, 3, —2; —16, —19, -1); 21, 24, - U. 
We have then 

A = -9, e = -54, 0' = -99, A' = .-54, 
whence a, A, c are 1, 2, 8. We next calculate F which is 

— 9 (230;® — 50xy 4- 41y® — 18.c 4-12// — 4). 

Writing then 

JC® + y* + ^® = 3.C® — 6.ry + 9y® — 2x-h 4y, 

A'® 4* 2 r» 4-3.2r® ~ 5a;®-14ry4- 8 y*- 6 . 1 ?- 2 , 

6 A® 4- 81'® 4 OiJ® = 23.1® - AOa-y 4 41y® - lac 4 12y - 4. 

We get from 65^4 8 '^ P, (3y 4 1)=, 

from P - 35 - 25', T® = (2a; - y)®, 

from 25 4 35'— P, ^® = — (a* 4 y 4 1)®. 

Ex. 6 . To find the equation of the four tangents to 5 at its intersections with 5 '. 

Ans. (05 - A5'>® = 4A5 (0'5 - F). 

Ex. 7. A triangle is drcumsciibcd to a given conic; two of its vertices move on 
fixed right lines Xar 4 /ay 4 vz, \'x 4 /a'// 4 v's ; to find the locus of the third. It was 
proved (Ex. 2, Art. 272) that when the conic is c® - o-y, and the lines ojc — y, Aa: — y, 

the locus is (a 4 A)® («® — ajy) = (a — A)® «®. Now the right-hand side is the square of 

the polar with regard to 5 of the intersection of the lines, which in general would be 

P = (fWB 4 Ay 4 y«) (lair'—/i'v) 4 (Ax 4 Ay 4/«) (vV — a'X) 4 (ysc 4yy 4 cz) (\/*' — X'/i*) := 0, 
and a 4 A = 0 is the condition that the Hues should be conjugate with respect to 5, 
which in general (Art. 378) is 0 = 0, whore 

O zz AKX.' 4 Bfijn' 4 Oi/i/ 4 P 4 /a't^) 4 G (u\' 4 p'X.) 4 B (Xu' 4 X'/x) = 0. 

The particular equation, found Art. 272, must therefore be replaced in goncial by 

0*Cr4 AP® - 0. 

Ex. 8. To find tlie envelope of the base of a triangle inscribed in 5 and two uE 
whose sides touch 5'. 

Talce the sides of the triangle in any position fur lines of rofcroaco, and lot 
8 = 2 (fyz 4 gzx 4 hxy)y 
8* zz jt?Ar y® 4 — 2y? — 2:jr — 2xy — 2hlcTyy 

ithissz » and y are tlic lines touched by S'. Then it is obvious that A5 4 5' wiU be 
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totUilied by the tbird Bide 2 , and we eihaU eboW by tihe inTananta 
We have 

A = Hifsh e = - (/+ 5, + ^)*- 9 ff/hk, 0'= 2 (/+ + h) (2 + hJk)^ 

whence 0'^ — 40A' = 4kAA% and the equation kSf+8*^:0 may be Wut|to ’ 

(0'« ^ 4040 S + 4AA'i5' =i 0, 

which tlierefoic dcnotf^ a fixed coUiC touched by the thud aide of tansAgle* 


IS obvioub that when B ^ = 464' the thuxl side will always touch 6'* 




Ex 9. To find the locus of the veitex of a triangle who^c three sides totic^4>.^ ^ 
conic U and two of whose Teiiices move on anothci conic K We have 
ahcicd the notation, for the convenience of being able to denote by f^ebd I5 
icaults of substituting in U and V the coordinate<i of the voitex ^Che 

w e pursue is to form the equation of the pair of tangents to £■'' thiou^jh I 
to form Uie equation of the Imce joining the pomte where this pair of hnes 
and, lastly, to form the condition that one of these hnea (which must lie U&e » 
of the triangle in question) touches V, Now if P be t)ie polar of 1ih« ot 
tangents is UU* -- P* In older to find the chords of intusection with V of tbe ped^ * 
of tangents, we form the condition that I £/^' - JP* + xy may represent a pair of 
This dibciiminant will be foimd to give us the followmg quadratic for determining }^g* 
X^4' 4 XF' + 4 f/' 1 ' = 0. In Older to find the condition iliat one of these chorda shouid 
touch f, wc mu^t, by Ait S72, form the disoiiminant of + {UU* — P* + XF), ttud 
then form the condition that this considered as a function of /a should have equal 
roots. The di'»ciimioaut la 

^“4 -h fi (2i7'4 + X0) 4- [U'^A + \{QU' + AV') + X«0'}, 
and the condition foi equal roots giies 

X(4de'-©'0 + 44"r =.0. 

Substituting this Value for X m X 4' + XP* + 4£/'F| wo get the equation of the 
icqimed locus 

](>4^4'r- iA (440'-e«) p+ P(i40'- e'’)^ = o, 
winch, as it ought to do, rodiiif's to F when 4A6' =r o* * 

Ex, 10 Find the locus of the vertex of a tiianglc, two of whose sides tpivcH 
and the thud side aU -^bV^ while the tuo base angles move on F. It is founA by 
the same method as the last, that the lucub is one or other of the conicb, touehmg 
the four common tangents of 1. and F, 

44 X'^T 4" X/aP + ff?U — 0, 
whcie \ ja IS given by the quidi itio 

a («6 — pa) \® 4- o (44rt 4* ZOb) \ft — = 0, 

where a = 444', /3 = e*-44e'. 

Ex 11. To find the locus of tlie fioo voitex of a polygon, all whose sides touch Ug 
and all whose vertices but one move on F This is icdnoed to the last, for the llde 
30iumgtwo vertices of fcbcpnUgon adjacent to that whose locus is sought, touebee 
a conic of the form n(T +bV It will be found if X', /u', X", /a", X*", /*'" be the 
values foi polygons of n~l, e, and n + 1 wdis icbptvtivcly, that X'''=s^ 

^ ^*VX" (a/i" 4'j9\") In thf case of the tiiangle wo base X' ss a, 

in the case of the quodriUtmal X" = /a" = u, (44a + -/36), iiud from theiA Wb cati>' 




* The reader will find (Qaafteth/ Journal of Mntkemnttcit vol I p)9f4) 
cusBion by Prof Ca>ky of the pioblem to find tin locus of veitqx of a 
ecnbing a conic 8, and whose base angles move on given curves Wfien lilfib < 

are botli Cornea, the lorus is of the eighth degree and tou^cs 8 at IhO points 
it 13 met by the poUib wuh ud to 4 of the mteiiccvipns of the tW 4 ^ 
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tlV ftep, the yaluee for eveiy ol&ei polygon (See Phtov^kual ilanatme, 

iiA nmm^ * 


134 l^tf^sttiangle formed by the polais of middle i>oin*'^ of sides of a gmii 
legard to any ituscribtd couio has a constant aica [Ml aiirc] 

]Eix» X9, J^nid the condition that if the points m whuh a conic meets the aidi s ot 
fho tnanglsof icferenco be joined to the opposite veitircs, the joining lines shsU foi ni 
twtj jjeta of three oaoh meeting m a point. Ans, ahe - 2/y/i - <r/ * - ^ ^42 - o. 


j V The theory of covarlauts and iiivailants enables ns 
tp recognize the equivalents in tiilincar coordinates of 
liwU^knouu formulss in Cartesian. Since the general 
Ull^ps^pn for a line pa'ssing through one of the iiuaginniy 
points at intiulty is a\/{—1) 4-c*, the condition that 
3U5 4- iCty + r should pass through one of these points ib V -f 0. 
Idi Other woids, this is the tangentiil equation of these points. 
If then 2 = 0 bo the tangential equation of a conic, \vc may 
form the disciiunnant of 2 +/j (X**-fNow it follows from 
Arts. 285, 286, that the disciiminant in geneial of S 4 AS' is 


A* + Z A0' + A'A'0 4 A'A ^ 


But the discriminant of S 4 A (\^ 4 /i-O easily found to bo 

A"' 4 A A (a 4 &) 4 A^ {ah —It). 

If, then, in any bybtem of coordinates wo form the invariants 
of any conic and the pair of circul ir points, 0 = 0 is the con¬ 
dition that the curve should bo an cquilitervl hypcibola, and 
that it bhonld be a parabola. The condition 
(ci 4 A)' =a 4 — A‘‘j, or (a — hy 4 = 0, 

tnust bo satisfied if the conic pass through cither ciicuUr pait^t; 
fnd it cannot be satisfied by real values except the conic pass 
through hoth. when a = J, 7i -= 0. 

Now the condition \*4 /a'* = 0* implies (Art, 3t) that the 
length of the perpendicular let fall from any point on any line 
passing through one of the circular points is alwajs infinite. 
The equivalent condition in trllinear cooidlnatos is therefore 
got by equating to nothing the denoinlnator in the expression 




♦ ’XbiQ ^nditiOD also ituplies (Aifc 2o) that cveiy Imc diawn throujjh one of these 
two points 18 porpendicalur to itself llus accounts foi some appucntly meWant 
whicb appocu in the equations of certain loci Ihus, if we look fox the equ i- 
foot of the perpendiculai on any tangent horn a focus a/J, {jo — ay + (y - /3)® 
as a facior in tlie locus lot the pcipeudicnlar fioiu the fcKus on eitKt.c 
tonfednt through it coim idcs with the t tngout it If This tangent thcicloie is part 
ot iiKt locus. 
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( 

for the length of a perpendicular (Art 61). The general tan¬ 
gential equation of the circular points is therefore 

V + v*** -2/4V C034 — 2i/\ cos5-- 2X/i 

Forming then the © and 0' of the system found by combining 
this with any conic, wo find that the condition for an equilateral 
hyperbola 0' = 0, is 

a + i H- c — 2/ cos id — 2 (Jf cos5— 2A cosC7=s 0; 
while the condition for a parabola 0 = 0, is 
A sinM + jB sin*i? + 0 sin* 0 + 2F sin B sin O 

+ 20 siDCsin^ + 2i7sin^ slniSasO. 

The condition that the curve should pass through either circular 
point is 0'^ = 4©, which can in various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, the 
covariant F of tlie system denotes the locus of a point such 
that the pair of tangents through it to the conic are harmoni¬ 
cally conjugate with the lines to the given pair of points. 
When the pair of points is the pair of circular points at in¬ 
finity, P denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of P, given Art. 378, 
it is easy to see that when the second conic reduces to X* + /tt* j 
that is, when A B' — 1, and all the other coefficients of the 
tangential of the second conic vanish, F is 

C (oj* + y) — 2 Ox - 2Fy + A+ 5 = 0, 

which is, therefore, the general Cartesian equation of the locus 
of intersection of rectangular tangents. (See Art. 294, Ex.)* 
When the curve is a parabola C7 = 0, and the equation of tho 
directrix is therefore 2 ( Ox + Fy) ^A + JB, 

The corresponding trilinear equation found in the same way is 

(2?+ (7+ 2Fcos A)x*+[0+A+20coa B)y*+[A + B+2H cos C) z* 

+ 2 {A cos^ -^F O cosC — H cos B) yz 

+ 2 {B coaB’^O '^IIqobA'- F cosC) zx 

+ 2{C coaC FcosB-- O cos.4) = 0, 
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It Itiay be Bbown, as in Art. 128, that this represents a circle, 
b;^tlu^wiiig it into the form 

r • j, • n • C+2i?’cosA . C+A^fiOcoaB 

(a? smA^ amB+z am C) [-- ^-a: +-- y 


\ 


Ai‘JS4‘Sff coaO \ © r • 7?. 


sin A 
0 


\irhere © ®p 0 is the condition (Art. 382) that the curve should 
be a parabolak When 0 » o, this equation gives the equation of 
the directrix. 


384. In general, S + denotes a conic touching the four 
tangents common to S and S'; and when k is determined so 
that represents a pair of points, those points are two 

opposite vertices of the quadrilateral formed by the common 
tangents* In the case where S^ denotes the circular points at 
infinity, when S + ^S' represents a pair of points, these points 
are the foci (Art. 258a). If, then, it be requiivd to find the foci 
of a conic, given by a numerical equation in Cartesian coordi¬ 
nates, we first determine k from the quadratic 

{ab — 7i^) 4* + (a + i) A + A** ^ 0. 

jThen, substituting either value of k in S + /<;(\* + /a*), it breaks 

up into factors (\a:' + [xy + v«') (Xjj" + /liy" + va "); and the foci 

£c' 7 / »X/^ 7 /^ . • 

are -77, One value of k gives the two real foci, 

a a a a 

and the other two imaginary foci* The same process is appli¬ 
cable to trilinear coordinates. 

In general, S*+/r(X^+ft*) represents tangentially a conic 
confocal with the given one. Forming, by Art. 285, the corre¬ 
sponding Caitesian equation, we find that the general equation 
ot a conic confocal with the given one is 

AS+/.{C(aj* + /)-20jj-2F> + A+-B}+it* = 0. 

Prom this wc can deduce that the equation of common 
tangents is 

{C+ - 2(?ai- 2i?>4- A + = 4 Aa9. 

By resolving this into a pair of factors 

{{^ - «)* ^iy- m “ «')’ + Cv - /57}, 

we can aKo get a, /8; a', /S' the coordinates of the foci. 

zz. 
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Ex. 1, Find the foci of 2st^ — 2xy + 2^ — 2u? — + 11. The qui^fatlo heie !g 

Zifl + 4A;A + = 0, whose roots= But ^0. Using the 

value ^ = 3, 

6/V + 2lAi® + 3i;* + 18/iv + I2u\ + 30A/x + 3 (\« + /**) = 8 (^ + V + 0 (8\ +4/i + p), 

Bhowing that the foci are 1, 2; 3, 4« The value 9 gives the imaginai^ fdd 
2±>/(-l), 3 + J(-l). 


Ex. 2. Find the coordinates of the focu*i of a parabola given by a Cartesian 
equation. The quadiatic here reduces to a simple equation, and we find that 


(a + b) {i4\* + V + 2FyLii/ + 2f7i;\ 4- 2ff\p] - A (\* + /*«) 


is resolvable into factors. Bat these evidently must be 

for'\ .on\ — A ,(a + A)B-A 

(a + b) (2G\ 4- 2r/x) and - ^ ^ ^ \ ^ ^ + y. 


The first factor gives the infinitely distant focus, and shows that the axis of the curve 
is parallel to /x— Oy, The second factor shows that the coordinates of the focus 
are the coefficients of X and /x in that factor. 


Ex. 8. Find the coordinates of the focus of a paiabola given by the trilincar 
equcitiou. Tlio equation which represents the pair of foci is 

■= {K“ 4- ja® + v* — 2pv cos A — 2v\ cos li — 2X/ix cos (7). 

But the cool dillates of the infinitely distant focus aic knoT^n, fiom Art. 293, since it 
ib the pole of the lino .it infinity. Hence those of the finite focus aic 

_ (VA A___ 

A bin.1 + //sin if 4 C sin U* jT sin-4 4 /f wd J3 4 /’sin C* 


_ e^C-A _ 

G sin Id 4 /' Bin /? 4 C sin C’ 


385. The condition (Art. 61) that two lines should be 
mutually perpendicular, 

XX' -f fifif + vv' — (/Lt/ + fxv) cos A — (j'X' + v'X) cos B 

— (X^' + X /a) cos =* 0| 

is easily scon to be the same as the condition (Art, 293) that 
the lines should be conjugate with respect to 

X* + — 2/av cos a - 2»'X cos i?— 2X/A cos 0=0. 

The relation, then, between two mutually perpendicular lines is 
a particular case of tlio relation between two lines conjugate 
with regard to a fixed conic. Thus, the theorem that the three 
perpendiculars of a triangle meet in a point is a particular 
case of the theorem that the lines meet In a point which .join 
the corresponding vertices of two triangles conjugate with 
sped to a fixed conic, &c. It is proved {Geometry of Thr^ 
Dimensiomy Chap. IX.) that, in spherical geometry,'the tw 
imaginafy circular points at infinity are replaced by a fixed 
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imaginaiy conic; that all circles on a sphere are to be considered 
^ conics having double contact with a fixed conic^ the centre 
of the circle being the pole of the chord of contact; that two 
lines are perpendicular if each pass tlirough the pole of the 
other with respect to that conic, &c. The theorems then, which, 
in th^ Chapter on Projection, were extended by substituting, 
for the two imaginary points at infinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theoi'ems suggested, not proved. Thus the theorem that the 
intersection of perpendiculars of a trianglo inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conics connected by the relation 0 = 0, proved at the end 
of Art. 375. 

It has been proved (Art.SOfi) that to several theorems concern¬ 
ing systems of circles, correspond theorems conwrning systems 
of conics having double contact witb a fixed conic. We give 
now some analytical investigations concerning the latter class 
of systems. 

386. To form the condition that the line pLf/+ vz may 
touch /Sh- (\'.r 4 fi'y 4 p'zy. We are to substitute in 2, a 4 
4 4/*'^ &c, for o, 4, &c. The result may be written 

2 4 — ft 'vf 4 &c.} = 0, 

where the quantity within the brackets is intended to denote 
the result of substituting in 8 fcv'-ft'r, rX'- v'X, X'ft for 
£c, z. This result may be otheiwiso written. For it was 
proved (Art. 294) that 

{ax^ 4 &c.) (a-c'^ 4 &c.) — {axx^ 4 5'c.)® = A (yz* - fzY 4 &c. 

And it follows, by parity of x-eaEoiiing, and can be proved in 

like manner, that 

* « 

{^X* 4- &C.) {AX'* 4 &c.) - (^XX'4 &c.)* = A {a (ft/- ftV)*4 &c.}, 

where ^XX'4* &c. Is the condition that the lines Xjj 4 fty 4 va?, 
X'a? 4 4 may be conjugate; or 

^XX'4 BfAfJb '4 Cvv' + F[iiv '4 ft'r) 4 O (rX'4 v'X) 4 II (X^'4 X'/tt); 
If then we denote .4X'''4&c. by S', and -/lXX'4«S:c. by II 
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and if we substitute for a {fiv*—fivY 4* &c. the value jtifit foUud^ 
the condition prcviouslj obtained may be written 

(A + s')s-n**o. ^ 

If we recollect (Art. 321) that X, /*, v may be considered 4$, 
the cooidinates of a point on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conics which have double contact is a 
pair of conics also having double contact. This conditicti |n^y 
also be put into a form more convenient for some applrciati0ne,,if 
instead of defining the lines \x -f fiy 4 v«, &c. by the coefiSel^^^^ 
X, /t, V, &c,, we do BO by the coordinates of their polea with re-* 
spect to 8y and if we form the condition that the line JP^ naay touch 
iS4 P"*, where P' is the polar of o/^V, or axaf 4 &c. NomT the 
polar of will evidently touch 8 when x'y's' is on the curve} 
and in fact if in S we substitute for X, /k, v; 5, the coeffi^ 

cients of a?, y, z in the equation of the polar, we get ^ S . And 
again two lines will be conjugate with respect to 8^ when their 
poles are conjugate; and in fact if we substitute as before for 
X, /a, V in n we get AP, where R denotes the result of substituting 
the coordinates of either of the points in the 

equation of the polar of the other. The condition that P' should 
touch S+P"^ then becomes (14 ^S') 8' 

387. To find the condition that the two conics 
8 4 (X'a? 4 mV 4 v'zY^ 8 4 (X"aj 4 m"V + 
should touch each other^ They will evidently touch if one of 
the common chorda (X'o? + mV + ± 0^'^ + ^ V + touch 

either conic. Substituting, then, in the condition of the last 
Article X' ± X" for X, &c., we get 

(A 4- S') (S' ± 2n 4 S") = (S' ± ^)^ 
which reduced may be written in the more symmetrical form 

(A 4 S') (A 4 S") =* (A ± n)*. 

The condition that S4P'* and P4P"* may touch h found 
from this as in the last Article, and is 

(i4P')(i4fir') = (i±P)*. 

Ex 1 To draw a oomo haying double cont^ict with 8 and touching three giT0a 
conics 8 + P'*, 5 + P' *, 8 + P"**, also having double contact with 3 Let be tha 

cooidinates of the pole of the chord of contact with 3 of the sought cotuc $ 
then we have 

(1.+^ a+jio=(I+•*”)*? (1+-s) (1+-s")=(1+»(1+'S) (1+^*0 - (1+•**? 
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the readcsF “wUl obperye that iS', 5", S'" are known constante, but flf, P\ Ac. 
' Qponiinfttea of the sought point xyz. If then we wiiLo 1 + iS = A^i Ac., 

^ M' = l+P', kJt"z=l+P", kJb'"=l + P"\ 


It iB*to he bhpemdHfekt P*, P*\ P*" might each have been wi*itten with a double 
Bigni and in .taking the square roots a double sign may, of couise, be given to 
Jt', k'\ It will be found that these varieties of bign indicate that the problem 
admitdof thirty-two solutions. The equations last written give ^ 


k {P - h") = P' - P"; A (*" - P") = P»' - P"'; 


irheo^^minatlng A, we get 

" P> {k" - V") + 1'" if" -k^ + P"' [f - k") = 0, 


Hfe Equation of a line on which must lie the pole with regard to S of the chord 
of eoittaQ|pOf the sought conic. This equation is evidently satisfied by the point 
P' r: P'' ac P**\ But tins point u evidently one of the radical ceiUra (see Art, 306) 
of the conics 5 + P'*, 5 + P"®, S + P"\ 

‘ pf ptf p»* 

» The equation is also satisfied by the point p = ‘p ~ -j 7 „ > In order to see the 

geometric interpretation of this we remark that it may be deduced fjom Art. 666 
that the tangential equations of + P'®} 8 -f P"* aie respectively 


Mence 


(1 + 5') £ = A (Xa'+ fiy' + vz'f, (1 + S") £ = A (\»" + + vs")\ 

Xj ' + fiy* + vz* Xt" + /ut/" 4- vz" 

V * ~k"~ 


represent points of intersection of common tangents to *9 + P'*, that is to 

say, the coordinates of these points uio 4 Ac, and the polars of tlir^o poinio, 

pt p»* p* ptf jr /// 

with rcbpect toP, are p i , It follows that ^- X" ~ L'" 

respect to /S', of an axis of similitude (Art. 300) of tin* throe given conics And the 
theorem we have obtained is,— pole of tht t,otight (kord of (ontatt heat on ona 
of the lines Joining one oj the Jour ttnhtnl (eutrt'y to the pofe^ uu/h regnrdto /S, of 
one of the jour axes of iirnilituJi.^ 'J lus ib the t^teiiaion of the thcoioni at the cud 

of Art, 118. 

To complete the solution, we seek lor the cooidmnUs of the point of contact of 
/S + P® with 8 4- i*'®, Now the cooidinatcs ot tlie point of contact, wluch is Ji centre 

X r' k 

of similitude of the two conics, being ^ ^ /1 dc,, we must subfatitutc ar 4- p »' for 

0 , Ac, in the equations AA' = 1 + P\ Ac, and we get 

**' = l + i’' + p S') K-"=rH J’-' + ijR) A*"' = l + + 


where P, B! are the results of subblituting x*"f"z'" respectively in tbe pohr 

of «y«'. We have then 

kiV-k")z=r'-P" + ^. iS' - J?) j A (A' - A'") = !>'- i"" + J, (S' - ST), 
Whsnee eliminating A, we have 



» - (a- - f)}+- r - f)}+- 



the equation of a line on which tbe sought joint of rontad must licj and Inch 
joins a ladicOl centre to the joint whuc r\ P", P'" me re^^iMjctively pro- 
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poiiional to S, i" — ^, A"' — ^, or to 1, Vk” — Jit, VV" — Sf, But U we 
K k k 

form the equations of the polars, T\ith respect to of the three eentxeB of 

similitude as aljovc, we get 

(il'r - K) i*' - P”, - E) P* = P*^, Ac., 

showing that t)ite line wc want to construct is got by joining one of the four radical 
centj’es to tho pole, with resjiect to S + P*^^ of one of the four axes of similitude. 
This may also be derived geometrically as in Art. 121, from the theorems proTed, 
Art, 306. The sixteen lines which can be so drawn meet 8 + P*® in the thirty-two 
points of contact of the different conics which can be drawn to fulfil the oonditionB 
of the luoblein."' 


The solution hero given is the same in substance (though somewhat Amplified 
in the details) as ih.it given by Pi of. Cayley, CreUey Vol. XXXIX. 

Prof. Casey {Prnceedhtys of the Iloyid IrUh Academy, IrtCG) has arrived at another 
solution fiom considerations of spherical geometiy. He shows by the method used, 
Art. 121 (n), that the same rtl.ition vrhich coune«’ts the common tangents of four circles 
touched by the bsimc fifth connects also the sines of the hialvesof the common tan¬ 
gents of four such circles on a sphere: aiul hence, a.s m Ait. 121 (6), that if the 
equations of three circles on a sphere (see GetmHry of Three Phnensiovsf, chap, ix.) 
be 5 — X® - 0, 8-- = 0, 8 — 1^ = 0, that of a gioup of circles touching all three 

will be of the form 

(S* - L)] + J[|I. (s' - J7)} + J[i. (S* - AT)] = 

This evidently gives a solution of the problem in the text, which I have arrived 
at directly by the following process. Let the conic 8 be a® + y® +«®, and let 
X = /fB + my + nZf M = Vx + m‘y +■ n*z ; then the condition that 5 — X®, 8 — 
1 ‘hoiild touch is (Art. 3»7) (1 - 8') (I - /?") = (1 - A)*, where = P + m« + «®, 
<S'"=r®n'®, An I write novr (12) to denote J(l--*S!')(l— jS")“( i' 

Let us now, according to the rule of multiplication of determinants, form a deter¬ 
minant fiom the two matrices containing five columns and hix rows eaclu 


'l 

0, 

0, 

0, 


0 



Wl, 


J(l 

-y) 





^/(l 

-8") 


r, 


« » 


- 8'") 


n 

Wl'", 


ja 



fv 

ni4, 

«4» 

4(1 

- ^;) 


0, 

0, 

0, 

0, 


1, 

-1, 


OT, 

W, 

4(1 

-S'), 

“1, 


m\ 

< 

4(1 

-S"), 


n 

wj", 


4(1- 

- fl'"), 

“1, 



n"\ 

4(1' 

- «■».). 

-1, 



”41 

4(1- 



The resulting detciminunt which must vanish, since there ore more rows than 
columns, is 


0 , 1 , 1 , 1 , 1 , 1 

J(t - -S’), 0, (12), (13). (14). (15) 

J(1 - S"), (12), 0, (23), (24), (26) 

J(I - S'"), (18), (23), 0, (.34), (35) 

J(1 - -S’,), (14), (21), (34), y, m I 

,1(1--Sf,), (15), (25), (35), (13), 0 = 0, 


an Identical relation connecting the invariants of five conics all having donhle contact 
with the same conic S. Snppoee now Uiat tho conic (6) touches the other loni) 
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Ex. % The lonr conics having double contact with a given one whicli can Jbo 
Indrawn through three fixed points, are all touched by four otiier conics also having double 
;'Contact with SJ* Let 

V 

'. \ + y* + a* — 2y? cos A — cos B — cos C, 

then the four conies axe S=: (at ±y± which ai*e all touched by 

jSf =? {at cos (B ^ C) +y cos A) + z cos (/I — B)]% 
and by the three othera got by Changing the sign of A, Bj or Cj in this equation. 

Ex. S. Tlie four conics wliich touch ir,;/, z, and have double contact with S arc 
all touched by four other conics having double contact with Let J/ }j (.1 -h if + C)f 
then the four conics are 

= {a; sin (M ^ A) + y sin {3f ^ Ji) + ^ sin (M — C)|®, 

together with those obtained by changing the sign of Bj or C in the above; and 
one of the touching conics is 

/a; sin Ji3 81114(7 y sin JC sin J-rf c sin 
1 sin Jvl sin J/f sin ^7/ J ’ 

the others being got by changing the 8ign of j*, and at the panic time iiicreafeing B 
and C by 180®, Ac. 

Ex. 4. Find the condition that three conics U, F, TF shall all have double contact 
with the same conic. The condition, as may be easily seen, is got by eliminating 
/i, V between 

AV - 0\> + O'X/t* - AV 0, 

and the two corresponding equations which express that/iiF— i/Ti', w IF — break 
up into right lines. 


then (16), Ac. vanish; and we learn that the invariants of four eonics all having 
double contact with B and touched by tlic same fifth are connected by the relation 

0, (12), (13), (M) 

(12) , 0, (23), (2-1) 

(13) , (23), 0, (3i) 

(14) , (24), (31), 0 '=0, 


or J{(12) (34)} ± J[(13) (24)} ± .il(l4) (23)} = 0. 

We may deduce from this equation as follows the equation of the conic touching 
three others. If the discriminant of a conic vanish, ^ = 1, and then the condition of 
contact with any other reduces to A = 1. If, then, «, /CJ, y be the citordinates of any 
point satisfying the relation — L® = 0, or x- + y- + — {ix -f wy + nz)^ — 0, then 


+ y* + 


/ ^!/ + 7 ^ 1 ® 

Uaa + ia* -f-'y-jj 


= 0 


evidently denotes a conic whose discriminant vanishes anrl which touches S — L*. 
If, then, we are given three conics S — Z*, S — Jlftake any point a, p, y 
on the''<ionic which touches all three and take for a fourth conic that whose equa¬ 
tion has just been written, then the functions (14), (24), (34) are respectively 


1 - 


M 


, J(B)* 
idl three satisfies the relation 


N 

1 — , and we see that any point on the conic touching 


- ' J[(23) W(S) - zi] ± J[(81) U{8) - j/l] ± J[(I2) {4(S) - A'l] = 0. 

■ ' * This is an extension of Feuerbach’s theorem (p. 127), and itself admits of 
Jmfthcir e?&tension. See Quarterly Journal of MaihemaikSf vol. vi. p. 67. 
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INVARIAISTS AND COVARIAW 

38S. The theory of invarianta and covariants <of a sjstettl 
of three conics cannot be fully explained without assuming seme 
knowledge of the theory of curves of the third degree* 

Oivm three conics T/, Vy Wy the locus of a point tohose polars 
with respect to the three meet in a point is a curoe of the third 
degreCy which we call the Jacolnan of the three conics. Fpr we 
have to eliminate Xy yy z between the equations of the three 
polars 

U^x + Ujf + U^z a 0, Vpc + + FgS = 0, Wpo 4- 

and wo obtain the determinant 

It is evident that when the polars of any point with respect to 
Uy Vy W meet in a point, the polar with respect to all conics of 
the system Zt/4 wiF+wlF will pass through the same point* 
If the polars with respect to all these conics of a point A on 
the Jacobian passthrough a point By then the line -4i?iscut 
harmonically by all the conics; and therefore the polar of B 
will also pass through ri. The point B is, therefore, also on 
the Jacobian, and is said to correspond to A, The lino AB 
is evidently cut by all the conics in an involution whose foci 
are the points Ay B. Kinco the foci are the points in which two 
corresponding points of the involution coincide, It follows that 
if any conic of the system touch the line A By it can only be 
in one of the points A, B\ or that if any break up into two 
right lines intersecting on A By the points of intersection must 
be either A or J5, unless indeed the line AB be itself one of 
the two lines. It can be proved directly, that if ZZ74wiF4wTF 
represent two lines, their intersection lies on the Jacobian* 
For (Art. 292) it satisfies the three equations 

4 wF, 4wTF, = 0, mT^4«TFg=0, mV^^nW^^O) 

whence, eliminating Z, m, n, we get the same locus as before. 
The line AB joining two corresponding points on the Jacobian 
meets that curve in a third point; and it follows from what 
has been said that AB is Itself one of the pair of lines pas^ktg 
through that point, and included in the system IZ74a»F4»JF 
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or STSTCMS or conics. 
s^ostloQ. of the Jaeobian is 

of + (»*r0 y*+a* 

^ {W0+(W)/^ 

+ (cAr)}»*y 

• — {(aJVO + 2 ( fij1i*)\ xyz »• 0, 

wWe &o. are abbreviations for deterinin<\ni8. 

fix. 1. Through four pomU to draw a conic to touch a given come W Let tho 
four pomti he the intersection of two conics TJ^ V, and it u evident that the problem 
admits of SIX solutions. For if we substitute a + dc foi a in the condition 
(Art 872) that V and fT should t mch each othei, A, as is LObily bolu, enteia into 
the result m the sixth degree. The Jacobian of Vf IV intci sects U m the six 
points of contact sought For the polar of the point ot contact with legaid to IV 
being also its polar with regard to a conic of the foim \47+ /uV passes thiough the 
interseotion of the polars with regard to U ord V, 

£ht 2. If three conics have a common self con]n«vatc imn,,]!', tbtir Jacobian 
Is three nght lines. For it is vended at once that the Jacobian of cu l- 
o'lB* •+• 4* <?'«*» a'V + + c"»* is xyz = 0. 

Ex 8 If three conics have two points common, thoir Tatobi m consists of a line 
and a come through the tao points It is evident gconictiic illy tbit ai y point on 
the hne joining the two points fulfils the conditions ot the prcblem and ilic thcoieui 
can easily be vended analytic illy In paiticulu the Jacobian of a system of thico 
circles IS the circle cutting the three at nght angles. 

EXi 4 The Jacobian also breaks up into a line and conic if one of the quantities 
5 be a perfect square L* For then L is a fa in Ibe locus Hence w g can dt n ibe 
four conics touching a given conic S at ti»o given points (S, 7) and also toiiclmig , 
the inteiseoUon of the locus with £>" determining the points of cont ipt 

When the three conics are a conic, a circle, and the squ iie of the line at infinity, 
the Jacobian passes through the feet of the noimols which can bo drawn to tho conic 
thiough the oenUe of the cucle. 

888(a)# Wc retura now to the theory of two con’eq which 
it was not possible to complete until wc had explained tlic 
nature of Jacohianb. We have seen that a system ot two conks 

B' has four invariants A, 0, 0^, and a covariant conic F, 
but there is besides a cubic covariant. In fact, tho covariant 
conic F has a common self-conjugate triangle with 8^ 8' 
(Art. 381, Ex. 1), therefore (Art. 888, Ex. 2) if we fuim J the 
Jacobian of /S, 8\ F we obtain a cubic covariant, which, in fact, 
represents the sides of the common self^conjugate triangle of 8 
vud 8\ It appears from (Art 378a) that J vanishes idonti- 
ealiy If 8 and 8' have double contact# We have given (Art. 381, 
'E%4 4} another method of obtaining the equation of the sides 
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of the common self-conjugate triangle, and if compare tlio 
results of the two methods, we get the identical equation 

« r* - F (OS' + G'S) + P (4 A©'S'«) , 

4F/SiS'(©©'- 3AA')- 
4 A' (2A©' - 0^^ /S*S'4 A (2A'^- ©'*^ 

Thus we see that a sy-stem of two conics has, besides the four 
invaiiants, four covariant forms S, B\ P, e7, these being con¬ 
nected by the relation just written. In like manner, there ai'o 
four contravariant foims 2, 2', <I>, P, where the last expresses 
tangentially the three vertices of the self-conjugate triangle, its 
square being connected by a relation, corresponding to that just 
written, between 2, 2^, and the invariants. 


Ex. 1 Wiite do^ n the 12 foims for the conics a* + y* f c*, ax- + + cc*. 

Ans. A = 1, 0 = a + 6 + r, = Lc + ca + ab, A' = «6cj 
= a," + <5»'—aa®+ 2»y'*+c«®, F = « 

/ = (6 - c) (c — fl) (a ■“ b) xyz, 

2 =“ \® +/u® + I/®, 2'= + cfl/A® + <*^v®i = + + 

r r (6 — c) (c — a) (a ~ h) Xfiv 


T\ 2 Find an expicssion foi the aipa of iLo common conjugate tiianglc of two 
conics. Ihe squaic of the aica is found to be 


Jl/® bin®-d sin®i? 6iii®C 


0®e'® + 18.1A'O0' - 27A®A'® - 4A0'® - 
1'® 


where M is the aua of the tnangle of lefeicnce, and I' the le^^nlt of substituting in P, 
ein sni ^in the coordinates of the hue at infinity, lhat the expiession inu t 
contain iii ihe immeiator the condition of contact, and in tbe denominator 1^ la 
cvidtiit liom the consideration that tins aica mu^t vanish if the conics touch, aud 
becomes inanite if any vcitcx of the tiiaugle be at luHuity. 


388 (6). We have already explained what is meant by 
covariants which express relations satisfied by jj, y, the 
coordinates of a point lying on a locus having some permanent 
relation with the original cnive or curves, and by confravariants 
which exprebs relations satisfied by X, /«, v the tangential 
cooidinates of a line, whose section by the original curve or 
cuives has' some property unaffected by transformation of 
eoordinates. There arc besides forms called miced concoiAiianis 
nhlcb contain both a*, y, z and also X, /a, v, and these we proceed 
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to enattierato for the system of two conics S, 8\ Theso 
tQixed concomitants of a system of two curves may also bo 
regarded as covariants of the system of three, consisting of 
8^8^ mi the right line Xa? +For instance, we may 
form the Jaeobia^ of that system, or the locus of the point 
whoso polars, with respect to 8 and 8\ intersect on Xa: + + rs, 

thus obtaining the mixed concomitant N or X , /i, v , 
which for the canonical form is iS,, 

X (6 - c) + /i (o - a) 4 V (a — t) xy. 

There is evidently a corresponding reciprocal form N' obtained 
in the same way from S, which for the canonical form is 

a/t V (i — c) a? 4 ^rX (c — o) y 4 c\/jb {a — 1) z. 

This expresses the equation of the line joining the poles of 
Xas4 My4rs with respect to S and S\ Again, for any line 
Xa; 4 4 we may take its pole with regard to 8 and 

again the polar of that point with regard to S' and so 
obtain a companion line K, This for the canonical form is 
a\xcvz. We obtain a dilFerent companion line K' by 
taking the polo with regard to S' and then the polar with 
regard to S^ thus finding hc\xcafitjahiz, Gordin has 
shewn (Clebscli, GdouiefriP^ p. 291} that there are in all eight 
mixed concomitants of a system of two conics in terms of which, 
and of the forms previously enumerated, all other concomitants 
can be expressed. In addition to the four already mentioned we 
may take the Jacobian of JT, 8 and \x + fiy-\-vz^ or for, tho 
canonical form 

/uv (&— c) a; 4 t'X (c — u) y 4 X/A (a — J)«; 
and, in like manner, the Jacobian of /i', 8'^ and Xa? 4 /ty + va?, or 
(J — c) a? 4 v\h^ (c — a) y 4 X/ac^ (a — h) z. 

These with the two reciprocal forms 

Xayz (J — c) 4 (c — a) 4 vexy (n — J), 
and XJc (5 — c) y« 4 fica (c — a) 4 vab (a - b) xy 

make up the entire system. 

We return now to the theory of three conics. 

^88(o). To find the condition that a line Xa? 4 iiy 4 vz hJundd 
oe cut in inwlution by three conics. It appears Irom Art. 335 
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iutVAitum AND txyrj^uitn" 

«nd from Oie l^ote, Art. 842, that tho ^^8 

Tanubing of the determinant “ ' 

cX* -2^J'X 4av*, c/t* - 2yiv» + Jr*, eX/a -->VX 
oV -2/rX Wr*, o'/** ” ^^r/t + iV, c'X/t '^I'X 
<!"X*-2/'rX+aV, O"/**- + J'V, c"Xm -^rX^r/* 

When this ie expanded it becomes divisible bjr r*, abd. m&j be 
written *" > 

X* (bey") + /*• {cayO 4 V* (oJ'A") 4X*/* {2 (eh'/") - (»(jy')). 

+ X*r {2 (^y) - (W)} 4 yx {2 (c^yo - 
+ /v {2 (ir/yo - (ca'h")} + v-X {2 (b/h") - (5y/')j’ 

4 rV {2 (ahT) - W')] + X/tr [{ab'e") -4 Q. 

This ma^ also be written in tbe determinant form ^ 

a , J , c , 2/ , 2^ , 2& 
a', y, 0 ‘, 2/, 2ff\ 2A' 

a", J", c", r', ay, 2A" 

X, V , ^ 

ft, V , X 

r, A* , X 

From the form of this condition, it is immediately inferred that 
any line eut in involution by three conics 27, F, W is ent in 
involution by any three conics of the system IU+ mV+nW. 
The locus of a point whence tangents to three conics form a 
i^tem in involution is got by writing x, « for X, a*, r in the 
preceding, and tbe reciprocal coefficients Af B, &o. instead of 
a, by ^kc. 

389. If we form the discriminant of 2274 m F4 «IF, we may 
write the result PA 4 Pm^„ 4 Pa^m + 2at»d,M4&c., imd the eo* 
efficients of the several powers of 2, m, n will he inyttriants of ^ 
the system of conics. All these belong to tbe class of invariants 
already considered, except the coefficient of 2mn, in winch each 
term oJo of tfa^ discriminant of U is replaced by '" ' 

aby+ ab"<f 4 a'V'e 4 a'be" 4 a"W 4 a"Voy &b. ' ’ 
Another remarkable invariant of the system of conicB| first 
obtained by a different method by Prof. Sylvester, is found hjr 
the help of the principle (Higher Algt/rroy Art. 139), that whdl^e^ 
hare a eovariant and a contravariont of the same degree 
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Ass'll^ mbstitotiog differential eymbols in 

ejlUtlg^ IMid 'op^tiog on ibe other. By the help of the Jacobian 
b^fd thn OQO|raVffiriiant <ff the last article ere get dte invariant 

JT- 4 {oy/o K/0 +4 WO WO +4 W'O WO 

^ n "■^'8 WO WO+8 wo W) 4 8 WO wo 
8 {a/A") (5c/0 - 8 WO WO - 8 WO WO 

+ 4(aJV0W0-8W0*. 


880(ii« ^SoQie of the properties of a system of three conics 
can tMOtodieil with advantage by expressing each in terms of 

thus 

tr^oj ^+%* + c«*+ dw% F=a aV++ cV + dfw% 

- TF^ a'V+ by +o'V+ 

It is always possible, in an infinity of ways, to choose a?, y, s, to, 
so that the equations can be brought to the above form; for 
eadu of the eq^tions just written contains explicitly three in¬ 
dependent constants; and each of the lines ar, y, s, w contains 
implicitly two independent constants. The form, therefore, just 
written puts seventeen constants at our disposal, while 27, F, IF, 
contain only three times five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form to Xo; +/iry-f vs, and we may suppose that the 
constants X, &o. have been included in a;, &c., so that this rela¬ 
tion may be written in the symmetrical form a;+y + 3 + to»0. 

Let it be required now to find the condition that 27, F, IF 
may have a common point. Solving for a?^ z\ to* between 
the equations I7ss0, FasO, TF«0, and denoting by J?, (7, D 
the four determinants (efc*'a"), (rfa'i"), (pa!d% we get 

y\ ^ proportional to 0, and substituting in 

+ we obtain the required condition 


' V v(-4)+y{-®)+v( 0)+V(-0) =* 0, 

or (4» ^BO^ 20A^ 2AD - 2BD -2 GZ))* 

*s; %^ABCD. 


^0 left-hand side of this equation is the square of the 
ija^jiatlt T already found; the right-hand side AS CD is an 
in^Viant which we shall call Jf, whose vanishing expresses the 
condition that it may be possible to determine 7, m, n, so that 



INVARTANTS AND C0VA8IANTS 


SC6 

lU^mV+nW shall be a perfect square. This invariant ^ay 
be directly found from the principle that when the equation 
of a conic is a perfect square its reciprocal vanishes identically. 
The reciprocal of Z/8+ n8" is evidently (Art. 377) 

-f 

o 

and if we equate separately ea:h coefficient to zero and then 
linearly eliminate the six quantities &c., we get the result 
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where &c. denote the coefficients in &c., Art. 377. 
This determinant is of the fourth degree in the coefficients of each 
conic, those of the first conic, for example, entering in the second 
degree into the first row, and in the first into the fifth and 
sixth, and so for the others. It follows that four conics of the 
By stem SlUmV nW can be determined so as to be per¬ 
fect squares (see Ex. 3, Art, 373), for if we equate to nothing 
the invariant M found for ZZ7, F, IF, we have an equation 
of the fourth degree for determining ?. 

389&. Considering two conics, if wc form the discriminant 
of the reciprocal system /S-i-wiS' we get no new invariant, 
the dibcrimiuaiit in tact being 

But if we form the discriminant of /S + the coefficient 

of /win, answering to 0,^, of Art. 380, oi; 

is an Invariant of the second degree in the coefficients of each 
eonic, not expressible in terra of the invariants A, &c. 
Hr. Burnside has shewn that the invariant T of Art. 389, 
\\ hich is of the same order in the coefficients, is expressible La 
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terms of tbia new invariant and of those of Art. 389. In fact, 
Ibt two of the conica have the canonical form, and write them 

+ hy* 4 4 2/yz 4 2gzjii 4 2hxy — 0 . 

If then we form the resultant of the three, that is, the condition 
that they shall have a couimcn point, the first two equations 
are satisfied 

Si — I = / 8 , = 7 - m - 7 . 

Substituting these values in the third and clearing of radical.^, 
wo have 

{a*a’*4 &*i8®4 2hcfiy — 2cayoL- 2aha0 4 4 (A0y 4 /?7a 4 Ca/3^y 

===Qi7.0y [FgliOL 4 Gh/S 4 Jlfgy)* 

The left-hand side of the equation is what wo have before 
called 2 ’^ Writing then for a, i®, 7 their values —«—/, 
Z— 7 W, wo can reduce T to 

{Z [b 4 c) 4 fn (c 4 <3f) 4 n [a 4 * Z>)}“ — 4 4 & 4 c) [amn 4 bnl 4 elm) 

— 4 (Al^ 4 4 C/i^) — 1 (y! 4 Z? 4 C) (mn 4 ><Z 4 Zw/) 

4 8 \Al (//i 4 4 lim (w 4 Z] 4 On (Z 4 

all the separate groups in which expression will bo found to be 
fundamental invariants of the system, except ylZ^ 4/im® 4 
wdiich is where 0 is the invariant of this Article. 

Thus we get 

2’“ ^ (^u4^in+ ^iiAJ + 120. 

If we consider the discriminant of 18mS*nS" as a 
ternary ciiibic in Z, w, w, and by the theory of cubic curves form 
its 8 and T invariants, Mr. Burnside has calculated the 8 to 
be y® —48J/, and the T to be ^T[12M- 2’*). Thus wo have 
2^®-483/, and y{723/- T'*) expressed hi terms of the ten 
fundamental invariants which occur in'* the discriminant of 
Z6’4 wi/S* 4 WiS”. And though J/, © are not linearly ex¬ 

pressible in term^of these ten, yet we have just shown how 
to form two equations implicitly connecting M and T with these 
ten} and of course we could, if we please, eliminate either 3/ or 
T irom these equations, and thus get an equation connecting 
either, singly with the fundamental invariants. 
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B59c. A.uy three couics leay in general be M 

the polar conics of three points with regard to the eaiat^ cnbie i 
or, ia other words, their equations may all he reduced to the 
form 

a (a?* - 2yz) + j3(y* — 2 aa;) +7 (a* — 2 a!g{)« 0 . 


If we use for the equations of the conics the forms given in 
Art. d89a, the equation of the cubic whence they are derived 
will be 


CO* w* ^ , yf ^ 

a+5+c'+2)-'’i 


A 

t 


and it appears that if the invariant M vanish (in w'hieh case 
either G ov D vanishes), an "exception occurs, and the 

conics cannot all be derived from the same cubic* * In the 
general case, the equation of the cubic may be obtained by 
forming the Hessian of the Jacobian of the three conics, and 
subtracting the Jacobian itself multiplied by twice T. 

If we operate with the conics on the cubic contravariant, 
or with their reciprocals on the Jacobian, we obtain linear 
contravariants and covariants which geometrically repiesent the 
points of which the given conics are polar conics, and the polar 
lines of these points with lespect to the cubic* 
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CHAPTER XIX. 

THE METHOD OF INFINITESIMALS. 

390. Hefebrino the reader to other works where it is 
shown how the differential calculus enables us readily to draw 
tangents to curves, and to determine the magnitude of their 
areas and ^cs, we wish here to give him some idea of the 
manner in which these problems were investigated by geometers 
before the invention of that method. The geometric methods 
are not merely interesting in a historical point of view; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 399} which had not been anticipated 
by those who have applied the integral calculus to the recti- 
iication of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polj^gon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad injinitum^ the polygon Will 
coincide with the curve, and the tangent at any point will coincide 
^with the line joining two indefinitely near points on the curve. 
In like manner, wc see that the more the number of the sides of 
a circumscribing polygon is increased, the more nearly will its 
perimeter approach to equality with the area and peri- 
the curve, and the more nearly will the intersection of 
two of its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for the curve an inscribed or circumscribing 
polygon of an indefinite number of sides; we may consider any 
tangent of the curve as the lino joining two indefinitely near 
points oh the curve, and any point on the curve as the inter¬ 
section of twp indefinitely near tangents. 


BBB. 
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391. Ex. 1. To find the direction of the tangent at any point 
of a circle» 

In any isosceles triangle A OB^ either base angle OBA is less 
than a right angle by half the vertical angle; but as the points 
A and B approach to coincidence, the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimjvtely a 
equal to a right angle. We shall 
ficquently have occasion to use the 
principle here proved, viz. that two 
indefinitely ncjir lines of equal length 
are at right angles to the line joining theit extremities. 

Ex, 2. The circimfircncts of two circks are to emh other n$ 
ihir radii. 

If pol}gon« of the same numbenof sides be inscribed in the 
circles, it is c^idont, by similar triangle*^, that the bases 
are to each other as the ladii of the circles, and, therefun, that 
the Avhole perimeters of the polygons arc to each othtr in tlic 
same ratio; and since this will be true, no matter how the 
number of sides of the polygon be increased, the circumferences 
are to each other in the same ratio. 

Ex. 3. The area of any citcle is equal to the rad ins multiplied 
hy the semi-circumfirence. 

For the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it fi'Oin tlie centre; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from tho 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to 
with that of the ciiclo, and the moie neaily will the per][^eu^ 
dieular on any side approach to equality with the radius, and the 
difference betw^een them can be made less than any assignable 
quantity; hence ultimately the area of the circle is equal to the 
radius multiplied by the scmi-circumferencc; or = irr*. ^ 

I 

392. Ex. 1. To determine the direction of the tangent itt an^ 
point on an i 11 ipse. 
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L(it Pa»^ be two indefinitely near points on the curve, 
ihen^P+PF'^FP^ + P'F'] or, 
taking. FM = FP, FB'^FP', we 

have FR « PM ; hut in the tri- » 

angles PRF^ PMF^ we have also 




the base PF common, and (by \ y 
Ex* 1, Art- 391) the angles FBP' 

P&'F right; hence the angle 
PFR 5S= P'PK, Now 2PF is ultimately equal to PP'F^ since 
their difference PFF may be supposed less than any given 
angle; hence TPF== T'PF\ or tlie focal radii make equal angles 
with the tangent. 

Ex. 2, To determine the direction of the tanrjent at any point 
on a hyperbola. 

We have 

FF^FF^FF^FP, 

or, as before, 

FB = FB\ 

Ilencc the angle 

PFR^PP'R, 

or, the tangent is the internal bisector of the angle FPF\ 

Ex. 3. To determine the direction of the tunyent at any voint 
of a parabola. 

Wo havePP^PA"; and FF = FN'] hence FR^FS^ or 
the angle NF'P= FFP, Tlie tangent, thex^e- ^,| g ^ 

fore, bisects tho angle FP2i. 

393* Ex. 1. T'o find the area of the para-^ 
hdlic sector FVR 

Since PS =Pi?, and PN=^ FP^ wo have the 
triangle FPR half the parallelogram PSNN\ 

Now if we take a number of points P'P", &c. 
between V and P, it is evident that the closer 
tve take them, the more nearly will the sum of 
all: the parallelograms PfiWW, &c. approach 
:to equality with the areaPFPxV, and the sum of all the tri- 
&c. to tho sector VFP] hence.ultimately the sector 
PSTTS^m the area DVPFf^ and therefore one-third of tho 
DFPN. 
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Ex. 2. To find the orea of the segment of a paretbota cut off 
hy any right line. 

Draw the iiawetcr bisecting iV, then tbo parallelogram PR 
is equal to PM\ since they are the com¬ 
plements of parallelograms about the dia¬ 
gonal; but since TM is bisected at F', 
the parallelogram PW is half PR ; if, 
therefore, we take a number of points 
P, P', P", &c., it follows that the sum of 
all the parallelograms PM is double the 
sum of all the parallelograms PN\ and 
therefore ultimately that the space V'PM 
is double V'PN\ hence the area of the 
parabolic segment V'PM is to that of the parallelogram T'NPM 
in the ratio 2 : 3. 



394. Ex. 1. The area of an ellipse is equal to the area of a 
circle whose radius is a geometric menn hetween the semi^axes of 
the ellipse. 

For if the ellipse and the circle on the transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mh : md :: m'V : md' 
the quadrilateral mhVm' is to 
mdd!m! in the same ratio, and the 
sum of all the one set of quad¬ 
rilaterals, that is, the polygon 
BbVV'A inscribed in the ellipse 
is to the corresponding polygon 
inscribed in the circle, 
in the same ratio. Now this will 
bo true whatever be the number of the sides of the poly^n; if 
we suppose them, therefore, increased indefinitely, we learn that 
the area of the ellipse is to the area of the circle as h to ; but 
the area of the circle being = the area of the ellipse »» rrab. 



Cor. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant rjstio to the 
corresponding ordinate of the other, the areas of the figures are 
in the same ratio. 
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Ex, 2, Every diameter of a conic bisects the area enclosed hj 
the curves 

♦ 

Far if we suppose a number of ordinates drawn to this dia¬ 
meter, since the diameter bisects them all, it also bisects tho 
trapesiom formed by joining the extremities of any two adjacent 
ordinates, and by supposing the number of these trapezia in¬ 
creased without limit, we see that the diameter bise^. b the area. 

395. Ex, 1. The area of the sector of a hyperbola made by 
’’fining any two points of it to the centre^ is equal to the area of tho 
' segment made by drawing parallels from them to fh* asymptotes. 

For since the triangle PKC^QLG^ tho area PQG^PQKL, 

Ex. 2. Anu two senmenis POLK, PSNM, are equal, if 

, PKx QLixRMx SK 

For 

PKi QLi: GL: GK, 
but (Art. 197) 

CL^iir, CK^NT] 

we have, therefore, 

mix 8N:i Mr : NT, 
and therefore QR is parallel to 7W. Wo can now easily prove 
that tho sectors PGQ, RG8nxc equal, since tlio diameter bisect¬ 
ing PS, QR will bisect both tho hyperbolic area PQRS, and 
also the triangles PCS, QGR, 

If we 8 igp) 08 e the points Q, R to coincide, wo sec that wo 
can bisecute^ area PKNS by drawing an ordinate QL, a geo¬ 
metric mem between the ordinates at its extremities. 

Again, if a number of ordinates bo taken, forming a continued 
geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar, similarly 
plo/ced, and concentric conics cuts off a constant area from the 
exterior conic. 

For we proved (Art. 236, Ex. 4) that this tangent is always 
bisected at the point of contact; now if wo draw any two tangents, 
the angle A QA' will be equal to BQR 
and the nearer we suppose the point Q 
to JP, the more nearly will the sides 
AQ,A*Q approach to equality with the 
sides BQ^ B>Q\ if, therefore, the two 
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tangents bo taken indefinitely near, the triangle ^0^4'will 
equal to BQB^ and the space AVB will be equal to »4']P35'j 
since, therefore, this space remains constant as we pass from atiy 
tangent to the consecutive tangent, it will be constant whatever 
tangent wc draw. 

Con. It can be proved, in like manner, that if a targent 
to one curve always cuts otF a constant area from another,, it WUI 
be bisected at the ponit of contact; and, conversely, that if \% 
be aUva} s bisected it cuts off a constant area. 

Hence w e can draw through a given point a Unc to Out off 
from a given conic the minimum area. If it were required to 
flit off a fjiven area, it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conics. The area will, therefore, evidently bo least when 
this last conic passes through the given point; and since th^ tan¬ 
gent at the point must be bisected, the line through a given 
point which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curve 
is bisected at that point. In like mannei’ can bo proved the 
following two theorems, due to the late Professor MacCullagh. 

Ex. 1. If a t(in(jL)d AB to one curve cutojfa constant arc from 
another^ it is divided at the point of conta< so that AF : FB in^ 
nrsely as the tangents to Vte outer curve at A and B, 

Ex. 2, J/’ the tangent AB be of a constant lengthy and if the 
jfcrpcndicular let Jail on AB from the intcrt-ection of the tangents, 
at A and B meet AB in ilf, then AP tv ill = MB» 

31)7. To find the radius of curvature at any point on an ellipse^ 

The centre of the circle circumscribing any triangle is the 
intersection of porpcndicnlars creeled at the middle points of the 
hides of that triangle; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FFF\ FF'F\ and 
the two bisectors of their vertical angles, it is easily pi’CVed by 
elementary geometry, that twice the angle PNP'm PF^+ FF^F^* 
(Sec figure, Art. 392, Ex, 1). 
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^ ' Kow, since the arc of any circle is proportional to the angle 
ii sQ^^nds at the centre (Euc. vi. 33), and also to the radius 
(^rt, if we consider PP* as the arc of a circle, whose centre 

PP 

is the angle PNP is measured by . In like mannci*, 

’ . , PU 

taking FR^FP^ PFP is raeaaurod by and we have 

2PP' _ PR FR 
IPN ~ i<T'^ rr’^ 


bttt' Pit ^ P'li' = PF 8lu PFF-, 

thei’cfore, denoting this angle by 6^ PN hy i?, FP^ F'P^ by p, p\ 

we have 2 ^ i 

It sin 0 p ^ p' * 

Hence it may be inferred, that thpjccnl chordoj curvature in douhh 
th^ hnyrnonfe mean betwee^i the focal niilit. ISub'^titiUing for 
sin0, 2a for p + p', and h “ for pp\ we obtain the known value 


11^ 




ah^ 


The radius of curvature of the hyperbola or porabola enn ho 
investigated by an exactly >iinilnr prote^'s. In the (Mac of the 
parabola we have p inllhitc, and ihc foiniula bcconus 

‘2 _ i 

Jt .^in 0 p * 

I owe to Ifr. Townsend the following investigation, by a 
different method, of the length of tlio focal chord of curvature; 

Draw any parallel QR to the tangent at P, and ilcscribe a 
circle through PQR meeting the focal 
chord PL of the conic at C. Then, by 
the circle PS,8C=^ QR.SIty and by q 
the conic (Ex. 2, Art. 103) 

PS.8L : QS. SPi PL : JAV; 
the^reforo, whatever be the circle, 

. - ^BC\ SLv.MNxPL^y 

but for the circle of curvature the 
points B and P coincide, therefore PC ; PL :: J/xV: PL ; or, the 
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focal chord of curvature is equal to the focal chord of the conic 
drawn parallel to the tangent at the point (p. 219} £x. 4). 

398. The radius of curvature of a central conic mdy other¬ 
wise be found thus: 

Let Q be an indefinitely near point on the curve| QB a 
parallel to the tangent, meeting the 
normal in S*j now, if a circle be de¬ 
scribed passing through P, Q, and 
touching PP at P, since QS is a per¬ 
pendicular let fall from Q on the 
diameter of this circle, we have 
PQ^szPS multiplied by the diameter; 

or the radius of curvature = . 

21 o 

drawn parallel to the tangent, and since PQ must ultimately 
coincide with the tangent, we have PQ ultimately equal to 
QR ; but, by the property of the ellipse (if we denote CP and 
its conjugate by a', J'), 

:: : PR. BP'PE), 



Now, since QB is always 


therefore 


a 


PB 


Hence the radius of curvature = -7 . . Now, no matter how 

a ’ 

siniiU PP, PS are taken, we have, by similar triangles, their 

. PR CP a' f . 

ratio ~ • Hence radius ot curvature = — . 

Pb Cl p p 

It is not difficult to prove that at the intersection of two con^ 

focal conics the centre of curvature of diheris the pole with respect 

to the other of the tangent to the former at the intersection* 


398 (rt). If we consider the circle circumscribing the triangle 
formed by two tangents to a curve and their chord, it is evident 
geometrically, that its diameter is the line joining the inter¬ 
section of tangents to the intersection of the corresponding 
normals. Hence, in the limit, the diameter of the circle 
circumscribing the triangle formed by two consecutim taiQgents 
and their chord is the radius of curvature; that is to say^ the 
radius of the circle here considered is half the radius of curvature 
(Compare Art. 262, Ex. 4). 
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399. IftuH> tangents he drntvn to an ellipse from any point oj 
u confocal ellipse^ the excess of the sum of these two tangents over 
the arc intercepted between them is constant^ 

For, take an indefinitely near point T\ and let fall the per- 
pendiculara TR^ T8^ then (see fig.) 

(for P'R may be considered as the continuation of the lino PP') 
in like manner 

gr^QQ^QS. 

Again, since, by Art. 189, the angle 
rpgs« TTS^ we have T8 = TR] 
and therefore « 

PP+ rg^pr^rg. 

Hence (Pr+ TQ) - (P'r'+ T'g )« PP'- Qg=^ PQ ^Fg. 

OoR. The same theorem will be true of any two curves which 
possess the property that two tangents PP, TQ to the inner ono 
always make equal angles with the tangent PP' to the outer. 

400. If two tangents be drawn to an ellipse from any point 
of a confocal hyperbola^ the diftnnwe of the arcs PK^ QK is equal 
to the difference of the tangents TP^ TQ-^ 

For it appears, precisely as 
before, that the excess of 
T'P'^P'Koyqv TP^FK^T'R, 
and that the excess of T' Q'— gK 
over TQ-^QK is T'8^ which is 
equal to P'P, since (Art. 189) TF 
bisects the angle R P 8. The dif¬ 
ference, therefore, between the 
excess of TP over PK^ and that 
of TQ over QK is con.stant; but 
in the particular case where T 

* Tliifl b«iutiful theorem was (libCom'»d by Bishop Gr.ives, bee lus 1 ramhtion of 
ChaslB^t Memoirt on Cones and Upherical Conirs^ p. 77. 

t T)ii» ez,teiisiQn of the preceding thcorpm was discovered by Mr. Mac CiilUph, 
DnSlin Exam, Papers^ LSil, p 41; pp. CH, 83. M. Chaales aftci wards inde^ 

pendently nofeieed the aame extension of Bishop Giavcs’s theoicm. Cmupits Rcndm^ 
October^ 1^13, tom. Xvii. p. 838. 




cco. 
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coincides with both these excesses and conseq[uently their di^ 
ference vanish; in eveiy case, therefore, TP-^PK^TQ-^ QK* 

Cor. FagnanVs theorem^ ^^That an elliptic quadrant cau 1^6^ 
so divided, that the difference of its parts may be equal to the 
difference of the semi-axes,” follows immediately from this 
Ai’ticle, since we have only to draw tangents at the extremities 
of the axes, and through their intersection to draw a hyperbola 
confocal with the given ellipse. The coordinates of the points 
where it meets the ellipse are found to be ^ 

* a* , 

a + 6’ ^ a + b 

1 

401. If a polygon circumscribe a dbme^ and if all the Dertices 
hut one move on confocal conics^ the locus of the remaining vetteso 
will he a confocal conic. 

In the first place, wc assert that If the vertex T of an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig., 
Art. 399); and if w’C denote by o, ft, the diameters parallel to 
TP, TQ\ and by a, the angles PPP', TQ'T\ made by each of 
the sides of the angle with its consecutive position, then aoL^b$,. 
For (Art. 399) TR^TS] but rP.a;P'/S= and 

(Alt. 149) TP and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if aa^h/Sj T moves on a confocal conic. For 
by reversing the steps of the proof we prove that P'S; 

hence that TT' makes equal angles with PP, TQ^ and therefore 
coincides with the tangent to the confocal conic through P; and 
theieforc that P' lies on that conic. 

If, then, the diameters parallel to the sides of the polygon be 
o, ft, 0 , &c., that parallel to the last side being we have a(x. ^ ftS, 
because the first vertex moves on a confocal conic; in like 
manner i^sscy, and so on until we find a(i=^db^ which shows 
that the last vertex moves on a confocal conic.* 

* Tln<i pioof is taken fiom a pnpei by Dr. Hart, Cambridge tmd JMHn 
mttlical JomnaL \ol« iv. 193. 

• ^ 
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Paso 41’s Thtorbv, Art 2G7 


If. StKISRA was ths who (m Gergonnee Annalet) diicotcd tho attcntton of 
geo^texs to tho complete figure obtained by joining in every possible way sue points 
on a conic H 6»teiner’a theorems acre corncted and extended by M Plucher 
ifiteVifa loui mt vol V p 274), and the (.object has been more icc ntly \nv< ti^ated 
by Mensni Cayley and Knkinan, the lattu of whom In paiticular, has odchd several 
tteW' theoiems to iboao aheady known (see Camlnidge anl Dublin Mathematunl 
vol V p 165) We shall in this note give a slight ikcich of the moio 
important of tbescf (md of the methods of obtlining them Tic gicstii psit ne 
dc4Hlved by joining tho simplest pimciples of the theoiy of cirabuiitions with the 
following elementaiy theorems and thur reoiprucaK ‘ if t'w o < i uuglcs be such that 
the lines joining oOnesponding vertice meet n a point {the untie o/ homology of tho 
two tiianglea), the intej'>eotioiis of cone.i]ioiil ng sides will lie in one right line (their 
axie) *' the intersections of opposite sidis of three tiianglbs be foi each pan the 
tame three points in a right line, the euitres of b > nology of the first and second, 
second and third, third and fiist, will lie in a rght hue * 

Now let the six points on a conic be a, b, c, if, e, f, whieh we shall coll tho 
points P These may be connected by itftun light htics ah, ne Ac , which we shall 
ciU the lines O Lach of the lines C (tci example) ah s intersected by the fouitcon 
otlieis, by font ot them in the point a, by four iii the point h niid cun equently by 
eix m |)ointb distinct fiom the pointn /* (foi example the points (ah rd) Ac ) 7bcse 
we slmll call the jioiiits p ilicic aie forty tiie such poiutb, for is tlicic are six on 
each of the hnei P, to finl the iiumhei ol points p, wc iniist multiply the 
numhtr of lines C by O, and divi le bj i sinee < wo hncs P p vs*, thiongh e\ rj point p 
U we take tbe sides of the hexigun in the older Ul, Piv vis llirorcm is that 
the thiee p pomls, {ab, c/e', (c«/, Jti\ \J> , ef) lie m ouo light hue, win h wt may c dl 


either the Pascal abedif, oi else we miy denote as the Pi^rol ^ 

which we sometimes piefer, is showing moie icsdily thi three jcints thi ugh which 
the Paxoal ponses Ihrough each point p foui Pis( 4]^ ctii lie ii iwn Ihus thiongli 
iph, rfe) can be drawn abed^ abfde*., abiedf, obfuf Wc then find the total iininber 
of Pamola by multiplying the numb r of pr>ints p by t, anl diviling by t, since 
there ars three points /> on eorli Pibcvl We ‘huv rbt im tbc number of Pascil's 
1mcsc.6Q. We might hi,vc deiivcl the sinn hi ly by ocn&idcimg tbe number of 
wayn of anangmg tbe letteis abel>’f 
OonmcUi: now tho three tii ingles whose ides aio 


«*» cC, if, (1) 

rf » A (2) 

^ ^ acf, (3) 
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The intereecUoDiB ot corresi’onding sidee of 1 and 2 lie on the aame Piiaool, iflitilreCore 
the lines joining corresponding vertices meet in a point, but these' ttte 'the 
Pascals, 

(ab.de.fif] (cd,ya.be'\ (f/.he .ad) 

\cd .fa be / ’ he .ad] ' (ah. de . ej] * 

This is Steiner’s theorem (Art. ; we shall call tliis the y point, 

) c6 .th.ef 
cd.fa .be 
ef.hc.ad 

The notation shows plainly that on each Pascal’s line there is only one g pahit j for 

given the Pascal 3 point on it is found by writing under each 

the two letters not already found in that vertical lino. Since th<ni thr^,,PascaIa 

intersect in every point g, the number of points g = 20. If we twe the triangles 

\ * 

2, 8; and 1, 3; the lines joining corresponding vertices are the san^e in all cas^ 
therefore, by the reciprocal of the second preliminary theorem, the three (u^ pf 

'ab.ad.^f\ 

three triangles meet in a point. This is also a g point ' de.fa.be)- ^ and Steiner 

'<f.be,ad ' 

has stated that the two g points just written are hamionic conjugates with regard 
to the conic, so that the 20 g points may be distributed into ten pairs.* The Pascals 
which pass through these two g points cori’c«pond to tieacagoas taken in the order 
respectively, aheftd, afedeb, ad/ehef\ abedef afebed^ adefeb\ three alternate vertic^ 
holding in nil the same position. 

4 

Let us now considor the triangles, 

ah ed 

ab.ce. cd . hf. ae 

de.bf.eici* af.ee.bd 

ab.ee. df\ cd . bf. ae 

tf.bd.aei' he.ac.i\f 

The intersections of corresponding sides of 1 and 4 are three points which lie on- 
the satne Pascal; therefore the lines joining corresponding vertices meet in a point. 
Hut these are the three Pascals, 

ab.ee. df 

cd. bf, uei * ef. ac . bdi ’ ab .dj 

ab.ee. df\ 

We may denote the point of meeting as the A point, ed . bf. ne >■ . ' ' ^ 

ef, ac. hd) 

The notation dilTers from that of the g points in that only one of the vertical 
columns contains the six letters without oniission or repetition. On every Pascal 
there are three A points, viz. there are on 

- - ab.cd.ef\ ab.ed.ef") ab.rd.^ 

cfe.fl/’.icf , de.af.bc>f de 

qf,bd,aef oc.be.dff If 

where the bar denotes the complete vertical column. We obtain then Mr. Eirkman's 
extension of SteiuePs theorem :—7’ke Pascals inUrseet three by three, na( tmfy *n 
Steiner's twenty points y, bnt also in s<>rry other 2 >oitUs A. The d^mntnstgtitkm. of 
Art. 263 applies alike to Mr. Kirkman’s and to Steiner^s theory. >r 

In like manner if we consider the triangles 1 and 6, the hoes joining ooite^Mmaing 
verticea are the same as for 1 and 4; Uierefore the corresponding aideB,Intiets^^<nt 

i"' ‘ 

— ■■ . . 


}■ 
ae\ 

. m * 


ef. bd.ac 
bc.ae. df, 
ef. bd. ac 
ad 


}■ 

bd.ac'y 

, ce. 4/) ’ 


( 1 ) 

w 

( 6 ). 


"1 cd . bf. ae I ef. ae. At/l 

J * ef. ae . bd] * ab. df. i-e] ’ 


ah .ed.ef 
de.qf. 


.af.bci 
.ce.ad ) 


* For a proof of this ttt Standt {Crelle, nxiL 142). 


) 
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as tbey manifestly do on a rascal. In'tlie same manncT ihe con-e* 
spotldiog sides of 4 and 5 mn^ intersect on a liglit line, bnt UiObc iuterecctions are 
/itte h pointy' 



ab.ee, d/' 

ae . cd • 

ae.bd,ef‘ 


de. Ilf. ae *, 

Id . af. cc >• , 

iff. as.be 

0 * . 

cf, ae.bdi 

Qc.be. df) 

ce. hf. ad' 


Moreover, the axis of 4 and 5 mnst i^nss tlirough the intersection of the axes of 
' ab, edft «f' 

1,4>,and 1, 5, tianiely, through the g point, de. a/, be •. 

be, ad 4 

7' ^"t^.ndtation the g point is found by combining the complete vertical columns 
of thQ ihi^ A {knots. Hence we have the theorem, “ 77/«re are fwentg lines O, each 
of fohieh nesses through one g and three h points." The existence of tliese lines 
observed .independently by Prof. Cayley and myself. The proof here given is 
Ptdf. Cayley’s. 

► . It jcw he proved similarly that The twenty lines G .pass four Ig Jour through 
f^een points The four Unes G whose g jwinta iu the preceding notation have 
a oonimon vertical column will pass tlirough the snine point. 

Again, let us take three Pascals meeting in a point h. For instance, 

■ ^ " ah .ce.df\ de,bf.oc\ cf.ae.hd^ 

de. bf.ac)* ef.ae.hdi* ab.dj'.ce]' 

' We may, by talcing on each of these a |)oint p, form a triangle whose vertices are 
(4^, aa), ae), ipd, ce) and whose sides arc, therefore, 

ac .bf.de's hf.ce.ady bd.ac.ef'i 

df. ae.cb) ' ue, bd . r/'J * ce . dj\ ab] 

Again, we may take on each a point //, by writing under each of the above 
Pascals af.cd.bcy and so form a ttianglo whose sides are 

t 

HO , hf. dt 1 cf, ae, M ] df'. afi. C 61 

be , cd • rt/j ^ be ,rd .nj) * be , rd . (r/j * 

JJut the intersections of correspondinur sides of these triangles, which must tljcrcfore 
bo on a right line, are the three g points, 


he,cd.af\ 

be.cd. af' 

be .cd.tf' 

be.cd. of \ 

ac.bf.de^ f 

cf. ae .bd •, 

df. nb.ee ■, 

if.ab .de 1 , 

4 ^, ae.be) 

ad. hf. ce 

ac,tf.bdi 

ad.ef. be) 


I have added a fourth g point, which the symmetry of the notation shows must 
lie on the same right line; these being all the g points into the notation of which 
be.cds Hf can enter. Now there can be formed, as may readily be seen, fifteen difl orent 
products of the form beeCd.af] we have then Steiner’s theorem, The g pointe lie 
fiiVT hyfwr on fifteen right line$ /. Hesse has noticed lliat there is a certain reci¬ 
procity between the theorems we have obtained. There are GO lurknian points A, 
and 60 Pascal lines II oorresxK)ndiug each to each in a d* finite order to be explained 
presently* There are 20 Steiner points < 7 , through each of which posses tlirco I’ahcals 
S and one line G', and there are 20 linen on each of whir'll lie three Kirktnan 
polnta h and one Steiner y. And as the twenty lines G pass four by four through 
.fifteen points i, so the twenty points g lie four by four on fifteen lines I, 'I'be 
loltpW^g 'investigation ^ves a new proof of some of the preceding theorbms and 
’itiso-ifiiiiws what h point corresponds to the Pascal got by taking the vertices in 
the ' abedef. (insider the two iiipcribed triangles ore, bdf] their sides touch 

' ft di&fdiS' (see-Ex. 4, Art. 855} j therefore we may apply Hrianclion's theorem to tho 
whoee sid^ aiece, d(ff t^bfac^ bd. Taking them in this order, the dia* 
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gouols oi the hexagon are the three Pnfcoalfl intersecting m the h point, oe Ja I 

oe bd 

And since, if retaining the altcmate eidee ce, ae, ar, 'we permatate cy<dicalljr the othet 
three, tlien by the icKiipioc al of Stemei s theorem the three reuniting Bwaruflna 
points lie on a light line, it is thus proved that thiee h iioints lie in a light IkM v. 
Jifom the name oircnoi<«ciibmg hexagon it can be infenod that the hues joining the 
point a to {be, df } and d to {ac, tf) intersect on the Pascal abedef and that tbpie ai^ 
SIX such intuscctions on every Pascal 

Afore lecently Piof Cayley has deduced the propeitics of this figure by OOSindlc* 
mg it as the projection of the lines of intersection of ux planes Sea Quirft»^ 
/outnnf vol IX p 348 

Btill moie iicciitly the whole fignic has been-discussed and several newiirt^perliea 
obtained by Yeionebc (^0011 levemt till Hexaginmmum Mjttiotm in tbc Memoirs 
(f the Jienie Accadenita Jet Lincei, 1877) He states with some caiension the 
{,cimi.tucal piinciples which we have employed m the investigation as fellows 
I CoDbidei tliicc lines parsing through a point and three points in each hni tl e e 
j ints foim 37 tinnglcs wbuh may be dmd d into 3G seta of thre ttiuiw^lcs in 
f eispcctiic in pans, the axes of homology passing thiec by thiee thtongh iC jwiut* 
which he font by foui on 27 Tight liitfs II If 4 tiiangles at# Itt 

pcispcs.tive tho fiist with the s coud, tlie second with the thud the third with tb# 
fouith, and the fouitli with the first, the veiticcs maihod with the same letters 
roue ponding to each othei and if the foui centies of homology he m a light hae the 
foul axes will pass tin lugh a point III If we have four quidringles do 

iblated m like mannci the foui points of the last theorem answeiing to the triangles 
bed, edit, dab, abi lie on a right line Consideitng the case when all loui qnodiangles 
hn>o the same centre of homologj, we obtain the coiollaiy If cn Jo ii hnea passing 
tbioiigb a pomt we take 3 homologous quadrangles alb^c^d^f fg, then we 

h vve foui bets of thieo homologous triangles, ai6|C|, do the axes of homolugj of each 
ihiee pisuing tbiough a point and the foui points lying on a right line IV If we 
have two tiunglcs in peispcctive aj>c^ and if we take the inteisections of 

bf , 1 , 0 ^, c^n, a b^ we film a new tu ingle in pors^ictive with tlic other 
two, the thiee centies of homology lying on a i ght line It would be tcu Ung to 
cnumeiate all the theorems which Vcionrsc derives fiom tliese pimciplcn Suffice it to 
say that a Ic iding featuie of his investigation is the bionkiiig up of the system of 
Pascals into six gionps, each ol ten Pascals, the ten coiiespunduig Knkinau points 
lying tlnce by three on these hues which also pass in thiecs through these points It 
may be added that Veronese htates the conespondence between a P iscal line and a 
Hnkmaii joint as follows lak< out of the la Imcs C the six 8ido<> of any hexagon, 
thcic remain 8 hues C, out of these cm he formed three hexavina whosePiscals 
meet in the Ktikman pomt conespouding to the Past ilof the hex igou with which w# 
fituted 

After tho publication of Veronese a pajiei Cremona obtained veiy elegant detnoh* 
eti itions of his theorems by atndjin^ the subject l)om quite a difpeiont pomt of view 
Fiom the thcoiy of cubical surfaces we know {nemetty of Thee /Htne^ttontf 
Alt 63G), that if such a surface have a nodal jmint, there lie on the sniface tax nght 
linggpassing tluongh the node, which also lie on a tone of the second order, and 
iifiyin otbir hues oiie m tlie plane of each pair of the foregmng, by piojectll^tl^ 
figuic Crtmon i cbtaina tlie whdle theory of the hexagon. 

It may bo well to add some formulte ns^ol in the analyUp discasfifhffi^t|iip 
hexagon inccnbed in the conic LJit—JT Let the values of the /t 

(drt S^U) foi the SIX vortues he e, b, e, df ^and lot ns dew^ by (aS) tie# 
quantity tibL {n a- b) R + JLT, whudv OQttated to tetOf represent# the cihi^ 
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two Tetttee^, Then it la ea^ to see that (o5) (cd) - {ad) {h) Is T’V-H? mttUipliod 

by theihctor (a — c) (ft — di, and hence that if we compare, os u Ait 260 th( foimi 

{idil “• {od) (fit), (<i/) (de) - {ad) {tj) we get the cquauon of the robcal abcd^ lu 
titefoim * 

(o- c) (6 - d) {ef) ={a^e)(J‘^d) (fir). 

The sene equation might also have been obtuued in the forms, tiduoh can easily I o 
Tended as b^g equivalent, 

(o -«) (fi -/) Od) - (0 - c) (fi ~ rf) {af), 

» (c-ff) (fi-/) (de)-(/•->e) (d-/) (afi), 

^e tttfee other Pascals a huh pa<«3 tluough (fit) {fj") ue 

(o - a) (fi - d) = (« - /) (^ - d) (6 ), 

(a - fi) (c - d) (e/) =. (a - e) (/ - cO (fir\ 

' («-*) (c-d) (e/)=r(a-y) (,e-d) (^f), 

these heixig re^peotively the Pascals abed/e, acb left (ubdje 
Consider the three Pascela 

(a ^ c) (fi - d) (ef) = (a^e){f^d)(bf)^(6-f){a^e) (ad); 
these evidently intersect in a point, vir. a Rtuner g point, but th» three 
(a -4) (fi - d) («/) ?s (a - e) (y - d) (fie) -s (fi -c) (t, -/) («d) 
jntetseet in a Sorkman A point 

llti Oathcart has otherwise obtained the equation of the Pascal lino in a d t«r< 
tmbant fotm. It was shewn (Art. 331) that the relation between coire<>pondmg j** ^»t'S 
of two homogntphio systems is of the form 

uiaa* + /let + CV** + ^ — 0 

Hence, elimuiatmg A, B, C, A wc see tliat the iclation betwten four point i anl 
other four of two homogtaphio systems is 

aa', a, a', 1 

fi, fi\ I 
yy * y. 7 > 1 
fifi, 0, u, 1 -0,* 

and the do tble points of the system aie gr t h> puitinj, fi' — 3 and s dvnig tl e r| 11 1. 
ratn toi fi Ihit wc*>i« Art 2S9 La 10, that the Pu tul lined J/V pwscs thi u di 
JT, AT* thi, double poliitb of the two humogiaphu dctiim lud h^ l( J 1)1 Jt 

the alternate veiticos of the hex igon And sitic c, it fi be the piuuiutci uf the p at 
^K, we have If, R, L rcspuctivtly propoitioiiil to fi', fi, 1, it follows that the tquatioo 
cf the Pascal dbedef is 

Jf, R, R, L 
ad, a, d, 1 
fie, fi, e, 1 

of, c> /» 1 = 0 , 

StSTBVS of TaNOFNTIAL CoOnniAATBR, Alt Jll 

Through this Tolnme we have oidinarily underatooil by the tauqenli il coorditintes 
of a hue fa + -p ay, the constants /, in, n in tlie equation of the hue (Art 70), 
and by the tangmiti^ equation of a carve the iclation necessaiy htween tliese 
oonstote nl otdei that the line should touch the cuive We luve piftcirod this 
jmettBOdhecauseit k the most olo«dy connected with the mam subject of this volume, 
blktlAiie all other systems of tangential coordinates may be reduced to it We 

. . ...f > ■ . . .. . . . ... • , 

a On ^us determinant see Ohyl^, PM, Tt an *, 1838, p. 436. 
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wish now to notico one or two points in this theoi’y ^hich hare dmittc^ to 
mention, and then htiefly to explain some other systems of tangential cw^inat^j 
We havo given (Kx. 0, Art. 132) the tougential equation of a circle whOB^'O^tio ia 

“Y^V <■• 

(la' + m/3' + ny*)* = r* (P + m* + n* — 2mn cos J — 2nl cosS-^ 26» coft Cj f 

let us examine wlmt the right-hand side of this equation, if equated to 
wouhl represent. It may easily be seen that it satisfies the condition of xesolvability 
into factors, and therefore represents ta'o points. And what these points are may.. 
be .seon by recollecting that this quantity was obtained (Art. 61). by writing 
length /a + m/9 + ny, and talcing the sum of the squares of the coeflcicnts of Of' 
and y, / cos a + m cos /9 -f- » cos y, / sin a + m sin /9 f « sin y. Kow if <i* + 4* = 0, the 
lino «« + 6y + c is parallel to one or other of the linos « + y J( — 1) = 0^. the two 
points therefore ore the two imaginary points at infinity on any circle. ' And this 
appears also from the tangential equation of a circle which we have jnst given: 
for if we call the two factors to, o)', and tho centre a, that equation is of the form 
showing that u>, ta' aro the points of contact of tangents from a. In 
like manner if we form the tangential equation of a conic whose fbd are given, l^ 
expressing the condition that the pi'Oduct of the perpendiculars from these points 
ou any tangent is constant, wu obtiun tho equation in the form 

(lo' + m/3' + ny') (/a" -I- m/3" -|- ny") = &*««', . ■ 

showing that the conic is touched by the lines joining the two foci to the points 
IK, w' (Art. 2080). 

It appears from Art. 61 flint the result of substituting the tangential coordinates 
of any line iu tiie equation of a p(.)iiit is propoitionnl to the perpendicular from that 
point on the line; hence llie tangential eepmtious «/9 = f'yd, ay=:7cffi when inter¬ 
preted give file theorems prcjved by rccipiocntion Art. 311. If wo substitute the 
coowliuates of any line in tlic ctpintiori of a circle given above, tin; iv'uit U ct.-'^ly 
seen to be proiwrtionnl to the square of the chord intercepted on the line by the 
circle. Hence if £, S' rcpii'sent two circles, we loarn by interpreting tho equation 
S =• 4*2' that tho oiivelope of a line on which two given circles intercept chorda 
having to each other a cousluiit ratio is a conic touching the tangents common to 
the two circles. 

Lastly, it is to he remarked that a system of two points cannot bo adequately 
represented by a trilinear, nor a system of two lines by a tangential equation. If 
we are given a taugeutial equation denoting two points, and form, as in Art. 
the corresponding trilinear equation, it will be found that we get the square of the 
equation of tho line joining the points, but all trace of the points themselves has dis¬ 
appeared. Similarly if wo have the eiiuation of a pair of lines intersecting iu a point 
fi'/f'y', the corresponding tangential equation will he fonnd to be (/a' + m/3' + «y')®=0. 
In fact, a line analytically fnldls the conditions of a tangent if it meets a curve in 
two coincident points; and when a conic reduces to a pair of lines, any line through 
their intersection must be regarded as a tangent to the system. 

The method of tangentuU «ioordlnatcs may be presented in a form which does 
not presuppose any acquaintance with the trilinear or Cartesian systems. Jimt as 
in trilinear coordinates the position of a point is determined by the mutual ratios 
of the perpendiculars let Ml from it on thive fixed lines, so (Art. 811) the position 
of a line may be determined by the mutual ratios of the peipeudioulars let fall on 
it from three fixed points. If the perpendiculara let Ml on a line from two points 
A, i3 be ^ then it is proved, as in Art. 7, that the perpdndiqulM on it tho 

^ppint which cuts the line AB in. the ratio of m : I is omBoqpssitly 

^'if the line pass through that point we have + m/u * 0, which lhetefo)% ‘meij 
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regaided as the aqaatloii of that point. Thus \ •f /u = 0 la the equation ot the middle 
point of AB^ X - M ~ 0 that of a point at infinity on AB. In like manner (see 
Art. 7, Ek. C) it is proved that fX + nt/t + nv s 0 is the equation of a point 0, tirhich 
ma} he epnstracted (see fig. p. dl) eitlicr by catting NO in the ntio'n ; at and AD 
in the ratio «t 4- a ; i; or by ontting AC ::iin and BE t:l + mtn, or by ontting 
AN :/and OA*:: f-fn :7i< Since the ratio of the triangles Al ON; A 00 is the 
some as that of BD : NO, we may write the equation of the point O in the form 
* BOCt\+COA,fA +AOB — 

Or, again, anbstilafing for each triangle NOOita value />y' aiu 6 (see Art. 311) 

X sin 0 , tt sin O' . v Bin 6 " . 

+ - , - + 

p p p 

Thus, for example, the coordinates of the Hue at infimty arc X ^ v, since all 
finite points may be regarded as equi^tant from it; the point fX + myu 4 nv will 
lic ac u'finity when / + m -f » ~ 0; and generally a curve will be touched by the 
Hue Ht luliaity if the snm of the c« efficients in its equation =; 0. So again tho 
ofiuations of the intersections of bisectors of sides, of bisectors of angles, and 
«A the perpendicnlara, of the triangle of reference ate respectively X + /i + v = 0, 
XsinA + zialnN + vslnCwO, X tan A + ^ tan N + v tan V — 0. It is unnecessary to 
give farther tUoatratiens of the application of these coordinates because they differ 
only by constant maltipUers from those we nave used already. The length of tho 
pcrpeuffioolar from any point on fa + mfi + ny is (Art. 61) 

Xof + 4* ffy' 

J(/* + CT* + COB A — 2nl cos ii — 2ltu cos C) * 


the denominator being the same for every point. If then p,p%p" be the porpen* 
di'ul.uf let bill from each vertex of the trLin^1(> on (he ui>pontu side, the perpeii> 
liMn'l.iis A,/t, e from these vertices on any Jme are respectively proportioUHl to 
//>, iiip\ tip "; and wc see at once how to transforin eiiuh tiiuguulial ctiuafions as were 
in the preceding pages, viz. homogeneous erjicilious in I, in, n, into equations 
e.picobud in teims of the perpendiculars \, /u, v. It is evident from the actual values 
tL.d> A, /u, V aro connected by the relation 

y? iiP 2uv . 2i/\ „ 2 A /1 ^ ^ 

P^ y * P'P ' P p VP 

It was hhowii (Art. 311) Low to dedace from the tiilinear equation of any curve the 
taiigi'’mai equation of its reciprocal. 

The system of three point tangential 
ooerdinates just explained includes under 
it two other methods at first sight very 
different. Let one of the points of re* 
fercnce (7 bb at infinity, then both v 
and p" become infinite, but their ratio 
remaiai), finite Bnd = ^C(7N, where 
DOE is any line drawn throagh the 
point 0, The equation then of a 
point already given becomes in this 
case 

p an(f^^ p‘ sinC'C^N 

r 

Whaa 0 is given evpry thing in this equation Is constant except the two rariables 

* rince tSn COE sz aia ODA, theso two vaiiabies ate re¬ 
spectively ADr BE, la other wordJb if vre take as coordinates AD, BE ilic 

D D IK 
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intetcepts asfidd by a variable line on tao fixed parallel Ally '«Q(ai^loii 

aA + 6^ 4' c es 0, denotes a point , and rius equoibion may Ito conrideaefijdNr iM fdrm 

aasnued by the b<^inoge&eotis eqnatioii a\<H^/a-l'eve:0'*'ahett the iio^ fo 

at it^mty The following example lUhstratcs the we of doorffinikteei- 

We know from the theory of come sections that tbo ^senelSel ^ti(Ki»ofi of 

degree can be lednoed to the fbnn Whme a, j3 are oertaip Ibieat 

of the coordinates. Thu is an analytical fact wholly md^iCQ^t ^ ^tar< 

pioUtion we give the equations^ It foUowa then that the gctiwel 

of the Bccon I c* les m this B>*iteni oau be redncvd to the same jbittt>ii^ ^4^ jtb^lns 

denoti 3 a cm ve on which tki. points n, /3 11c mid which hsi^ Issr 

points the piinllcl hncs juinmg a, /} to the luhnitr ly distant popb^* 

the well known theorem that any vannhie tangent to a come 

parallel tangents poitionsw hose Tcotangle IS constant * ^ ^ 

Again, let two of Uie points of tefexcnco be at inflmty, tbciu JB ^4hc 
the equation of a line becomes ^ ^ « 


P 


4* 8in fi' sin SQJD 4* sin sin COBt 


01 , as may bo easily seen, 


eln9 , ^ 

- 4* sm u 

P 


-L 

AJ) 


+ rin e"' 


t 

AL 



When the point 0 is ^be only 
ihmgs variable in tins equation are 
AJ9, AF, and we B(>e that if we take 
es coordinates the leciptoMh of the 
intercepts made by a variable line on 
the axes, then any hnoor equation 
between these oooidinatea denotes a 



point, and an equation of tho degiee denotes a onfee of the ' class 

It IS evident that tangential eqmitions ot this kind axe identical wirit that fdnn 
of tho tangential equations used in the te\t where tho comdmatea are the coefficients 
2^ m, m the Oartcsimi equation lx 4> my = I, or the mutual ratios of the coefiicuuts 
n the Cartesian equation fw 4 - my 4- a «: 0. 


ExvaGsmos ov ths CKiobdikatsis ov k Point ov a Cioxic ht a 6i3r6T,B 

Parahbtkb. 


We have seen (Art. 870) that the coordinates of a point on a Conio can be 
oxpreosed as quadratic functions of a parameter Wo show sow, couveisriy, that 
if the coordinates of a point can he so expressed, the point must lie on a conic Let 
us wnte down the most generakexpressione of tiie kind, viz. ^ 


» = oX» 4- 8 Um + bfi*, y := o'\» 4- mu + e =? o"X« 4- 2fi'V 

Then, solving these equations for 2Xji, we have (f7lp&e^ A/yr9rv|f) Ar^ ^9) 


TZ Ax + A'y + A\, ^£i\tt^Jfx+S‘p+J£'*f, x: JBisS% 

wheie A u. the detarmmant lormod wiih u, A> b, do, and d, //« il, dm, mb fbe mlnojb 
of that dctcimmant lUe poini then, c ndently, hes on the lo^ 




(il% 4 . /f'y 4- if V = 4 e + A'y 4- A'^e) {Bx + B^y4‘ , 

ff we look foi the inteiseotiou with this conic of ai^ VfpA cat ^ i%f'fi'Wtm baye^ 


oply to euhstitute In the equation of this line the parameter 
and w e find that the pmametear* of the luGMjeqtton are detevp^' 

(uo 4 - o'/9 4* o"y) ^ 2 (X« + W +■ Xm + Gte + 
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t$tifgsalb li ^ cqoation be a p^rUtA> »iiuuro, in tirbicb cose wo 

mu^ ^ ,> (jii + + ry) V (*« + »'j9 + VV)S 

JB^ pt iH)a reciprocal ooi^. W, <ihia cotuiiUou la 

««***^»* ft<* + = fcN» «w* 

,‘ 4 /J «-I'P + M^fm + 5 'm«, iiy = A*'P + JT' 7 w -I ; 

i.v-1 t^jlOtprocal eoordin»i)03 maiy be siiuUarly e\prWM*d an t{iiadratio 

conatonts being Ibc minois of the dclcnninunt formed 

ttiaccnie might otherwise hare been obbtinod thus; The equation 
‘ pointe ie (4H. 18*^) gnt by oquatiug to zeio the iluteiminanfc 

zTt y‘\ It the two ^mta are on tlie curve, w« may 




TV 



= 0. 


Bohaiifflte for cooidiaateo tixoir paranacier exproaeions; and when the two poinla 
neC <!ona90t|1^Tjhii>^ e^ making an ^bviona reduction of the determinant, tliat tha 
eqnai^ <4, conCeponOing to any point n 

‘ m , s t * 

tiK + hfif of\ 4 h'fx, a"\, + VV 

1 A + 8ja, V\ + by, A"\ + by 

IIINiy iii ndihg Regar din g it as the equation of a variable line rontaJniug the 

psiMiieter Xipi, Its wV^opC, by the ordinoiy method, gives the same equation aa 
before.^ ‘ , -i* »» 

thoUp^Solahiglwo pennU will bo found, when expanded, io bu 
pf foxiR JfXV 4- T W) + ~ 0, and we can otherwise exhibit it in 

^iSfOrintferrbecoorSinateBOf dtber point •lati^fy the equations r'^uA'-i do, 

■and wOhatroal&o X^i(^V*+^V') h\'Ky^ = 0; hcaoo, chmiiuting X®, h/i,/t*, 

^ehavo 


«» 

Pt 

e. 


vV, 

- w 4- X'V). 


a , 

2h 

1 

b 

a* , 

2h' 

f 

V 

a" X 

2A" 

1 

b“ 


= 0 . 


Tf the parameters of any number of xioints on a conic lie given by an algebraic 
oquation, Uio invncmnts and oovariautH of that blnmy qoantic will admit of gcouictrlo 
fntcrpretaiioQ (see BoniMde. ili^hep Atgehvn, Art. iOO). A quadratic Inis no invariant 
but its dbwrimuiant, and when wo consider two points thcio U no <-)M(<inl ca-^c, 
oxce^)t whaa the points coincide. In the ea<ic oi tno qnudi.itics their hdrmonio 
iuvanant expresses tlie condition that the two correspoudiug lines Miould Im coniuynto 
and their Jacobian gives the points wiieiv the emve is met iiy the iutersci lion of these 
linee. If wp consider three jioiuts whOMi paramutors arc given by a binaty cubic, tho 
covorianta of mibic may lie tutcrpictcd as follows: Let tlio three points be u, b, c, 
and let'tho iria&|^ form^ by the tuiigcuts at these points lie AltC-^ tho'e (wo 
tiionidsB bhing homologous, then tlic Hessian of the binary cubic dricrtoincH tlie 
parameters of the two points whme the axis of homology of tluxe triangles meets 
the ednie } slid the oubJo oovariant determinea ilic parauieU ch of tbc tinee points 
where Hii0S Aa, Bbf Co meet the conic. In like manner, if tbcio be four points 
thosextib'Ohvarian.tQf ■the quailic detenniuing thiir paiameteiN, gives the panumteis 
ol !Lhe|^^llt|l n^hmwUie conic is met by the sides of the triangle whuso vertices are 
Ihe rip^ b^\fUit be, 

TO DliSORlBB A COXIC I N OLR VlVC OoXDITlOVS, 

188) that dvq condfttona detcimmo a conic,* we can, thtiefuic, in 
t A conic budng giyen m pi^to and » tangeuto whue w 4 n - 8. Wu 


fgtn&ai 




K0TK3. 


;^8d 

shall not Ihink it 'M'orth while to treat aeporatoly the cases' where any of these ate at 
I an injfinite distance, for which the constructions for the general case only to 

be suitably naodiliedi. Thus to he given a paToUel to an asyni^ott is eifuivalent to o&e 
condition, for we are then given a point of the curve, namely, the point at h^nl^ on 
the given parallel. If, fur example, we were required to deserihaa conic, gfvd^^ur 
point<« and a parallel to an asymptote, the only change to he made in the oonstmetioa 
(Art. 20!>) is to suppose the point S at infinity, and the lines i>.£, QB thar^ote drawn 
paiallcl to a given line. 

To be given an asymptote is equivalent to two conditions, for we axe then given 
a tangent and its point of contact, namely, the point at infinity on the given 
asymptote. To be given thcct tho curve is a parabola is equivalent to ooe fjondition^ 
for we are then given a tangent, namely, the line at infinity. To ha ghrmr'Mot ^s 
curve U a circle is equivalent to two conditions, for we are then given two p^ts oI 
the curve at infinity. To be given a focue is equivalent to two conditlrdiis, for "9(0 are 
then given two tangents to the curve (Art. 268a), or we may see otherwise that tbs IhOQB 
and any three conditions will determine the curve; for by taking the focus as origin, 
and reciprocating, the problem becomes, to describe a circle, three conditions being 
given; and the solution of this, obtained by elementaiy geometry, may be again 
rccipiocatcd for the conic. The reader is recommended to ooustruct by this method 
the directrix of one of the four conics which can be described when the focus and 
three points are given. Again, to be given the pole, with regard to fhe oonic, of any 
girmrif/ht hne, is equivalent to two conditions ; for three more will detettame the curvei. 
For (see figuio, Art. 146) if we know that P is the polar of and that T is a 

point on the curve, T\ the*fourth harmonic, must also he a point on the curve; or 
if 07’ bo a tangent, OT' must also be a tangent; if then, in ad<1ition to a line and its 
pole, wo are given three points or tangents, we can find tliroe more, and thus determine 
the curve, iicnco, to be given the centre (the pole of the line at infinity) is equivalent 
to two conditions. It may be seen likewrise that to be given a iwint on the polar of a 
given point i& equivalent to one condition. For example, when we are given diat the 
cm VO is an equilateral hyperbola, this is the same as saying that the two points 
at infinity on any oiicle he each on the polar of the other with raspect to the curve. 
To bo given a self-conjugate triangle is equivalent to three conditions; and when 
a self'Conjugate triangle with regard to a iiatabola is given thiec tangents oie 
given. 

Givenfve poinU,—"We have shown, Art 2C9, how hy thornier alone W’C may deter¬ 
mine as many other points of the curve ns wc plcuser Wo may also find the polar 
of any given point with regard to tiie onrvu; for by the help of the some Article wo 
can ficrform the constrnction of £!x. 2, Art. 146. Hence too we con find the pole 
of nny line, and therefore also the centre. 

Five tangents.—‘"Wa may either recipiocate the construction of Art. 26D, or icdnce 
this quct.tiou to the last Ex. 4, Art. 268. 

Four points and a tangent,—a have aheady given one method of solving tbta 
question, Art. 815. As the problem admits ol two solutions, of course wo enunot 
ex))ect a cousUuction by tbo ruler only. Wc may iherefore ai>ply Camoi'n tUeoicm 
(Art. 313), 

Ac . A&, Ba. Ba '. Cb . Cb' — Ab. Ab\ Be . Bd . Ca . Co*. 

T.et the four points a, o', b, V be given, .and let AB be a tangent, the points e, o' will 
coineule, and the equation just given di tormines the ratio Ac* t Be*, everything disc in 
the c quntion being known. This question may also be reduced, if w« l^ldqsE^ to riiose 
which follow; for given four points, there ate (Art. 282) three points wl^se pdlaiB are 
;^>ivcn; having also then a tangent, avc can tod three other tangettta immediately, 
aud thus have four points and four tangents. * 

Four tangerds and apoint.—TioB is either reduced to dbe last hy ns^procation, or 
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1 iy uethod jn«i described; forgive four tangenti^ there ore three points whose 
polsrittffee Kiven (Art 14d}. 

TSree potitf* and two {tmyento.—It is a particular cose of Art 844, that the pur of 
poiirta any line meets a conic, and where it meets two of its tangents, belong to 
a in imrolutton of which the point where the line meets the chord of contact is 

one of the fod. If, thereftwe, the line joining two of the fixed ftdnts a, d, be cut by 
the two tangmta in the points A, the chord of contact of those tangents passes 
fbton^'ORe or other of the fixed points F, P, the foci of the system {a, b, A, B), (sec 
Ex. Art. 288). In ISce manner the chord of contact must pass through one or other 
of two fixed points G, C on the line joining the given points a, c. The chord must 
thmvfilfre he one or other of the four hues, FG, FG\ PG, PG' ; the problem, tbere- 
fme^' hfie lonr tolutions. 

fkttbjKtfHtt aad three tat^efds.—The triangle formed by the three chords of contivct 
has iia xertiMa resting one on each of the tiiree given tangents \ and by the last caso 
the dSSes pass mch through a fixed point on the line joluiug the two given points; 
thonldo this triangle can be constru' ted. 

To be given two points or two tangents of a conic is a particular case of being 
given that the conic bos double contact with a given conic. For the problem to 
describe a conic having double contact with a given one, and touching three lines, or 
else passing through three points, see Art, 828, Ex. 10. Having double contact with 
two, and passing through a given point, or tonuhing a given line, see Art. 287. Having 
double contact with a given one, and touching three other such conics, sec Art. 
887, Ex. 1. 

41 

05 8T8VBMB or COXICB 8ATT8VTINO FOtTR COKDITIONB. 

If we are only given four conditions, a system of different conics ran be described 
satisfying them all. The properties of systems of curves, satisfying ono cundition 
less than is sufficient to determine the curve, have been studied by De Jonquidrus, 
Chasles, Zenthen, and Cayley. Beferencos to the original memoirs will be found 
in Prof. Cayley’s memoir (Pkif. TYans., 1867, p. 76). Here it will be enough bucfly 
to state a few results following from the application of H. Chasles' method of 
characteristics. Let /i be the number of conics satisfying four conditions, which 
pass through a given point, and v the number which touch a given line, then ft, y 
are said to be the two cbaracterUtiea of the system. Thus the cliaraclcristics of 
a system of conics passing through four points are 1, 2, since, if we are given an 
additional point, only one conic will satisfy the five conditions we shall then have; 
but if we are given an additional tangent two conics con be determined. In’like 
manner for three points and a tangent, two points and two tangents, a point and 
three tangents, four tangents, the characteristics are respectively (2, 4), (4. 4), (4, 2), 
(2,1). We can determine a priori the order and class of many loci connected witli 
the system by the help of the principle that a curve will be of the order, if it meet 
an arbitrary line in n real or imaginary jwints, and will be of the n*" class if tUrongli 
on arbitrary point there can be drawn to it n real or imaginary tangents. Thus tlio 
locus of the pole of a given Hue with respect to a system whose characteiistica ore 
tt, V, will be a curve of the order y. For, examine in how many points the locus can 
meet the given line itself. When it does, the pole of the line is on the line, or 
the line is a tangent to a conic of the system. By hypothesis this can only happen 
in V cases, therefore v is the degree of the locus. This result agrees with what has 
been alxiMM^ fi>und in partibolar cases, as to the order of locus of centre of a 
conic tI|i^!bn|^,fonr points, toaohlng four Hnes, Ac. In like manner let us investigata 
the otder of tbolocds of tho fod of conics of the system. To do this let us generalize 
the question, by the help of the conception of foci explained Art. 258o, and we shall 
see that the problem is a particular case of the following: Given two points A, B 
to find the order of ^the Him of the inlemeoriou of either tangent drawn from A to 
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A 


^ comift of tho vritib one of tho tangei^ jravrai B; ^ exammo ts 

bow looiQr points the locus con meet Ibe line AB\ ahil we at oi^^^thet If ^pofot ' 
of the lucB« he on AB^ this hue must be tk umgeht to the ^ CfettrtiigpJh^ tD^7 ‘ 




oonio totu^lng 4B ih a point Tt then the tougeat ^T'meeto Um ^ ^ 

point T, which Cs tfaemfoce on the loons; end Kkowise the tan^t ih^ the 
second tangent from B in the point B, and tho tangent BT netto' the s^opnd taingcnt 
from A in the point 4* Hence every conic whiidi tonobeg 4^ gitet thipe p(^ts 
pf the locus on AS, The order of the loons is thetefb^ 8&a&d4,aQd B^a^eucdi 
multiple points of the order v. Thus the locus of foci of donh^ touching four Ijnes 
is a cubic passing thnn^gh fhe two circular points at infinity* If Ohgi^ ^'bon* 
ditions be that all the conics should touch the hhS AS, then It 
any transversal throngb A is met by the locus in » points distinct 
A it>«l{ also counts for v ; hence the loOus is In this ease only of 
ib therefore the ord^ of the locus of fod of parabolas sattsfying ^ < 

An important priuciple in these investtgations is that if two" FUnaM Jl| 
light line so correspond that to any position of the point A omtespoi^et^pMtioaa of 
A% and to any position of A’ correspond » positiona of A, thmi in |n4v» 
and A' will comcido. This is proved as in Arts. 886 , 840. bet the 'line^on \|rhjMh 
A, A* lie be taken for axis of x ; then the abscissss x, »' of thgee two axe cOn-' 

necied by a certain relation,’ which by hyiiothcsts is of the ih a' and 

the m X, and will become theebfore on equation of the degree if we 

make x — 7f. . ^ i. 


To illustrate the applioalto of this principle, 1st us txwAne the order of the locus 
of points whose polar with respect to a fixed conic is ^ Sabre as that with respect 
to some sonic of the system; and let us enquire how many poiiits of tihe locus can Ue 
on a given line. Consider two points A, A' on the linc^ Spep. that the pdar of A 
vitk lOhpect to the fixed conic coincides with tho polar of A^ with rcspcol tO a conic 
of tlic sysU‘ui, and the problem is to know in how many oases «t and A* can coincide. 
^ )\v first if 4 be fixi d, its jiolar with respect to the ^ed conic is fixod; the locus 
of poles of this last line with respect to conios of the system, is, by the fimt theorem, of 
the order v, and tlioicfoic dctci mines by its intersections with the given line v positions 
of 4'. Secondly, ex.imine how many positions of A correspond to any fixod position of 
A’. By tho incipiocal of the first thooiom, the polaxs of A* with respect to conics of 
the system, envelope a curve whose olaea is |i, to which tlierefore ju tangents can bo 
drawn through the pole of the given lino 44' with respect to the fixod conic. It 
follows then, that /x positions of A coiiespond to any position of 4'. Hence, in /t + v 
cases the two coincide, and this will be the order of the requited locus. 

Hence we can at once dcbeimino how many conics of the system can touch a fixed 
conic : for the point of contact is one which has the- same jiular with respect to the 
fixed conic and to a conic of the system; it is therefo^ije one of tho intersoctions ol tho 
lived conic with tho locos lost found; and theie may evidently be 2 (/a+ v) such 
iiitct sections. Wo have thus the number oonlcs which touch a fixed conic, and 
satisfy any of the tysteras ol condition*!, four points, thiee pohits and a tangent, two 
pojnis and two taagruts, &o., the numbers bciug icspectivcly 6,1*2,16, t?, 6. Biora 
these numhen again we find tlio cbarocicristics of the system of conics whi^ iiouch a 
fixed conic and also satisfy tluee other conditions, thiee points, two ptfiltts and a 
tangent, die,; these chaxaotonstica being respectively (6,12), (12,16), (tfii. 1%, (1^, 6). 
W*e find hence in the some manna the number of conics of the ryijttcms 

V huh will touch a second fixed eonic, to be 86, 56,56, 86. Attd thus 4^0 have 
the cluuacteritUos of system^ of comes touching two fixed conics, suill'hl^^t^itl^ng 
the conihtions two points, a point and a tangent, two tofigeotaf via, 

(.'>6,36). In lUeq mnuiior we have the xiumher of conies of these 

winch wnll touch a bhlid fixed conic, ypi, 16|, 224, 194. The chata^firisdiXl then 

<;f tlie systems three conics and a OQlttlst eufi a llhfi hie (164, ^4)*, 
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K94, J8i). ^tjndtSheQUi^lifinol til^ewtotoa<di a fomth arc m each cxbq 

816^ 80 ii»t that Qi4 mmitsoi of eoaSu wtut^t can Vie do<i< nbed to 

3l^c Stalls I refer to ihC memoirs alrt i ly 

Citei^ ''SM only In ceptofiitton tiiat (i emucs of any sytitom reduce to 

apa&irf ])be0,aod!^«.iF(iolkpfdvofpomta. ^ 

MttOBLLARBona Notes. 

(I** A.rt 288, p. 207* In connecUon with the determinant form hero •pivjn 
It Btsted thnt the condiiicin tint the intentction of U\u lines \x + ny-r u , 

lio on the conic, is the railishing oi tiu. dulummaut 
]a,A,p, \,X' 

A> i i/» h /*' 

»/1 c, i», w' 

X ft, V, 

^ •'^1 * 

•A (2) Alt ||$8 ,Ek tft,p817 Adi Tithor tnoloi eornbmod vi th '/> im/TWp"i-p/"_0 
0voa a iSRul^of the fmm \fi + ftp + s 0, n heic X + /< 4- </ — 0, whu h ic.prtst.uU 
a cuive of ^ bhipi decree 

(8)« Ajft 872, p 877* The disciuuinatum of the cases of four icit and foux 
imaginary points has heen made hy Heiumoi (Giessen, 187h) His itsult u that if 

D 3 27A»A'» - 4A©'^ - 4A'©’, 

Z «a 2 (S'* 8A'e) £ *- (®& - 9AA') ♦ + 2 (©« - 8A©) 

Mst i {/;* - («&* - 4E£') D], 

NaD {A'^2» - A'0^E« + (© ® - 2A'©) Z*l' 

+ A ©i t* + (©" ~ 2A©) li, i - AAV 

+ A©'<I> £' - A©4iS • 4" A^Z (©(b» - 8AA0 ZE'h}, 

We must hare D and if posiUTS, Z and N nogativp, m ordor to have four real pcinta 
of intctpcction 

I odd a selection from some mil cell ineous notes which bsl licen soot me at 
ratious tunes by Mcssis Bnmside, W ilkei, and Cathcart, to bo used wluii a ncic 
edition wqo called foi, but which I did not remember to inbut lu then proper place 

(t}B Art 231, Ex 10 If the normals at four points nuet m a point, thur 
eccenti ic antJ ■» aie connected by tho lelation a4*yl + y4-d“ {im ‘r 1) w Ifeiice (see 
Alt 214, lix 1} the ciicle thronidt the f et of three of iho noinials from auy point 
poises tbiougU tlie pomt on the come opposite to the fouxtb poiut 

(5) B If 1* 2, 8, i bo the feet of four normals from a point, and i ij douoto tl e 
eemi diameter poialld to the chord 12, then ■) i V " a* 4* 6 . 

2 Jf— S'A) 

(6) Br Art. ICO, Fx 3 To any rdctangular axes, tsix/i '• p , whac P 

has the Same meaning is in \it *73 If the cooidtnitcs be tnhneai, the right hand 
side IS multiplied b^ jI/, which is the value of j, siu 1 h y sm Bps sui C 

y 2TT Jf- S) 

d?).®}*' Itf tangeats be diawn fiom the pole of ax4'/J/4 yz t in *p = I. aQ * 

y^X\k have the same meaning as in Art 882, O is the quantity representuig 

mrcal ii points at viz. 

+ cosA Zyn cos S —< 2afi cos C j 
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(^e comMion that ca}'t‘fy+ yz, aad the line at infinity should b 

conjugate, or 

‘tIssiloBlni4 + J?/3 8inJ9+CVsitt<7+/’{/JBin<7+yBin£) + (?(y aln>l -i-atiikC) 

'f i? (a sin J3 + /9 tdn J), 

As a particular case, the angle belweeu the asymptotes, for which 0 s 0, £ = O s Ite 

IS Dsn ^ ' ■ 

w 

(A) B. The length of the chord intercepted on any line is given by the two, 
following equations, p being the parallel senu-diamoter: 

P et P -£0* 

^«’=errTr*» p4 = if^- 

Compare Art. 231, Es. 15. 


(9) B. If n = Aaa' + .P/3/3' + Cyy' + F (fiy* + ^y) + <7 (yo^+y'a) + S (a^+ 
the .Tiicobian of IT, £, ^ is a parabola touching a'ji; + /3'y + y's - 0, the normals Where 
tins line meets the conic, and the tw'O axes. 


(10) B. The area of a triangle circumscribing a conic is 



(11). The squares of the <temi-.ixes of the conic are given by the qnaditttio 

J2105 + + jIfW = 0. 


(12) . The equation of a conic circumscribing a triangle, of which a, 5, c axe the 
sides and 5', 5", 5"' the aemi‘diameters parallel to them, is 

^ ®y = O' 

(13) W. Tlie area of the triangle formed by the polara with respect to an ellipse of 

points P, Q, It, is {QOJt) is the area of the triangle 

formed by F, Q, and the centre. 

(14) W. If P, Q, E be the middle points of the sides of a circumscribing triangle, 
and a, /3, y the eccentric angles of the point of contact, (QOJt) =■ %ab ton ^ (/3 — y). 
From this expression can easily be deduct Faure’s theorem (Art. 381, Ex. 12). 

(16) G. The relation (Art. 888a) is a portieular case of the following connooting 
the oovaviants of three conics: 

4AA'A"f7FiV’+ F,Fjr^ - - A'FP,* - A"W,* = 7», 

where /:? 0 denotes the locus of the point whence tangents to the three conics are ia 
involution (see Art. 886e). 


(16) C. Art. 883, p. 852. The expression in the trilioeaz equation of the directov 
circle there given, may be written 

- [L* + AT* + AT* - 2AfJ\rcos A - 2NL cos B - 2Z3f cos Bj, 

Lszax + hj/+ff», M — ?tx +by +/s, ATs= +/y + os. 


where 
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Angtei. 

tw<^ lines wh^ae Cartesian 
‘ ^equatims are given, 21, 22. 
tot'^linear equations, 60. 

' between two lines given bjr a single 
•equation, 69. 

between-two tangents to a conic, 166, 
1^, 212, 213, 2U9, 391. 
between two conjugate diameters, 169. 
between asymptotes, 164, 392. 
between focal radius vector and tan* 
jKenV 130. 

Bubtended at focus by tangent from 
any ^nt, 183. 206. 

Bohtunaed at Htnit points of system of 
circles, 29l. 

theoi-cRiB respecting angles subtended 
at focus proved by reciprocation, 284, 
by spherical geometry, 331. 
theorems conceniing angles how pro* 
jeeted, ^21, 323. 

Anharmomu ratio, 295. 

fundamental theorem proved, S.l. 
what, when one point at infinity, 295. 
of four lines whose equations are 
given, 56, 305. 

property of four points on a conic, 
210, 2.52, 288, .918. 
of four tangents, 2.52, 288. 
of three tangents to a parabola, 299. 
these properties developed, 297. 
properties derived from projection of 
angles, .921. 323. 

of four points on a oonic when equal 
to tliat of four others on same 
conic, 252. 

on a different conic, 252, 308, 
of four points equal tiiat of their 
polars, 271. 

of four diameters equal that of their 
conjugates, 302. 

of segments of tangent to one of thi-ee 
conics having double contact, by 
other two, 819. 

Apollonius, 328. 

Arc, 

line entting off constant are from 
curve where met by its envelope, 374. 
theorems concerning arcsof conics, 377. 

Area, 

of a 'pdygf:^ in terms of coordinates 
of ite vertices, 81,130. 
of a triangle, the equations of whose 
Sidra are' given, 32, 130. 

' of triangle inscribed in or cirenm* 
scribliig a oouic, 212, 220, 891. 


Area, 

of triangle formed three normals, 

220 . 

constant, of triangle formed by join* 
ing ends of coujugato diameters, 
159, 169. 

constant, bofcweon any tangent and 
asymptotes, 192. 

of polar triangles of middle points of 
sides of iix(^ triangle with regard 
to inscribed conic, 351, .992, 
of triangles equal, formeii by drawing 
from end or each of two diameters 
a parnllul to the other, 173. 
found by infinite-simols, 871. 
constancy cut fmm a conic, by tangent 
^ to similar oonic, 378. 
line cutting off from a curve constant 
area bisected by its envcloxie, 374. 
of common conjugate triangle of two 
ccoicB, 302. 

Asymptotes, 

defined as tangents through centre 
wliose {Mints of contact are at in¬ 
finity, 15.5. 

are self-conjugate, 167. 
are diagonals uf a jwallelogram whose 
sides are conjugato diameters, 190. 
general equation of, 272, 310. 
and {jiiir uf conjugate diameters form 
harmonic pencil, 296. 
portion of tangent between, bisected 
by curve, 191. 

e({uiil inlerccpts on any chord between 
curve and, 191, 312. 
constant lengtii intercepted on by 
chords joining two fixed points to 
variable, 192, 294, 298. 
parallel to| how cut by same chords, 
298. 

by two tangents and their chord, 
298. 

bidccted between any point and its 
polar, 295. 

parallels to, through any point on 
curve include constant area, 192, 
294, 298. 

how divide any semUdiameter, 298. 

Axes, 

of conic, equation of, 156. 
lengths, how found, 158, 392. 
conatnictcd geometrically, 161. 
how found when two c(jujugate dia¬ 
meters am given, 173, 176, 
of reciprocal curve, 291, 
axis of puraljoU, 196. 

EE R. 
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Axes, 

of nitnilitade, 108, 224, 282. 
tadical, 99, 127. 

Bisectors of angles between lines g^ren by 
a single cquatipn, 71. 
of sides or angles of a triangle meet 
in a x>omt, 5, 84, 54. 

Bobillier on equations of conic inscribed in 
or uircuinscribing a triangle, 120. 

Boole on invari.'int f anctions of coefficients 
of a conic, 159. 

Brianc*hon’=i theorem, 244, 280, 381. 

Bui'iibide, thennjms or proofs by, 80, 220, 
221, 242, 24G, 237, 272, 842, 391. 

Carnot, theorem of transversals, 289, 318, 
388. 

Cartepijin, equations, n case of trilinear, 64. 

Oa«cy, theorems by, 113, 127, 135, 338. 

Catlicart, tlioorouis by, 129, 132, 391. 

Cayley, theorems and proofs by, 134, 342, 
350, 358, 379, 381, 389. 

Centre, 

of mean i^osition of given points, 50, 
of homology, 59. 
radical, 90, 282. 
of simiULude, 105, 221, 282. 
c')ords joining eiula of radii through 
c.s. mc'cton radical axis, 107,224,200. 
of conic, coordinates of, 143, 153. 

>olo of line at infinity, 155, 296. 
low foimd, given five points, 247. 
of system in involution, 308. 
of curvature, 230, 376. 

C'li.iPloR, theorems by, 295,300,304,377,389. 

Cliord of conic, pcrpoudicular to Hue join' 
ing focus to its pole, 183, 821. 
which tonclics confocal conic, proiior- 
tional to sqnaro of parallel semi* 
diameter, 212, 221, 391. 

Chords of intersection of two conics, equa¬ 
tion of, 334. 

Circle, equation of, 14, 75, 87. 

tangential cqiuitiou of, 120, 124, 128, 
288, 385. 

trilinear equation of, 128. 
pa.sses throngli two fixed imaginary 
points at infinity, 238, 32.). 
ciroinnscribing a triangle, its centre 
and equal ion, 4, 86, 118,130, 288. 
inscrilied in a triangle, 122, 288. 
having triangle of reference for sclf- 
conjngate triangle, 254. 
through middle points of sides (see 
Feuerbach), 86, 122. 
which cuts two at constant angles, 
touches two fixed circles, 103, 
touolung three others, 110, 114, 135, 
291. 

cutting three at right .angles, 102, 130, 
361. 

or at a constant angle, 132, 
cutting three at same angle have 
common radical avis, 109, 132. 
cirouinsciibing 1 rinnglo formed by 
thix30 tangents to a parabola, passes i 
throughfbeus, 207,214,274,285,320. j 


Circle obcnrascribing triangle formed by 
two tangents and chord, 241, 870. 
circumscribing triangle inscribed in a 
conic, 220, 333, 

drcamscribing. or inscribed, in a self- 
conjngate triangle, 341. 
circumscribing triangles formed by 
fonr lines meet in a point, ML - 
when five lines are ^ven, raff five 

' such points lie on a circle, 247. 
tangents, area, and arc found by in> 
finitesimals, 370. 

Circumscribing triangles, six vertices of 
two lie on a conic, 320,381. 

Claas of a curve, 147. 

Common tangents to two circles, 104,100, 
2G3. 

to two conics, 344. 

their eight points of contact lie on a 
^ conic, 345. 

Condition that, 

three points shonld be on a right 
line, 24. 

three lines meet in a point, 32, 34. 
four convergent lines should form 
harmonic pencil, 56. 
two lines slrould be perpeudicular, 
21, 59, 3.54. 

a right lino should pass through a 
fixed point, 50. 

equation of second degree should re* 
present right linos, 72, 149, 153, 
155, 266. 

a cirolc, 75, 121, 852. 
a paralMla, 141, 274, 352. 
an equilateral hyperbola, 169, 352. 
equation of any degree represent right 
lines, 74. 

two circles shonld be concentric, 77. 
four points should lio on a circle, 86. 
intercept by circle on a line biroiild 
subtend a right angle at a given 
point, 90. 

two circles should errt at right angles, 
102, 318. 

that four circles should have common 
orthogonal eir’cle, 131. 
a lino slionld touch a conic, 81, 152, 
267, 310. 

two conics should bo similar, 224. 
two conics should tonch, 336, 356. 
a point sltonld be inside a conic. 261. 
two lines should be conjugate with 
re-ipcct to a conic, 267. 
two pairs of points should bo harmonic 
(xmjngiitcs, SU5. 

four points on a conic should lie oir a 
circle, 229. 

a line be ent harmonically by two 
conics, 306. 

in involution by three ooirics, 363. 
three pairs of linos touch same conic, 
270. 

three pairs of points form eystem in 
involution, 310. 

a triangle may be insorlbed in one 
conic and ciicumsoribed to another, 
342. 
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Condition tbat, 

that two lines ^ould intersect on a 


conic, 391, 

a triangle sclf*conjugate to one may¬ 
be insctibeil or circumscribed to 
another, 340. 

three conics have double contact with 
same conic, 359. 
have a common point, 3f>5. 
n)^y include a perfect squ.arc in their 

lines joining to vertices of triangle 
points where conic meets sides 
should form ta’o sets of tUine, 351. 

Cone, sections of, 32G. 

Qonfocal conics, 18G. 

Cut at right angles, ISl, 29J, 322. 
may be oousulei-cd os inscribed in 
^amo quadrilateral, 239. 
most general equation of, 353. 
tangents from point on (1) to (2) 
equally iuclined to tangent of (i), 
182. 

fK>le with regard to (2) of tangent to 
(1) lies on a normal of (1), 2U9. 
used in finding axes of reciprocal 
curve, 291. 

in finding centre of curvature, 376. 
proijcrties proved by reciprocation, 201, 
length of arc intercepted beiweon 
tangent from, 377. 

Conjugate diameters, 146. 

their lengths, bow related, 159, 168. 
triangle included by, lias constant 
area, 159, 1G9. 

form harmonic pencil with asynip* 
totes, 296. 

at given angle, how oonstracted, 17J. 
construction for 218. 

Conjngatc hyperbolas, 165, 

C»nj ugate lines, comlilions for, 267. 

Couj Agate triangle^, homologous, 91,92. 

tlojit nuity, principle of, 325, 

Co variants, 317. 

Criterion, whether three erjuations repre¬ 
sent liiie.s meeting in a point, 3i. 
whether a point be within or without 
a conic, 261. 

whetbor two conics meet in two real 
and two imaginary ijointw, 337. 

Curvature, radiu.s of, expreastons for its 
length, and construction for, 228,37a. 
circle of, e(iuntion of, 234. 
centre ot, coordinates of, 230. 

Dc Jonqiiidres 383. 

Determinant notation, 129. 

DiagonaLs of quadrilateral, 

middle points lie iu a line, 26, 62, 216. 
ciroles described on, as dutnicters, have 
common radical axis, 277. 

Diameter, jpolac of point at infinity on its 
ooofugiiteu '296. 

Director circle, 2(i9, 352. 

when four tangents are given, have 
common radical axis, 277. 

Directrix, 179. 

of parabola, equation of, 269, 352. 
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Directrix of parabola is locus of rectangular 
tangents, 205, 269. 352. 
passes through intersection of iwr- 
peudicu1ai*!> of circiim.-xTibing tri¬ 
angle, 212, 217, 275, 230, 342. 

Discriminant defin^, 266. 

method of forming, 72, 149, 1.5.3, 155. 

Disbince between two imints, 3, 10, 133. 

Distance of two points from contie of 
circle proportionnl to dioluncu of 
eacli from polar of other, 93. 
when a rational function of coonli- 
notes, 179. 

of fonr points in a plane, how con¬ 
nected, 134. 

Double contact, 228, 234, 346. 

equation of conic having d. o. w’ith 
two utiiers, 262. 

tangent to one cut harmonically by 
other, and chonl of cont act, 312,319. 
properties of two conics having d. c. 

with a third, 242, 282. 
of three haring d. c, with a fourth, 
243, 263, 281. 

taTigoutiiil equation of, 355. 
condition two should toucli, 856, 
problem to describe one such conic 
touching throe others, 356, 358. 

Duality, principle of, 276. 

Eccentric angle, 217, dsc., 243. 

in terms of corresponding focal angle, 

22 (». 

of four points on a circle, how con¬ 
nected, 2^9. 

Eeceutvicily, of cunio given by general 
eqiiiitiou, 164. 

depends on angle between asymp¬ 
totes, 161. 

Ellip«(', origin of name, 18G, 328. 

mechanical description of, 178, 218. 
an'a of, 372. 

Envelope of 

luie wlio.se cqmirion involves indetcr- 
miiiates m siroiid dcgiw, 2.’)7, ito. 
line oil which sum of i»orj)ciidi«:iihira 
from several fixed points is con¬ 
stant, 95. 

given jvroduct or .sum or difference of 
squares of {HuiKmdiculurs from two 
fixed points, 259. 

ba^c of triangle given vertical anglu 
and ftinn of .^idcs, 260. 
whose sides pa.«s tlirongli fixed points 
and vertices movu on fixcil lines, 
259. 

and inscribed in given conic, 250, 280, 
319. 

which snbtonds constant angle at fixed 
iwint, two sidc.s being given in 
iHisitiori, 284. 

polar of fixed pr»int with regard to a 
conic of wliich four conditions are 
given, 271. 2S0. 

polar ol I'l'ulrc of circle touching two 
given, 291. 

chonl of conic, subtending coasUiut 
angle at lirvo-l iioiiit, 255. 
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Envcloi)c of 

perpendicnlor at extremity of radios 
veiitor to circle, 205. 
asymptote of hyperbolas liaving same 
fccus and diit.etrix, 285. 
civcn llin.'e points and other asymp* 
tote, 272. 

lino joining corresponding points of 
two homographic systems 
on difTetont lines, 302. 
on a conic, 253, 303. 
free side of inscribed polygon, all the 
rest passing through &ed points, 
230, 301. 

base of triangle inscribed in one conic, 
two of whose sides touch another, 
849. 

leg of given anharmonic pencil under 
different conditions, 324. 
cllii)se given two conjugate diameters 
and nv\m of their siiuares, 2G0. 

Equation, its meaning w'hen coordinates 
of a given point are substituted in 
it; for a right line, circle, or conic, 
29, 84, 128, 241. 

ditto for tangential equation 384. 
pair of bisectors of angles between 
two lines, 71. 

of radical axis of two circles, 98,128. 
comnnm taugeuts to two circles, 104, 
100, 2(53. 

circle through three potnU, 86, 130. 
cutting three circles orthogonally, 
l(»2, 130. 

tovcliiug three circles, 114,135, 359. 
inscribed iir or circumscribing a tri¬ 
angle, 118, 126, 288. 
having triangle of reference self- 
conjugate, 254. 
tangential of circle, 129, 384. 
tangent to circle or conic, 80,147,264. 
polar to circle or conic, 82,147, 265. 
pair of tangents to conic from any 
point, 85, 149, 269. 
where conic meets given line, 272. 
asymptotes to a conit', 272, 840. 
chords of intersection of two conics, 
334. 

circle osculatinc conic, 284. 
conic through uve points, 233. 
touching five lines, 274. 
having doable contact with two given 
ones, 262. 

having double contact with a given one 
and touching tlirce others, 356. 
through three points, or touching three 
lines, and having given centre, 267. 
and having given focus, 288. 
reciprocal of a given conic, 292, 318, 
356. 

directrix or director circle, 2G9, 352. 
lines joining point to intciseoliou of 
two curves, 270, 307. 
four tangents to one conic where it 
meets another, 349. 
curve parallel to a conic, 887. 
evolute to a coni(^ 231,338. 

•Tacobian of three coni(M, 360. 


Equilateral hyperbola, |66. 

•general condition for, 852.. 

given thiee pouits, a fourth b given. 

- 215,290,321. ' . , ^ 

circle citcumsciibiug self-conjugate' 
triangle posses through centre 215b 
342. 

Euler, expression for distance between 
centres of inscribed and ciiconi'* 
scribing circles, 3<I3. 

Evolutes of cotiics, 231, 888. c 
Fagnani’s theorem on arcs of conies, 378C ' 
Faure, thoorems by, 341, 351, 392. 
Feuerbach, relation connecting four points 
on a circle, 87, 217. 
theorem on circles tonching font lines, 
127, 313, 359. 

Fixed point, the following lines pass 
through a 

coefficients in whose equation are con¬ 
nected by relation of first degree, 50. 
base of triangle, given vertical angle 
and sum of reciprocals of sides, 48. 

, whose sides pass through fixed 
points, and vertices move on three 
converging lines, 48. 
line sum of whose distances from fixed 
'‘'^ints is constant, 49.^ 
polar of fixed point Avith respect to 
circle, two points given, 100. 
with respect to cuiiic, four points 
given, 153,271, 281. 
chord of intei'scction Avith fixed centre 
/ of circle througti two points, 100. 
of tAvo fixed linos with conic through 
four points, one lying on each line, 
302. 

choid of contact given two points and 
two lines, 262. 

choid subtending right angle at fixed 
point on conic, 175, 270. 
when pix}dnet is constant of tangerAa oi ~ 
parts into which normal divides 
subtended angle, 175. 
gh'cn bisector of angle it subtends at 
fixed point on curve, 323. 
pevpeudwalav on its polar, from point 
on fixed perpendicular to axis, 184, 
Focus, sec Contents, pp. 177—190, 209-212. 
infinitely small cux'lc huAOng double 
contact with conic, 211. 
intersection of tangents from two fixed 
imaginary points at inlinity, 239. 
equivalent to two conditions, 386. 
coordinates of, given three tangents, 
274. 

when conic is given by general equa¬ 
tion, 239, 353. 

focus aud directrix, 179, 241. 
theorems concerning angles subtended 
at, 284, 331. 

focal properties investigated by pro¬ 
jection, 3'20. 

focal radii veCtozes from any point have 
equal difSeirence of reciprocal, 212. 
line joining inteiscctions of focal nor¬ 
mals and tangents passes through 
other focuS) 211. 



INDEX. 


.397 


Focus, 

locas of, {^ven three tnnjrcnta to a 
. parabola, 207, 214, 274, 286, 320, 
given four tangents, ‘275, 277. 
given four points, 217, 288. 
given tbi^ tangents and a point, see 
Ex. 8, p. 288. 

of section of ri^ht cone,hotr fonnd, 331. 
of systeme in involution, 309. 


Oanltfer of Tours, 99. 

^rgonne, on oiicle touching three others, 
11 ». 

Gordan, on number of concomitants, 8G3. 

Graves, theorems by, 333, 877. 

Hamilton, proof of Feuerbach’s theorenv'' 
313. tjr 

Harmonic, section, 53. ^ 

what when one point at infinity,''1|96. 
properties of qxtat.lrUateral, 57, 
property of poles and polors, ^148, 
295, 297, 318. W 

pcncU formed by two tangeniF and 
two co'polar Imea, 148, 298. F 
by asymptotes and two cojigugate 
diameters, 296. / 

by diagonals of inscribed and circum¬ 
scribing qnadrilateral, 242, 
by, choitis of contact and mmnton 
chords of two conics havingdouble 
contact with a third, 242. ^ 
properties derived from projecton of 
right angles, 321. 
condition for harmonic penci^ 305. 
condition that line shouh' fie cut har¬ 
monically by twpcDnicfl, 308. 
locus of poinh whence tangents to two 
.^untes form a harmonic pencil, 308. 

Hart, theorems and proofs by, 124, 128, 
127, 283, 378. 

HaVvey, theorem on four circles, 132. 

lleame, mode of finding locus of centre, 
given font condition.^, 207. 

Hermes, on equation of conic circum- 
sci thing a triangle, 120. 

Hesse, 381. 

Hex.'i^)n (see Brianchon and Pascal), 
property of angles of circumscribing, 
270, 289. 

Homogencons, cqu.'itions in two variables, 
meaning of, 87. 

' trilinear equations, how made, 84. 

fiomographic systems, 57, 63. 

criterion for, and method of forming, 
304. 

locus of intersection of corresponding 
lines, 271. 

envelope of line joining oorrestionding 
points, 302, 303. 

Homologous triangles, 59. 

Hyperbola, origin of name, 186, 328. 
area of, 373. 

Imaginary, lines and points, 69, 77. 

. circular points at infinity, tangential 
equation of, 352. 

every line through citlicr pcipcn- 
dicolax to itself, 351. 


Infinity, lino at, of. fit. 

touches 2:55, 21)0, 329. 

centre, j)ol45 of, 155, 290, 

Inscription m conic of tvian^lo or polygon 
whose aides pass tUrougn fixed 
lX)iQts, 250, 273, 2«I, 307, 

Intercept on cboixl between curve and 
jLsymptotes equal, 191, 312. 
on as^^'uiptotes constant by linos join¬ 
ing two variable points to one fixed, 
192, 291, 298. 

on axis of parabola by two lines, equal 
to projection of distunee between 
their polos, 201, 294. 

Intercept on parallel tangents by variable 
tangent, 172, 287, 299, 385. 

Invariants, lot), 335. 

Inversion of curves, 114. 

luvolutiou, 307. 

Jacobian of three conics, 3G0, Ac. 

Joachiinathal, 

relation between eccentric angles of 
four points on a circle, 229, 
metliocl of finding points where lino 
meets curve, 201. 

ICcmmor, 391. 

Kirkman’s theorems ou hexagons, 380, 

Fiatus rectum, 185, 

Limit ix}ints of systeiu of circles, 101, 291. 

Locus of 

vertex of iriangle given baso and a 
ivlatioii iHjtweeJi lengths of sides, 
39.47, 178. 

and a relation between angles, 39, 47, 
88, 107. 

and iutci'cept by sides onflxed line, 300. 
and ratio of parts into which sides 
divulu a fixed pamllcl to base, 41. 
vertex of given triangle, whose base 
nngle jnoves along fixed 208.^ 
vertex of triangle of whiidi one b:iso 
angle is fixed and the other moves 
along a given Iocuh, 51. 9fi. 
who.se sides pass tluongli fixed points 
and baso angles move alojig fixed 
linen, 41, 42. 248, 280, 209. 
genera] izutionsof iholast i iroblem, 300. 
of vertex of triangle which 4'u*cian- 
sonbes ft given conic and wlioso 
bt'isc angles move ou fixed hues, 
250, 319, 319. 

generalizations of tljis problem, 3.50. 
common vertex of several trianidcs 
given bases and ^»lun of areas, 40. 
vertex of right cone, out of which 
given conic can bo cue, 331. 
point cutting in givci) latio parallel 
chords of a circle, 1<>2. 
intcrccpL bet ween i wo fix(»d linos, on 
various C4»iulition«, 39, 40, 47. 
variable taJJgcnt to cf>nic between 
two fixed tmigerits, 277, 323. 
point whence tan^oiils to two circles 
have given ratio or sun*. 99, 233. 
taken aecoixiing to diffei-eut laws on 
radii vcctores through fixed point, 52. 
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Locus of, 

such that Emr* = constant, 8.^* 
■whenco squju*o of tniijifcnt to circle is 
as {iroiluot of distances fruui two 
fixed lines, 210. 

cutting in given anharmnuic ratio, 
clionls of conic through fixed point, 
:i20. 

on perpendicular at height from bjisc 
equal a side, given ba.'sC and sum of 
Bides, 50. 

6iich that triangle formed by joining 
feet of iicrpendiculara on sides of 
triangle luis con.st;int area, 111), 
point on lino of given ilircction meeting 
Bides of tiianglc, so that 
21 ) 8 . 

on line cut in given anliarnionic ratio, 
of which other three describe right 
lines, and line itself touches a conic, 
324. 

chorda through which subtend right 
angle at ])oint on conic, 270. 
whence tciugeutH to two conics form 
harmonic pencil, 306. 
whose polava witli respect to tJirec 
conics meet in a point, 3G0. 
middle jioiut of rcctangUa inscribed in 
trianglo, 43. 

of parallel chords of conic, 143, 
of convergent chor<ls of circle, 36. 
interseclioii of bisoefor of vertical 
nngle with pt^im'udjridar to a 
side, given base aiul sum of bides, 
51. 

of perpendicnlar on tangent from 
centre, or focus, wiih focal or central 
rail ins ve(dor, 203. 

fo(*al radius vector with corro.$ponding 
cccontric vector, 220, 
of perpendiculars tt» sides at extremity 
of base, given vertical angle and 
anolher relation, 47. 
of pcipcndiculmsof triangle given base 
and vertical angle, SS. 
of perpmidiculars of triangle hi«cin)ed 
in one conic and cirouinsciibing 
another, 3*12. 

ec<‘eiitric vector with corresponding 
normal, 220. 

coiTcsjKniding linos of two homogra* 
phic pencils, 271. 

polai’s with respect to fixed conics of 
points'which move on right lines, 
271. 

iiderpcction of tangents to a conic 
winch cut at right angles, I6r>, 171, 
269, 352. 

to a parabola wlilcb cut at given 
angle, 213, 2r>tJ, 285. 
uL extremities u£ conjugate dia¬ 
meters, 203, 

wdiose chord subtends constant angle 
at focus, 281. 

fituu two iHMtits, wdiicU cut a given 
lino haruumieully. 322. 
caeli or boUi on one of four given 
laiigent>«, *Jo2, 320, 


Locus of, 

at two fixed points on a conic aatisfy- 
ingtwo other conditions, 220, 320. 
various other conditions, 215. 
intorsection of normals at extremity 
of focal chord, 211. 
or chord through fixed point, 214, 335. 
foot of perpendicular from focus on 
tangent, 182, 201, 351, 
on normal of paiMbola 213. • 

on chord of circle subtending right 
angle at given point, 9L 
cxtreinicy of focal biihtangent, 184. 
centre of circle making given inter¬ 
cepts on given lines, 208. 
centre of inscribed circle given base 
and sum of sides, 208, 
of cii'clc cutting three at equal angles, 
.108. 

of circumscribing circle given vertical 
auglo, 89. 

of circle touching two given circles, 
231, 320, 

CcnMc of conic (or pole of fixc^il lino) 
given four points, 153, 201, 268, 
27b 281, 302, 320. 

given four tangents, 21C, 254, 2G7, 
277^ 281, 321,339. 

given tlirce tangents and sum of 
squares of axes, 216. 
fOMT conditions, 2()7, 389. 
pole of fixed line with regard to sys- 
lom of coiifocals, 2<i9, 322. 
pole *rlLh respect to oui* conic of tan¬ 
gent tounoMior, 20i), 27S. 
focus of parulvdii given three tair- 
geiits, 207, 214, 274,18/^320. 
focus giv'on tour tangents, 27b, 277. 
given four ])oiiils, 217, 288, 392. 
gi\f;n three tangi'iiis and a point, 288. 
given four 389. 

vei I ices ot If-coiij ug.iie triangle,com¬ 
mon to coul(‘, and variable of 

wliich lour conditions jue given, 
389. 


Jl^eCulhigh, tlieorems by, 210, 220, 333, 

,i/ 4, •)! 4 . 

Mac Lain ill’s mode of generating conics, 
217, 218, 251, 299. 

Malfnlti’s }>i*oblein, 263. 

A’lOchanlcal construction of conics, 178, 
194, 203, 218. 


Middle points of cliagonals of quadrilatc- 
nd ill one line, 26. 6i. 

Miquel, on ciicles civoumscrilnng triangles 
formed by five hues, 2'i7. 

Mbbiiis, 217, 278, 295. 

Mooie, deduction of Steiners theorem from 
Briant hou’s, 247. 

Miilcahy, on auglc.s subtended at focus, 331. 


Kewton s method of geneiMting coiuc<?, 300. 
Normal. 173, <&c. 335. 

Number of terms in general eqnation, 74. 
of conditions to detennine a couie. 136. 
of intcrbcctioiH of two curves, 225. 
of solutions of problem to describe 
a conic touching five others, 390. 
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Number of concomitants to system of 
conics, 363. 

O’Bnen, 217. 

Ortliogonal systems of circles, 102, 131, 
31«, 301. 

Osculating circle, 227, 234. 

thi’ee pass through given point on 
curve, 229. 

PapptiS 18G, 295. 328. 

Parabola (sec Coiit»2nts, pp. 195—207, 
212-2U). 

cMigiii of name, 180, .328. 

has tangent at infinity, 23.), 290, 329. 

C''or»linate«i of focus, 239, 27-1, 354. 

0(j nation of din'cfrJx, 2ti9, 352. 
louclnng four line^, 274. 

Par.iPcl to come, c«iuatioii of, 337. 

;\ti;p!U‘^or, !>>.), 197, 202. 

fcauie l\>r locinmoals of equal circle'*,! 
281*,. / . I 

PiirSoaTT hexagon, 2.5, 280, 3^1, .319, 380. . 
t‘\l»vs'-it»n i>^ coordinated by .single, j 
217, 218, 

Pori*endiriilia> .-([nation and length, 2t5, OU, 
oondition La*. .^>9. 
exteuMoii of rehition, 321, 351, 
fjo.n centre and foci on tangent, 1G9, 
179. 201. 

I’liicker, 278, 3S0. 

coordinates and equations, 9, 36, 
87, 95. 1 JO, Ji52, 181, 207. 
pole* and polars, ph>peitlesof, 92,118. 
]n>lar, e(|niition of, 82, 117, 26 .j, 

}u)le ot given line, C(»orduuiLcs of, 266. 
p(jhir roeipUH'als, 276, itc. 

[»oint and polar ccpnvalcut to two 
couduions, ,388. 

Ponci lot, 101. 278,301, 314. 

1*1 ojcel ion, 314, 332. 

Quadrilateral, ► 

middle p4)ints of diagonals lie on 
a liglit line, 26, 62, 216. 
cucleb having diagonals for diameters 
have common ladical axis, 277. 
liarmonic piopcilics of, 57, 317, 
iiiscnhed in conics, 118, 319. 
sides and diagoiuiLs of iusenbod qnad- 
nlateial cut tranbYe*'sal in involu¬ 
tion, 312. 

diagonals of inscribed .ind circUiu 
bcribed form harmonic pencil, 242. 

Kadical axis and centre, 99, 122, 224, 282, 

lladius of 011*010 circumscribing triangle ! 
inscribed in conic, 213, 220, 333. * 

Badius of ^.urvatnre, 227. 

Keciprocals, method of, 66, 276, 294, 350. 


Self-conjugrate triangle 

vortices of two lie on a conic, 322, 341, 
equation of conic referred to. 238, 253. 
common to two couics, 257, 362. 
determin.atioii of, 319. 361. 

Serret on locus of centre given four 
tangents, 210. 

Similitude, centre of, 105, 223, 282. 

Similar conics, 222. 
c\mdition for 224. 

liave points common at infinity, 236. 
tangent to one cuts constant area 
from other, 373. 

Steiner, 

tJioorcm on triangle oinnnnscribing 
parabola, 212, 217, 275, 290, 31*2. 
on points ’who^o (>*cnlaling circle 
))a«»Si‘s thronudi given )'innt, 229. 
theoremsuu I'a-calshexagon,216, 380. 
st)lulion of MalfjiKi’s [»i\)blem, 263. 

Subnnnnal of j»'n\il>nl:i constant, 202. 

Sui)j»!fniontal r]u»rils, 172. 

8y'.l('m« of circles having common radical 

a\is, 100, 

of roiihs throiigli four points <3ut a 
Iransv'tTsal iu mvulutkui, 312, 

Tangent, general dofinition of, 78, 
to eiu'le, loiiglli of, 81. 
to conic. coi\‘*truolcd geometrically, 1ft I. 
determination of [lointB of contacr, 
live tangents given, 217. 

Variahle, nrdvcs what intorcepfa on 
two j[)aralli*l tangent^, 172, iHl. 
or on lv\o conpigafi, diameters, 172. 
of )iar;ihoIa, how divides throe fixed 
tangent-^, 299, 

Tangential ct[uatiojip, 65, 276, A'C*, 383, 
Ac. 

of in'«(‘ril)etl and circnuiRCiibing circles, 
121, 125, 288. 

of circh; in graiornl. 128, 384, 
of conic in general, 152, 260. 
of imaginmy circular points, 352, 
of ('unlocal coijlt.s, 353, .384. 
of j)oiiits ('ominon to four conics, 344. 
iiitei prctalion of, 3^S 1. 

Townsend, theorems and proofs hy, 252, 
391, .375. 

Tran.sfonnation of eoordinab % 6, 9, 157, 
335. 

Transvernul, how cuts ‘pides uf triangle, 35. 
Cai riot's thivm m of, 289, 318, 388, 
met by sybieiu of oonics in involu¬ 
tion, 312. 

Triangle, circumscribing, vertjcc.s or 
lie on a conic, 329. 

Triangles nnuie by four lines, properties 
of, 217, 246. 

Trilincar coordinates, 57, GO, 2C4. 


Radlcir, theorems by, 184. 

Self-con jugate triangles, 91. 

circle having triangle of reference for, 
254. 

of equilateral hyix;rbola, 215. 


Vej*oncse, 382. 
Walker, 391. 
Zcutlieii, 389. 


THE END. 
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Abbott .—A ffiSTORv OF Greece. 
By Evelyn Abbott, M.A., LL.D. 

Pact I.—From the Earliest Tihnes to the 
Ionian Revolt. Crown 8 vo., lor. bd. 

Part II.—500*445 B.c. Crown 8 vo., los. 6 d. 

Part III.—From the Peace of 445 b.c. to 
the Fall of the Thirty at Athens in 403 
B.c. .Crown Bvo., los. bd. 

I 

Acland and Ransome.—.4 Hand¬ 
book in outure OF TUB POUTICAL HlS- 
• TORT OF England TO Chronologically 

Arranged. By the Right Hon. A. H. Dyke 
Aclano, and Cykil Ransome, M.A. Crown 
8vo., 65. 


Bcsant. — The History of London. 

By Sir Walter Besant. With 74 Illus¬ 
trations. Crown 8vo., is. gd. Of bound 
as a School Prize Book, zs. 6 d, 

Bright — A History of England. 
By the ^ev. J. Franck Bright, D.D. 

Period I. Mbdimval Monarchy'. a.d. 
449-1485. Crown 8vo., 4s. bd. 

Period II. Personal Monarchy. 1485- 
1688. Crown 8vo., 5z. 

Period III. Constitutional Monarchy. 
1689-1837. Crown 8vo., •js. fkl. 

Period IV. The Growth of Democracy. 
1837-1880. Crown 8vo., 6i. 


Amos. — Primer of the English 
Constitution and Government. For 
the Use of Colleges, Schools, and Private 
Students. By Sheldon Amos, M.A. Cr. 
8vo., Cr. 

Annual Register (The). A Review 

of Public Iwents at Home and Abroad, for 
the year igoo. 8vo., i8r. 

Volumes of the A nkval Register for the 
years 1863-1899 can still be had. 185. each. 

Arnold.— Introd uctor y Lectures 
ON Modern History. By Thomas Ar- j 
HOLD, D.D., formerly Head Master of Rugby 
School. 8vo., 7$. bd. i 

Ashbourne. — Pitt: Some Chapters 
on His Life and Times. By the Right 
Hon. Edward Gibson, Lord Ashbourne, 
Lord Chancellor oi Ireland. With ii Por¬ 
traits. 8vO., 215 . j 

i 

Ashley. —Surveys, Historic and i 
Economic : a Volume of Essays. By W. | 
J. Ashley, M.A. 8vo., 95. net. j 

Baden>Powell. — The Indian 

Village Community. Examined with 
Reference to the Physical, Ethnographic, 
and Historical Conditions of the Provinces; 
chiefly on the Basis of the Revenue- 
Settlement Records and District Manuals. 
By B. H. Baden.Powell, M.A., C.I.E. 
With Map. 8vo., 165. 

Bagwell. — Ireland, under the 1 

Tudors. By Rilmard Bagwell, LL.D. 
(3 vols.) Vols. I. and II. From the first 
invasion of the Northmen to the year 1578. 
8vo., 32s. *Vol. 111. 1578-1603. 8vo., 185 . 


Bruce. — The Forward Policy and 
ITS Results', or, Thirty-five Years’ Work 
amongst the Tribes on our North-Western 
Frontier of India. By Richard Isaac 
Bruce, C.I.E. With 28 Illustrations and 
a Map. 8 vo., 155 . net. 

Buckle. — History of Civilisation 
IN England, Francs, Spain, and Scot 
LAND. By Henry Thomas Buckle. 3voIs. 
Crown 8 vo., 245 . 

Burke. — A History of Spain, 
From the Earliest Times to thl 
Df.a'ih of Ferdinand the Catholic. 
By Ulick Ralph Burke, M.A. Edited 
by Martin A. S. Hume. With 6 Map.s. 
2 vols. Crown 8 vo., 165 . net. 

Chesney. — Indian Polity: a View of 

the System of Administration in India. By 
General Sir George Chesney, K.C.B. 
With Map showing all the Administrative 
Divisions of British India. 8 vo., 2 15. 

Churchill (Winston Spencer, M.P.). 

The River IVar : an Historical 
Account of the Reconquest of the Soudan. 
Edited by Colonel V. Khouks, D.S.O. 
With 34 Maps and Plans, and 51 Illustra¬ 
tions from Drawings byA.Ndus McNkil^.. 
Also with 7 Photogravure Portraits of 
Generals, etc. 2 vols. Medium 8 vd., 36 s. 

Tn/s SroRy of thr Ma la kand 
Field Force, 1897 . • With 6 Maps and 
Plans. Crown 8 vo., 3 s. 6 d. 

London toLadysmi th viaPretoria . 

Crown 8vo., 6 s. 

Ian Hamilton's March. With 
Portrait of Lieut.-General Ian Hamilton, 
and lo Maps and Plans. Crown 8vo., 6s. 
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Corbett (Julian S.). 

Drake and the Tudor Navy, 

with a History of the Rise of England 
as a Maritime Power. With Portraits, 
Illustrations and Maps. 2 vols. Crown* 
8 vo., i 6 r. 

The Successors of D'RAliR. With 
4 Portraits (2 Photogravures) and la 
Maps and Plans. 8 vo., 21 s. 

Creighton (M., D.D., Late Lord 

Bishop of London). 

A History of the Papacy from 
THE Great Schism to the Sack op 
A’o^a, 1378 - 1527.6 vols. Cr. 8 to., 6 s. each. 

Queen Elizabeth. With Portrait. 
Crown 8 vo., 55 . net. 

Curzon. — Persia and the Persian 
Question. By the Right Hon. Lord 
Curzon ov Kbdleston. With 9 Maps, 96 
Illustrations, Appendices, and an Index. 2 
vols. 8 vo., 42 s. 

De ToCQUeviile. — Democracy in 
America. By Alexis de Tocqueville. 
Translated by Henry Reeve, C.B., D.C.L. 
2 vols. Crown 8 vo., i 6 r. 

Dickinson. — The Development of 

PaRHAMEST IhjRING THE NINETEENTH 
Ceatvry. By G. Lowes Dickinson, M.A. 
8 vo., yr. 6 d. 

Fitzmaurice. — Charles William 
VERO iNANUy Duke op Brunswick: an 
Historical Study. By Lord Edmund 
Fitzmaurice. With Map and 2 Portraits. 
8 vo., 6 s. net. 

• « 

Proude (James A.). 

The History of England, from the 
Fall of Wolsey to the Defeat of the 
Spanish Armada. 12 vols. Crown 8 vo., 
3 $. 6 d. each. 

The Divorce of Catherine of 
Aragon. Crown 8 vo., 3 $. 6d. 

The Spanish Story of the Ar¬ 
mada, and other Essays. Cr. 8 vo., 3 s. 6d. 
The English in Ireland in the 
Eighteenth CssTURY. 3 vols. Cr. 8 vo., 
tos. 6d. 

English Seamen IN the'Sixteenth 
Century. 

Cabinet Edition. Crown 8 vo., 65 . 

‘Silver Library’ Edition,' Cro^ 8 vo., 

3 s. 6 d. 

TWe Council of Trent, Crown 
8 vo., 35 . 6d .. 

Short StudiesonGreatSubjects, 
; 4 vols. Cr. 8vo., 3J.' 6d. each. 

C'XSar ; a Sketch. Cr. 8 vo, 3 s. 6d, 


Froude (James A.) — continued. 

Two Lectures on South Africa, 
Delivered before the Philosophical In¬ 
stitute, Edinburgh, 6 th and 9 th January, 
1880 . New Edition. With an Intro¬ 
duction by Margaret Froude. Crown 
8 vo., ai. 6 d, net, 

to 

Fuller. — Egypt and the Hinter¬ 
land. By Frederic W. Fuller. With 
Frontispiece and Map of Egypt and the 
Sudin. 8 vo., los. 6d. net. 

Gardiner (Samuel Rawson, D.C.L., 
LL.D.). 

History of England, from the Ac¬ 
cession of James I. to the Outbreak of the 
Civil War, 1603 - 1642 . 10 vols. Crown 
8 vo., 5 s. net each. 

A History of the Great Civil. 
War, 1642 - 16 ^, 4 vols. Cr. 8 vo., 5 s. net 
each. 

A History of the Commonwealth 
AND THE Protectorate. 1649 - 1660 . 
Vol.I. 1649 . 1651 . With 14 Maps. 8 vo., 2 ir. 
Vol. II. 1651 - 1654 . With 7 Maps. 
8 vo., 215. Vol. III. 1654 - 1656 . With 6 
Maps. Svo., 215. 

What Gunpowder Plot Was. 
With 8 Illustrations. Crovm 8 vo., 55 . 

Cromwell's Place in History- 

Founded on Six Lectures delivered in the 
University of Oxiord. Cr. 8 vo., 35 . 6d. 

The Student's History of Eng¬ 
land. With 378 Illustrations. Crown 

8V0., 125. 

Also in Three Volumes, price 45 . each. 

• » 

Greville. — A Journal of the Reigns 
of King Georgs IV., King William IV,, 
AND Queen Victoria. By Charles C. F. 
Greville, formerly Clerk of the Council. 
8 vols. Crown 8 vo., 35 . 6d. each. 

Gross. — The Sources and Litera¬ 
ture OP English History, prom the 
Earliest Times to about 1485 . By 
Charles Gross, Ph'.D. 8 vo., 185 . neL 

I 

Hamilton.— Historical Record of. 

THE 14 /A (King’s) HussARSt from' a.d; 1715 
to A.D. 1900. By Colonel Henry Black- 
BURNE Hamilton, M.A,, Christ Church, 
Oxford; late Commanding the Regiment. 
With 32 • Photonavure Portraits alill 
numerous other Illustrations in Colours. 
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HARVARD HISTORICAL STUDIES 


The Suppression of the African 
S iAtrs 7 Eadb to the United States of 
America^ 1638-1870. By W. E. B. Du 
Bois, Ph.D. 8vo., 7«. 6(f. 

The Contest over the Ratificaton 
OP TNe Federal Constitution in Mass a- 

. CHUSBJ^s. By S. B. Harding. A.M. 
8vo., 6s. 

A Critical Study of Nullification 
IN South Carolina. By D. F. Houston, 
A.M. 8vo.t 6s. 

Nominations for Elective Office 
IN THE United States. By Frederick 
W. Dallinger, A.M. 8vo., 7s. td. 

A Bibliography of British Muni¬ 
cipal History^ including Gilds and 
Parliamentary Representation. By 
Charles Gross, Ph.D. 8vo., iss. 

The Liberty and Free Soil Parties 
in the North West. By Theodore C. 
Smith, Ph.D. 8vo, 7s. bd. 

The Provincial Governor in the 
Engush Colonies op North America. 
By Evarts Boutell Greene. Svo., 7s. 6d, 

The County Pala tine of Durham: 
a Study in Constitutional History. By 
Gaillakd Thomas Lapsley, Ph.D. 8vo., 
los. bd. 

Historic Towns.— Edited by E. A. 

Freeman, D.C.L.,and Rev«W illiam Hunt, 
M*A. With Maps and Plans. Crown 8vo.t 
35. each. 

BrtstoL By Rev, W. Hunt. Oxford. By Rev. C. 'N, 

Carlisle. By Mandell Boase. 

Creighton, D.D. Wlncbeater. By G. W. 

Cinque Porte. By Moo- Xitchiih D.D. 

Ugu Burrows. York. By Rev. James 

Colchester. By Rev. E. L. Raine. 

Cults. New York By Ttieodore 

Exeter. By£. A. Freeman.| Roosevelt. 

London. By Rev. W. J Boston (U.S.) By Henry 
Loftie. Cabot Lodge. 

Hunter.— A History of British 
India. By Sir William Wilson Hunter, 
K.C.S.I., M.A., LL.D. Vol. I.—Introduc¬ 
tory to the dverthrow of the English in the 
Spice Archipelago, 1623. With 4 Maps. 
8vo., i8s. Vol. II.-—To the Union of the 
Old and New Companies under the Earl of 
Godolphin’s Award, 1708. 8vo., i6s. 

Ingfram. — A Critical Examina¬ 
tion oF'Irish History: 1>etng a Replace¬ 
ment of the False by the True. Prom the 
Elizabethan Congest to the Legislative 
Union of 1800. By T. Dunbar Ingram, 
LL.D. 2 vote. 8vo., 24Z, 

Joyce *—A Short History of Ire¬ 
land, frogi the Earliest Times to 1 G 03 . By 
P. W. Joyce, LL.D. Crown 8 m, los. 6 a, 


. Kaye and Malleson.— History of 

THE Indian Mutiny, 1857-1858. By Sir 
John W. Kaye and Colonel G. B. Mallb- 
SON. 'With Analytical Index and Maps and 
Plans. 6 vols. Crown 8vo., 3s. bd. each. 

Kent.— English Radicals : an 
Historical Sketch. By C. B. Roylanck 
Kent. Crown 8vo., 7s. bd. 

Lang (Andrew). . 

The Companions of Pickle: Beini; 
a Sequel to ‘ Pickle the Spy With 4 
Plates. 8vo., i6s. 

The 'Mystery of Mary Stuart. 
With Portraits, etc# 8vo#, 

Laurie. — Historical Survey oi 
Pre-Christian Education. By S. S. 
Laurie, A.M., LL.D. Crown 8 vo., 7s. bd. 

Lecky (The Rt. Hon. William E. H.) 
History of England in the Eigh- . 
tbepth Ceutury. 

Library Edition. 8 vols. Svo. Vots. I. 
and II., 1700-1760, 365.; Vols. III. and 
IV., 1760-1784,365.; Vols. V. and VI., 
1784-1793,365.; Vols. VII. and VIII., 
i793-i8to, 365. 

CabinctEdition, England. 7V0IB. Cr.Svo., 

^ 65 .each.lKELAN 0 . 5 vol 8 .Cr. 8 vo., 65 .each. 

History of European Morals 
from Augustus to Charlemagne. 2 
vols. Crown 8vo., 125. 

History of the Rj^e and Influ¬ 
ence OF THE Spirit op Rationalism in 
Europe, t vols. Crown 8vo., 125. 

Democracy and Liberty. 

Library lidition. 2 vols. .8vo., 36s. 
Cabinet Edition. 3 vols. Cr. 8 vo., 125. 

Lowell. — Governments and Par¬ 
ties IN COSTINBETAL EUROPB. By A. 
Lawrence Lowell. 2 vols. 8 vo., 215. 

Lytton. — The History of Lord 
Lytton's InOian Administration, from 
1876-1880. Compiled from Letters and 
Official Papers. Edited by Lady Betty 
Balfour. With Portrait and Map. Hvo., 1H5. 

Macaulay (Lord). 

The Life and Works of Lord 
Macaulay. 

'Ediuburgh' Edition. 10 vols. 8vo,,65.each. 
Vols. I.-IV. History of England. 
Vols. V.-VII. Essays, Biographies, 
Indian Penal Code, Contributions 
to Knight's 'QuarterlyMagayjnr'. 
Vol. VI 11 . Speeches, Lavs of A ncient 
Rome, Miscellaneous Poems. 

Vols. IX. and X. The Life and 
Letters of Lord Macaulay. By 
Sir G. O. Trevelyan, Bart. 
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Macauliiy {}uOkd)— continued. 

The Works. 

'Albany’ Edition. With 12 Portraits. 

12 vols. Large Crown 8 vO., 3 s. 6d. each. 
Vols. I.-VI. History of England. 
FROM THE Accession OF JAMES the 
Second. 

Vols. VII.-X. Essays and Biographies. 
Vols. XI.-XII. Speeches, Lays of 
Ancient Rome, etc., and Index. 
Cabinet Edition. 16 vols. Post 8 vo., 
£4 * 6 s. 

History of England from the 
Accession of James the Second. 
Popular Edition. 2 vols. Cr. 8 vo., 55 . 
Student's Edition. 2 vols. Cr. 8 vo., lar. 
People's Edition. 4 vols. Cr. 8 vo., tbs. 

'Albany' Edition. With 6 Portraits. 6 
vols. Large Crown 8 vo., 3 $. bd. each. 
Cabinet Edition. 8 vols. Post 8 vo., 483 . 
' Edinburgh ' Edition. 4 vols. 8 vo., 65 . 
each. 

Critical and Historical Essays, 
WITH Lays of Ancient Nome, etc., in 1 
volume. 

Popular Edition. Crown 8 vo., 23. bd. 
Authorised Edition. Crown 8 vo., 23. bd., 
or gilt edges, 33 . bd. 

' Stiver Library ’ Edition. With Portrait 
and 4 Illustrations to the * LaysCr. 
8 vo., 33 . bd. 

Critical and Historical Essays. 


Student's Edition, i vol. Cr. 8 vo., 63 . 
People's Edition. 2 vols. Cr. 8 vo., 83 . 

* Trevelyan' Edition. 2 vols. Cr. 8 vo., 93 . 
Cabinet Editioti. 4 vols. Post 8 vo., 243. 

‘ Edinburgh' Edition. 3 vols. 8vo., 63 . 
each. 


Essa vs, which may be had separately, 
sewed, bd. each ; cloth, 13 . each. 


Addison and Walpole. 
Croker's Boswell's Johnson. 
Hallam's Constitutional 
History. 

Warren Hastings. 

The Earl of Chatham (Two 
Essays). 


Frederick the Great. 

Ranke and Gladstone. 
Lord Bacon. 

Lord Clive. 

Lord Byron, and The 
Comic Dramatists of 
the Restoration. 


Miscellaneous Writings. 


People's Edition, i vol. Cr. 8vo., 43. bd. 


Miscellaneous Writings, 
Speeches and Poems. 

Popular Edition. Crown 8vo., 23 . bd. 
Cabinet Edition. 4 vols. Post 8 vo., 243 . 

Selections from the Writings of 
Lord Macaulay. Edited, with Occa> 
sional Notes, by the Right Hon. Sir G. O. 
Trevelyan^, Bart. Crown 8 vo., 63 . 


May.— The Constitutional His¬ 
tory OF England since the Accession 
of George ill. 1760-1870. By Sir Thomas 
Erskinb May, K.C.B. (Lord Farnborough). 
3 vols. Cr. 8vo., 183. ^ 

Merivale (Charles, D.D.), 

History OF the Romans under the 
Empire. 8 vols. Crown 8vo., 33. bd. each. 
The Fall of the Roman Republic: 
a Short History of the Last Century of the 
Commonwealth. i2mo., 73. bd. 
General History of Rome, from 
the Foundation of the City to the Fall of 
Augustulus, B.c. 753-A.D. 476. With 5 
Maps. Crown 8vo, 73. 6<f. 

Montague. — The Elements of 
English Constitutional History. By 
F. C. Montague, M.A. Crown 8vo., 33. bd. 

Nash.— The Great Famine and 
its Causes. By Vaughan Nash. With 
8 Illustrations from Photographs by the 
Author, and a Map of India showing the 
Famine Area. Crown 8 vo., 63 . 

Powell and Trevelyan. — The 

Peasants" Rising and the Lollards : 
a Collection of Unpublished Documents, 
forming an Appendix to ^ England in the 
Age of Wycliffe’, Edited by Eugak Powell 
and G. M. Tkevelyan. 8vo., 6s. net. 

Randolph.— The Law and Policy 

OF Annexation, with Special Reference to 
the Philippines; together with Observations 
on the Status of Cuba. By Carman F. 
Kanoolph, of the New York Bar, author of 
‘The Law of Eminent Domain*. 8 vo., 
93. net. 

Ransome. — The Rise of Consti¬ 
tutional Government in England. 
By Cyril Ransome, M.A. Crown 8vo., 63. 

Seebohm. — The English Village 
Community Examined in its Relations to 
the Manorial and Tribal Systems, etc. By 
Frederic Seebohm, LL.D., F.S.A. With 
13 Maps and Plates. 8vo., 163. 

Shaw* —A History of the English 
Church during the Civil Wars and 

UNDER THE COMMONWEALTH, l640-l6f)0. 
By William A. Shaw, Litt.D. 2 vols. 
8vo., 363. 

Smith. — Carthage AND the Carth¬ 
aginians. By R.Bosworth Smith, M.A., 
With Maps, Plans, etc. Cr. 8vo., 35. bd. 


Mackinnon.— History of 
Edward the Third. By James Mac- 
KiNNON, Ph.D. 8 vo., xSs. 


Stephens. —A History of the 
French Revolution. By H. Morse 
Stephens. 8vo. Vols. I. and II. 183. each. 
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Sternberg. — My Experiences of ( 
THE Boer War. By Adalbert Count 
Sternbero. Translated from the German. 
With Preface by Lieut.-Col. G. F. R. Hen¬ 
derson, late Director of Military Intelli- ; 
gence, Head-Quarters Statf, South African 
Field Force. Crown 8vo., 54. net. 
Stubbs.— OF the Univer¬ 
sity dF Dublin, from its Foundation to 
the End of the Eighteenth Century. By J. 
W. Stubbs. 8 vo., 124. 6 d. 

Subaltern’s (A) Letters to His 

Wife. (The Boer War.) Crown 8vo., 
34. 6rf. net. 

Sutherland. --/’iVA* History of Aus¬ 
tralia AND New Zbalaad, from r 6 o 6 - 
i 8 go. By Alexander Sutherland, M, A., 
and George Sutherland, M.A. Crown 
8 vo., 24 . 6d. I 

Taylor.—.4 Students Manual of\ 
THE History of India. By Colonel Mea- j 
DOWS 'I’aylor, C.S.I., etc. Cr. 8vo., 74. bd. ! 

Todd. — Parliamentary Govern- • 

MENT IN THE BRITISH COLONIES. By | 
Alpheus Todd, LL.D. 8vo., 304. net. ' 

Trevelyan. — The American Revo- j 

LUTION. Parti. 1766-1776. By the Rt. Hon. ■ 
Sir G O. Trevelyan, Bart. 8vo., 164. 


Trevelyan. — England in the Age 
of Wycliffe. By George Macaulay 
Trevelyan. 8vo., 154. 

Wakeman and Hassall.— 

Introductory to the Study of English 
Constitutional History. Edited by 
Henry Oppley Wakeman, M.A., and 
Arthur Hassall, M.A. Crown 8vo., 64. 

Walpole. — History of England 
FROM THE Conclusion of the Great 
War in 1815 TO 1858. By Sir Spencer 
Walpole, K.C.B. 6 vols. Cr. 8vo., 64. each. 

Wood-Martin. — Pagan Ireland : 
anArchacologicalSa'etch. a Handbook 
of Irish Pre.Christian Antiquities. By W. 
G. Wood-Martin, M.R.I.A. With 512 
Illustrations. Crown 8 vo., 154. 

Wylie (James Hamilton, M.A.). 
History of England under 
Henry IV. 4 vols. Crown 8vo. Vol. 
I„ 1399-1404, 104 . 6ti. Vol. II., 1405- 
1406,154. (out of print). Vol. III., 1407- 
I4II, 154. Vol. IV., 1411-1413, 214 . 

The Council of Constance to the 
Death of John Hus : Being the Ford 
Lectures delivered in the University of Ox- 
ford in Lent Term, rgoo. Cr. 8vo., 64. net. 


Biography, Personal Memoirs, &e. 


Bacon. — The Letters and Life of 
Francis Bacon, including all his Oc- , 
casional Works. Edited by James Sped- 
dino. 7 vols. 8vo., £4 44. 

Bagehot. — Biographical Studies. 

By Walter Bagehot. Crow'n 8vo., 34.6rf. 
Carlyle.— Thomas Carlyle : A Hrs -1 
tory of his Life. By James Anthony 
Fkoude. ■ 

1795-1835. 2 vols. Crown 8vo., 74. ^ 

1834-1881. 2 vols. Crown 8vo., 74. 

Cellini. — Chisel^ Pen, and Poic- | 

NARD; or, Benvenuto Cellini, his Times j 
and his Contemporaries. By the Author of! 
‘ The Life of a Prig \ With 19 Illustrations. 
Crown 8vo., 5s. 

Crozier. — My Inner Life : being a 

Chapter in Personal Evolution and Auto¬ 
biography. By John Beattie Crozier, 
IjL.B. 8vo*, 

Dante. — The Life and Works of 
Dante Allighibri : being an Introduction 
to the Study of the ‘Divina Commedia’. 
By the Rev. J. F. Hogan, D.D. With 
Portrait. 8vo., 124. 6d. 

Danton. — Life of Danton, By A. 

H. BeeslV. With Portraits. Cr. 8vo., 64. 


De Bode. — The Baroness de Bode, 

1775-1803. By William S. Childb-Pkm- 
BERTON. With 4 Photogravure Portraits 
and other lIluKtrations. 8 vo., 124. 6 d. net. 

Duncan.— Admiral Duncan. By 
The Earl of Camperdown. With 3 Por¬ 
traits. 8vo., 165. 

Erasmus. — Life and Letters of 
Erasmus. By James Anthony Froode. 
Crown 8vo., 3s. 6rf. 

Faraday. — Faraday as a Dis¬ 
coverer. By John Tyndall. Crown 
8vo, 34.6rf. 

Foreign Courts and Foreign 

Homes. By A. M. F. Crown 8vo., 6s. 

Fox.— The Early History of 
Charles Jambs Fox. By the Right Hon. 
Sir G. 0 . Trevelyan, Bart. 

Library Edition. 8vo., 185. 

Cheap Edition. Crown 8vo., 34. 6d. 

Granville. — Some Records of the 
Later Life of Harriet, Countess 
Granville. By her Granddaughter, the 
Hon. Mrs. Oldi-teld. With 17 Portraits. 
8vo., 164. net. 
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Hamilton. — Life of Sir William 
Hamilton. By R. P. Graves. 8vo. 3 vois. 
15s. each. Addendum. 8vo., 6 d. sewed. 

Havelock. — Memoirs of Sir Henry 
Havelock, K.C.B. By John Clark 
Marshman. •' Crown 8vo., 3«. 6d. 

Haweis. — My Musical Life. By the 

Rev.H.R.HAWEis. With Portrait of Richard 
Wagner and 3 Illustrations. Cr. 8vo., 6s. net. 

Hiley. — Memories of Half a 
Century. By the Rev. R. W. Hiley, 
D.D. With Portrait. 8vo., ^5$.* 

Holroyd (Maria Josepha). 

The Girlhood of Maria Josepha 
HolrOyd {Lady Stanley of Aldertey). 
Recorded in Letters of a Hundred Years 
Ago, from 1776-1796. Edited by J. H. 
Adeane. With 6 Portraits. 8vo., i8s. 

The Early Married Life of 
Maria Josepha, .Lady Stanley of 
Alderley, from 1796. Eaited by J. H. 
Adeane. 10 Portraits, etc. 8vo., i8s. 

Jackson. — Stonewall Jackson and 

THE A MERIC AN CiviL War. By Lieut.-Col. 
G. P. R. Henderson. With 2 Portraits and 
33 Maps and Plans. 2 vols. Cr. 8vo., i6s. net. 

Leslie.—TlffA Life and Campaigns 
OF Alexander Leslie, First Earl of 
Leven. By Charles Sanford Terry, 
M.A. With Maps and Plans. 8vo., i6s. 

Luther. — Life of Luther. By 

Julius Kostlin. With 62 Illustrations 
and 4 Facsimilies of MSS. Cr. 8vo., 3s. bd. 

Macaulay. — The Life and Letters 

OF Lord Macaulay. By the Right Hon.^ 
Sir G. 0 . Trevelyan, Bart. 

Popular Edition. 1 vol. Cr. 8vo., 2r. 6 d. 
Student’s Edition t vol. Cr. 8vo., 6 s. 
Cabinet Edition. 2 vols. Post 8vo., I 2 i . 

' Edinburgh' Edition. 2 vols. 8vo.,6i. each. 
Library Edition. 2 vols. 8vo., 36s. 

Marbot. — The Memoirs op the 
Baron de Marbot, 2 vols. Cr. 8vo., ^s. 

Max Muller (F.) 

My Autobiography: a Fragment. 
With 6 Portraits. 8vo., 12s. 6 d. 

Auld Lang Syne, Second Series. 
8vo, 10s. 6 d. 

Chips from a German Workshop. 
Vol. 11 . Biographical Essays. Cr. 8vov, 55. 


Meade.— General Sir Richard 
Meads and the Feudatory States of 
Central and Southern India. By 
Thomas Henry Thornton. With Portrait, 
Map and Illustrations. 8vo., xos. 6 d. net. 

Morris. — The Life of William 
Morris. By J. W. Mackail. With 6 Por¬ 
traits and 16 Illustrations by E, H. New. 
etc. 2 vols. 8vo., 325. 

On the Banks of the Seine. By 

A. M. F., Authoress of * Foreign Courts arid 
Foreign Homes ’. Crown 8vo., 65. 

^tdsson,—C harles Henry Pear- 

5 d.v,Author of'National Life and Character’. 
Memorials by Himself, his Wife, and nis 
Friends. Edited by William Stebbino. 
With a Portrait. 8vo., 141. 

Place.— The Life of Francis Place, 
1771-1854. By Graham Wallas, M.A. 
With 2 Portraits. 8vo., 12s. 

f 

Rfimakr/shna: His Life and 

Sayings. By the Right Hon. F. Max 
Muller. Crown 8vo., 55. 

Romanes.— The Life and LkrTERs 
OF Georgs John Romanes, M.A., LL.D., 
F.R.S. Written and Edited by his Wife. 
With Portrait and 2 Illustrations. Cr. 8vo., 
5s. net. 

Russell.— SwALLOWFIELD AND ITS 
Owners. By Constance Lady Russell, 
of Swallowiield Park. With Photogravure 
Portraits and other Illustrations. 410. 

Seebohm.— TheOxford Refoirmers 
—John Court, Erasmus, and ’Ihomas 
bf More : a History of their Fellow-Work. 
\ By Frederic Seebohm. 8vo., 145. 

Shakespeare. — Outlines of the 
Life of Shakbsprarr. By J. 0 . Halli- 
well-Phillipps. With Illustrations and 
Fac-similes. 2 vols. Royal 8vo., 215. 

Victoria, Queen,. 1819-1900. By 

Richard R. Holmes, M.V.O., F.S.A., Lib¬ 
rarian to the Queen. New and Cheaper 
Edition. With a Supplementary C' apter, 
bringing the narrative to the Queen’s visit 
to Ireland, 1900. With Photogravure Por¬ 
trait. Crown 8vo., 55. net. 

Wellington.--Zy/i-A of the. Duke 
OF Wellington. By. the Rev. G. R. 
Glbio, M.A. Crown 8vo., 31. 6 d, 
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Travel and Adventure, the Colonies, &c. 


Arnold. — S£^s and Lands. By Sir 

Edwin Arnold. With 71 Illustrations. 
Crown 8vo., 35. ftd. 

Baker (Sir S. W.). 

Eight Years in Ceylon. With 6 

Illustrations. Crown 8vo., 3$. td. 

The ^Rifle and the Hound /a 
Ceylon. With 6 Illusts. Cr. 8vo., 3s. 6d. 

Ball (John). 

The Alpine Guide. Reconstructed 
and Revised on behalf of the Alpine Club, 
by W. A. B. CooLiDOB. 

Vol. I., Tub Western AitPs: the Alpine 
Region, South of the Rhone Valley, 
from the Col de Tenda to the Simplon 
Pass. With g New and Revised Maps. 
Crown 8vo., 12s. net. 

Vol. II., The Central Alps, North of 
THE Rhone Valley, from the Sim¬ 
plon Pass to the Adige Vallb\. 

[In preparation. 

Hints and Notes, Practical and 
Scientific, for Travellers in. the 
Alps; being a Revi^on of the General 
Introduction to the ‘ Alpine Guide ’. 
Crown 8vo., 35. net. 

Bentf — The Ruined Cities of Ma- 

SHONALAND ■* being a Record of Excavation 
and Exploration in i8gi. By j. Theodore 
Bent. With 117 Illustrations. Cihwn 
8vo., 3s. 6 d. 

Brassey (the late Lady). 

A Yoyage IN THE* Sunbeam’ ; Our 
home ON THE Ocean for Eleven 
Months. 

CabUut Edition. With Map and 66 

f Illustrations. Crown 8vo., 75. 6 d. 

ilver Library ’ Edition. With 66 Illus* 
* trations.* Crown 8vot, is. 6 d. 

Popular Edition. With 60 Illustrationfl 
4to., 6 d. sewed, is. cloth. 

School Edition. With 37 Illustrations. 
Fcp., 2S. cloth, or 3s. white parchment. 

Sunshine and Storm in the East. 
Cabinet Edition. With 2 Maps and 114 
Illustrations. Crown 8vo., ys. 6 d. 
Popular Edition. With ro3 Illustrations. 
4to., 6d. sewed, is. cloth. 

In the Trades, the Tropics, and 
< the * Roaring Forties ’. 

Cabinet Edition., With Map and 220 
Illustrations. Crown 8vo., 71. 

Crawford. — South American 
Sketches. By Robert Crawford, M.A. 
Crown 8v4a, 65. 


Froude (James A.). 

Oceana : or England and her Col¬ 
onies. With 9 Illustrations. Cr. 8vo.,3s. 6 d. 
The English IN THE West Indies: 
or, tlie Bow of Ulysses. With 9 Illustra¬ 
tions. Crown 8 vo., 25. boards, 2s. 6 d. cloth, 

HeathcotO.— .St*. Kilifa. By Nor¬ 
man Heathcote. ■ With 8n Illustrations 
from Sketches and Photographs of the 
People, Scenery and Birds by the Author. 
8vo., 10s. 6 d. net, 

Howitt. — Visits id Remarkable 
Places. Old Halls, Battle-Fields, Scenes, 
illustrative of Striking Passages in English 
History and Poetry. By William Howitt. 
With 80 Illustrations. Crown 8vo., 35. bd. 

Knight (E. F.). 

The Cruise of the * Al^rte ’; the 
Narrative of a Search for Treasure on the 
Desert Island of Trinidad. With 2 Maps 
and 23 Illustrations. Crown 8vo., 35. bd. 
Where Three Empires Meet: a 
Narrative of Recent Travel in Kashmir, 
Westero Tibet, Baltistan, Ladak, Gilgit, 
and the adjoining Countries. With a 
Map and 54 Illustrations. Cr. 8vo., 3s. 61/. 

The * Falcon' on the Baltic: a 

Voyage from London to Copenhagen in 
a Three-Tonner. With 10 Full-page 
Illustrations. Crown 8vo., 35. 6<f. 

Lees. — Peaks and Pines: another 

Norway Book. By J. A. Lees. With 
63 Illustrations and Photographs by the 
Author. Crown 8vo., 65. 

Lees and Clutterbuck.— B.C. 1887: 

A Ramble IN British Columbia. By J, A. 
sLees and W. J. Clutterbuck. With Map 
and 75 Illustrations. Crown 8vo., 31. 6d. 

Lynch. — Armenia : Travels and 
Studies. By H. F. B. Lynch. With 100 
Whole-page Illustrations and upwards of 
100 in the text, reproduced trom Photo¬ 
graphs by the Author; Plans of Moun¬ 
tains, Ancient Sites, etc., and a Map. 2 
vols. 8vo. 

Macdonald. — TheGoldCoastzPast 
AND Present. By George Macdonald, 
Director of Education and H.M. Inspector 
of Schools for the Gold Coast Colony and 
the Protectorate. With 32 Illustrations. 
Crown 8vo., ys. 6 d. 

Nansen.— The First Crossing of 
Greenland. By Fridtjof Nansen. With 
143 Illustrations and a Map. Crown 8vo., 
35. bd. 

Notes on Reconnoitring in South 

Africa—Boer War, zSgg-igoo. T6mo., 
15 . net. 
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Rice. — Occasional Essays on Na¬ 
tive South Indian Life. By Stanley 
P. Rice, Indian Civil Service. 8vo., los. 6<I. 

Smith ,— Climbing in the British 
Isles. By W. P. Haskett Smith, With 
Illustrations by Ellis Cark, and Numerous 
Plans. 

Part I. England. i6mo., 35. net. 

Part II. Wales and Ireland. i6mo., 
3s. net. 

Stephen. — The Pi.a v- Gro und of 
Europe (The Alps). By Leslie Ste¬ 
phen. With 4 Illustrations, Crown 8vo., 

3 $. ^d. 


Three in Norway. By Two of 

Them. With a Map and 59 Illustrations. 
Crown 8vo., 25. boards, 2 s. 6 d. cloth. 

T3rndall.— (John). 

The Glaciers of the Alps ; being 
a Narrative of Excursions and Ascents. 
An Account of the Origin and Phenomena 
of Glaciers, and an Exposition of the 
Physical Principles to which they are re¬ 
lated. With 61 Illustrations. Crown 8vo., 
6r. td, net. 

Hours of Exercise in the Alps. 
With 7 Illustrations. Cr. 8vo., 65. 6//. net.. 


Sport and Pastime. 

THE BADMINTON LIBRARY. 

Edited by HIS GRACE THE LATE DUKE OF BEAUFORT, K.G., and A. E. T. 
WATSON. Complete in 29 Volumes. Crown 8vo., Cloth, Price loj. 6 d. each Volume. 

The Volumes are also issued half-bound in Leather^ with gilt top. The price can be had 

from all Booksellers. 


ARCHER Y. By C. Longman and 
Col. H. Walrond. With Contributions by 
Miss Lrgh, Viscount Dillon, etc. With 
2 Maps, 23 Plates and 172 Illustrations in 
the Text. Crown 8vo., los. 6 d. 

ATHLETlCS^ By Montague 

Shearman. With Chapters on Athletics 
at School by W. Beacher Thomas ; Ath¬ 
letic Sports in America by C. H. Sherrill ; 
a Contribution on Papier-chasing by W. Rye, 
and an Introduction by Sir Richard Web¬ 
ster, Q C., M.P. With 12 Plates and 37 
Illustrations in the Text. Cr. 8vo., 105. 6 rf. 

BIG GAME SHOOTING. By 

Clive Phillipps-Wolley. 

Vol. h AFRICA AND AMERICA. 
With Contributions by Sir Samuel W. 
Baker, W. C. Oswell, F. C. Selous, 
etc. With 20 Plates and 57 Illustrations 
in the Text. Crown 8vo., 105. 6 d. 

Vol. II. EUROPE, ASIA, AND THE 
ARCTIC REGIONS. With Contribu- 
tions by Lieut.-Colonel R. Hebek 
Percy, Major Algernon C. Heber 
Percy, etc. With 17 Plates and 56 Illus¬ 
trations in the Text. Cr. 8vo., 10s. 6d. 


BILLIARDS. By Major W. Broad- 
FOOT, R.E. With Contributions by A. H. 
Boyd, Sydenham Dixon, W. J. Ford, etc. 
With n Plates, 19 Illustrations in the Text, 
and numerous Diagrams. Cr. 8vo*, los. 6 d, 


COURSING AND FALCONRY. 
By Harding Cox, Charles Richardson, 
and the Hon. Gerald Lascelles. With 
20 Plates and 55 Illustrations in the Text. 
Crown 8vo., 105. 6 rf. 


CRICKET. By A. G. Steel and 
the Hon. R. H. Lyttelton. With Con¬ 
tributions by Andrew Lang, W. G. Grace, 
F. Gale, etc. With 13 Plates and 52 Illus¬ 
trations in the Text. Crown 8vo., los. 6 d. 


CYCLING. By the Earl of Albe¬ 
marle and G. Lacy Hillier. With 19 
Plates and 44 Illustrations in the Text. 
Crown 8vo., los. 6d. ^ 
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DANCING. By Mrs. Lilly Grove, 
F.R.G.S. With Contributions by Miss 
Middleton, The Hon. Mrs. Armytage, 
etc. With Musical Examples, and 38 Full- 
page Plates and 93 Illustrations in the Text. 
Crowi\8vo., tos. 6 d. 

DRIVING. By His Grace the late 
Duke of Beaufort, K.G. With Contribu¬ 
tions by A. E. T. Watson the Earl of 
Onslow, etc. With 12 Plates and 54. Illus¬ 
trations in the Text. Crown 8vo., loi. 6 d. | 

FENCING, BOXING, AND 

W/2ES TLim . By Walter H. Pollock, 
F. C. Grove, C. Prevost, E. B. Mitchell, 
and Walter Armstrong. With t8 Plates 
and 24 Illust. in the Text. Cr. 8vo., 105. (A. 

FISHING. By H. Cholmondei.ey- 
Pennbll. 

Vol. I. SALMON AND TROUT. With 
Contributions by H. R. Francis, Major 
John P. Traherne, etc. With 9 Plates 
and numerous Illustrations of Tackle, 
etc. Crown 8vo., lor. fA. 

Vol. II. PIKE AND OTHER COARSE 
FISH. With Contributions by the 
Marquis of Exeter, William Senior, 
G, Christopher Davis, etc. With 
7 Plates and numerous Illustrations of 
Tackle, etc. Crown 8vo., 105. 6 <l. 

FOOTBALL. History, by Mon¬ 
tague Shearman ; Ttm Association 
Game, by W. J. Oakley and G. 0. Smi'IH ; 
The Rtrofiv Union Game, by Frank 
Mitchell. With other Contributions by 
R. E. Macnauhtbn, M. C. Kemp, J. K. 
Vincent, Walter Camp and A. Suther¬ 
land. With 19 Plates and 35 Illustrations 
in the Text, Crown 8vo., los. 6 tl. 

GOLF. By Horace G. Hutchinson. 
With Contributions by the Rt. Hon. A. J. 
Balfour, M.P., Sir Walter Simpson, Bart., 
Andrew Lang, etc. With 32 Plates and 57 
Illustrations in the Text. Cr. 8vo., los. 6<L 

HUNTING, By His Grace the late 
Duke of Beaufort, K.G., and Mowbray 
Morris. With Contributions by the Earl 
OF Suffolk and Berkshire, Rev. E. W. 
L. Davies, G. H. Longman, etc. With 5 
Plates and 54 Illustrations in the Text. 
Crown 8^0., 105. 6 d. 


MOUNTAINEERING. By C. T. 

Dent. With Contributions by the Right 
Hon. j. Bryce, M.P., Sir Martin Conway, 
D. W. Fkeshfield, C. E. Matthews-, etc. 
With 13 Plates and qi Illustrations in the 
Text. Crown 8vo., tor. 6rf. 

POETRY OF SPORT {THE).- 

Selected by Hedley Peek. With a 
Chapter on Classical Allusions to Sport by 
Andrew L\ng, and a Special Preface to 
the BADMINTON LIBRARY by A. E. T. 
Wat.son. With 32 Plates and 74 Illustra¬ 
tions in the Text. Crown 8vo., 105. 6 d. 

RACING AND STEEPLE-CHAS- 

ING. By the Earl op Suffolk and 
Berkshire, W. G. Craven, the Hon. F. 
Lawley, Arthur Coventry, and A. E. T. 
Watson. With Frontispiece and 56 Illus¬ 
trations in the Text. Crown 8vo., tor. 6 d. 

RIDING AND POL 0 , By Oaptain 
Robert Weir, J. Moray Brown, T. F. 
Dale, Thu Late Duke of Beaufort, The 
Earl op Suffolk and Berkshire, etc. 
With 18 Plates and 41 Illustrations in the 
Text. Crown 8vo., 105. 

ROWING. By K. P. P. Rowe and 
C. M. Pitman. VV’ith Chapters on Steering 
by C. P. Serocold and F. C. Begg ; Met¬ 
ropolitan Rowing by S. Le Blanc Smith ; 
and on PUNTING by P. W, Squire. With 
75 Illustrations. Crown 8vo., los. fid. 

SEA FISHING. By John Bicker- 

DYKF,, Sir H. W. Gork-Booth, Alfred 
C. Harmsworth, and W. Senior. With 
22 Full-page Plates and 175 Illustrations in 
the Text. Crown 8vo., los. fid, 

SHOOTING. 

Vol. 1. FIELD AND COVERT. By Lord 
Walsingham and Sir Ralph Payne- 
Gallwey, Bart. With Contributions by 
the Hon. Gerald Lascklles and A. J. 
Stuart-Wortley. With ii Plates and 
95 Illusts. in the Text. Cr. 8vo., 105. fA. 

Vol. II. MOOR AND MARSH. By 
Lord Walsingham and Sir Ralph Pa yne- 
Gallwey, Bart. With Contributions by 
Lord Luvat and Lord Charles Lennox 
Kerr. With 8 Plates and 57 Illustration.s 
in the Text. Crown 8vo., 105. fA. 
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SKATING, CURLING, TOBOG^ 

GANING. By J. M. Heathcote, C. G. 
Tebbutt,. T. Maxwell Witham, Rev. 
JoHK Kerr, Ormond Hake, Henry A. 
Buck, etc. With 12 Plates and 272 Illus¬ 
trations in the Text. Crown 8vo., los. 6 d. 

SWIMMING. By Archibald Sin¬ 
clair and William Henry, Hon, Secs, of the 
Life-Saving Society. With 13 Plates and 112 
Illustrations in the Text. Cr. 8vo., 105. td. 

TENNIS, LAWN . TENNIS, 
RACKETS AND FIVES. By J. M. and 
C. G. Heathcote, E. O. PLEVDELL-Bbu- 
VERiE,and A. C. Ainoer. With Contributions 
by the Hon. A. Lyttelton, W. C. Mar¬ 
shall, Miss L. Don, etc. With la Plates and 
67 Illustrations in the Text. Cr. 8vo., los. 6<f. 


YACHTING. 

Vol. I. CRUISING, CONSTRUCTION 
OF YACHTS, YACHT RACING 
RULES, FITTING-OUT, etc. By Sir 
Edward Sullivan,' Bart., The Barl of 
Pembroke, Lord Brassey, K.e.B., C. 
E. Seth-Smith, C.B., fj. L. Watson, R. 
T. Pritchett, E. F. Knight, etc. With 
21 Plates and 93 Illustrations in the Text. 
Crown 8vo., 105. 6 d. 

Vol. II. YACHT CLUBS, YACHT- 
ING IN AMERICA AND THE 
COLONIES, YACHT RACING, etc. 
By R. T. Pritchett, The Marquis of 
Dufferin and Ava, K.P., The Earl of 
Onslow, James McFerran, etc. With 
35 Plates and 160 Illustrations in the 
Text. Crown 8vo., los. 6d. 


FUR, FEATHER, AND FIN SERIES. 

Edited by A. E. T. Watson. 

Crown 8vo., price 5;. each Volume, cloth. 

*,• The Volumes arc also issued half-hound in Leather, with gilt top. The price can be had 

from all Booksellers. 


THE PARTRIDGE. Natural His-1 

tory, by the Rev. H. A. Macpherson; 
Shooting, by A. J. Stuart-Wortley ; ‘ 
Cookery, by Georoe Saintsbury. With 
II Illustrations and various Diagrams in 
the Text. Crown 8vo., 55. 

THE GROUSE. Natural History, by 
the Rev. H. A. Macpherson; Shooting, 
by A. J. Stuart-Wortley; Cookery, by 
Georoe Saintsbury. With 13 Illustrations 
and various Diagrams in the Text. Crown 
8vo., 5$. 

THE PHEASANT. Natural History, 
by the Rbv. H. A. Macpherson ; Shooting, 
by A. J. Stuart-Wortley ; Cookery, by 
Alexander Innes Shand. With 10 Illus¬ 
trations and various Diagrams. Crown 
8vo., 51. 

THE HARE. Natural History, by 
the Rev. H. A. Macpherson; Shooting, 
by the Hon. Gerald Lascelles ; Coursing, 
by Charles* Richardson ; Hunting, by J. 
S. Gibbons and G. H. LjOngman ; Cookery, 
by Col. Kenney Herbert. With g 
Illustrations. Crown 8vo, 55. 


RED DEER. —Natural History, by 

the Rev. H. A. Macpherson ; Deer Stalk¬ 
ing, by Cameron op Lochiel ; Stag 
Hunting, by Viscount Ebrington ; 
Cookery, by Alexander Innes Shand. 
With 10 Illustrations. Crown 8vo., 5$. 

THE SALMON. By the Hbn. A. E. 
Gathorne-Hardy. With Chapters on the 
Law of Salmon Fishing by Claud Douglas 
Pennant ; Cookery, by Alexander Innes 
Shand. With 8 Illustrations. Cr. 8vo., 5$. 

THE TROUT. By the Marquess 

OP Granby. With Chapters on the Breed¬ 
ing of Trout by Col. H. Custance ; and 
Cookery, by Alexander Innes Shand. 
With 12 Illustrations.' Crown 8vo., 55. 

THE RABBIT. By James Edmund 

Hartino. Cookery, by Alexander Innes 
Shand. With 10 Illustrations. Cr. 8vo., 5s. 

PIKE AND PERCH. By William 

Senior (' Redspinnet,’ Editor of the 
* Field *). With Chapters by John Bicker- 
dyke and W. H. Pope; Cookery, by 
Alexander Innes Shand. With iz II- 
'lustrations. Crown 8vo., 5s. , 
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Bickerdyke.— Da vs of My Life on 
Water, Fresh and Salt; and other 
Papers. By John Bickerdyke. With 
Photo-etching Frontispiece and 8 Full-page 
Illustrations. Crown 8vo., 6s. 

Blackburne. — Mr. BLACKBURNiis 

Games at Chess. Selected, Annotated 
and Arfanged .by Himself. Edited, with a 
Biographical Sketch and a brief History of 
Blindfold Chess, by P. Anderson Graham, 
With Portrait of Mr. Blackburne. 8vo., 
7S. 6 d. net. 

Cawthorne and Herod.—Bo yal 

Ascot: its History and its Associations. 
By George James Cawthorne and Rich¬ 
ard S. Herod. With 32 Plates and 106 
Illustrations in the Text. Demy 4to., 
£i ns. 6d. net. 

Dead Shot (The): or, Sportsman’s 

Complete Guide. Being a Treatise on the Use 
of the Gun, with Rudimentary and Finishing 
Lessons in the Art of Shooting Game of all 
kinds. Also Game-driving, Wildfowl and 
Pigeon-shooting, Dog-breaking, etc. By 
Marksman. With numerous Illustrations. 
Crown 8vo., lor. 6 d. 

Hllis.— C//ESS Spares ; or, Short and 
Bright Games of Chess. Collected and 
Arranged by J. H. Ellis, M.A. 8vo., 4s. 6 d. 

Folkard.— The Wild-Fowler : A 

Treatise on Fowling, Ancient and Modern, 
descriptive also of Decoys and Flight-ponds, 
Wild-fowl Shooting, Gunning-punts, Shoot¬ 
ing-yachts, etc. Also Fowling in the Fens 
and in Foreign Countries, Rock-fowling, 
etc., etc., by H. C. Folkard. With 13 En¬ 
gravings on Steel, and several Woodcuts. 
8vo., I2r. 6d. 

Ford,— Middlesex County Cricket 
Club, 1864-1899. Written and Compiled 
by W. J. Ford (at the request of the Com¬ 
mittee of the County C.C.). With Frontis¬ 
piece Portrait of Mr. V. K. Walker. 8vo., 
los. net. 

Ford.— The Theory and Pract.ce 
OF Archery. By Horace Ford. New 
Edition, thoroughly Revised and Re-written 
by W. Butt, M.A. With a Prefisce by C. 
J. Longman, M.A. 8vo., 145. 

Francis.— A Book on Angling ; or, 
Treatise on the Art ot Fishing in every 
Branch; including hill Illustrated List of Sal¬ 
mon Flies. By Francis Francis. With Por¬ 
trait and Coloured Plates. Crown 8vo., 15s, 


Gathome - Hardy. — Autumns in 
Arcyleshire with Rod and Gun. By 
the Hon. A. E. Gathornb-Hakdy. With 
8 Photogravure Illustrations by Archibald 
Thorburn. 8vo., ios. 6rf. net. , 

Graham. — Country Pastimes for 
Boys. By P. Anderson Graham. With 
252 Illustrations from Drawings and 
Photographs, Crown svo., 35. net. 

Hutchinson. — The Book of Golf 

AND Golfers. By Horace G. Hutchin¬ 
son. With Contributions by Miss Amv 
Pascoe, H. H. Hilton, J. H. Taylor, H. 
J. Whigham, and Messrs. Sutton & Sons. 
With 71 Portraits from Photograph.s. Large 
crown 8vo., 75. 6 d. net. 

Lang. — Angling Sketches. By 
Andrew Lang. With 20 Illustrations. 
Crown 8vo., 3s. 6 d, 

Lillie (Arthur). 

Croquet: its History, Rules and 
Secrets. With 4 Full-page Illustrations, 
15 Illustrations in the Text, and 27 Dia¬ 
grams. Crown 8vo., 65. 

Croquet up to Date. Contain¬ 
ing the Ideas and Teachings of the 
Leading Players and Champions. With 
Contributions by Lieut.-Col. the Hon. H. 
Needham, C. D. Locock, etc. With tg 
illustrations (15 Portraits), and numerous 
Diagrams. 8vo., los. 6 ( 1 . net. 

Longman. — Chess Openings. By 
Frederick W. Longman. Fcp. 8vo., zs. 6 d. 

Madden. — The Diary Master 

William Silence : a Study of Shakespeare 
and of Elizabethan Sport, By the Right 
Hon. D. H. Madden, Vice-Chancellor of the 
University of Dublin. 8vo., i6s. 

Maskelyne. — Sharps and Flats: a 

Complete Revelation of the 'Secrets of 
Cheating at Games of Chance and Skill. By 
John Nevil Maskelyne, of the Egyptian 
Hall. With 62 Illustrations. Crown 8vo., 65. 

Millais. — The Wildfowler in 
Scotland. By John Guille Millais, 
F.Z.S., etc. With a Frontispiece in Photo¬ 
gravure by Sir J. E. Millais, Bart., P.K.A.. 
8 Photogravure Plates, 2 Coloured Plates and 
50 Illustrations from the Author's Drawings 
and from Photographs. Royal 4to., 30s. net. 

Moffat. — CricketyCricket: Rhymes 
and Parodies. By Douglas Moffat, with 
Frontispiece by the late Sir Frank I.ock- 
WOOD, and 53 Illustrations by the Author. 
Crown 8vo, 25. 6 d. 
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Sport and Pastime— conHnmd. 


Park .— The Game of Golf. By 
William Park, Jun., Champion Golfer, 
1887-89. With 17 Plates and 26 Illustra¬ 
tions in the Text. Crown 8vo., 7s. 6rf. 

Payne-Gallwey (Sir Ralph, Bart.). 
Letters to Young Shooters (First 
Series). On the Choice and use ol a Gun. 
With 41 Illustrations. Crown 8vo., 75. 6d. 

Letters TO Young SHOOTERs(^tQov\ 6 . 
Series). On the Production, Preservation, 
and Killing of Game. With Directions 
in Shooting Wood-Pigeons and Breaking- 
in Retrievers. With Portrait and 103 
Illustrations. Crown 8vo., las. 6d. 

Letters to Young Shooters. 
(Third Series.) Comprising a Short 
Natural History of the Wildfowl that 
are Rare or Common to the British 
Islands, with complete directions in 
Shooting Wildfowl on the Coast and 
Inland. With 200 Illustrations. Crown 
8vo., i8s. 


Pole — The Theory of the Modern 
SciBNTiFrc Game of Whjst. By William 
PoLE^ F.R.S. Fcp. 8vo., 25. net. 

Proctor. — IIoiF to Play Whist: 
WITH THB Laws and Etiquette op 
Whist. By Richard A, Proctor. Crown 
8vo., 35. net. , 

Ronalds. — The Fly-Fisher's Ento¬ 
mology. By Alfred Ronalds. With 20 
coloured Plates. 8vo., 145. 

Selous. — Sport and Travel^ East 
AND West. By Frederick Courteney 
Selous. With i8 Plates and 35 Illustra¬ 
tions in the Text. Medium 8vo., 125. 6 d, net. 

Wilcocks.— Fisherman: 

Comprising the Chief Methods of Hook and 
Line Fishing in the British and other Seas, 
and Remarks on Nets, Boats, and Boating. 
By J. C. WiLCOCKS, Illustrated. Cr. 8vo.,65. 


Mental, Moral, and Political Philosophy. 

LOGIC, RHETORIC, PSYCHOLOGY, &C. 


Abbott. — The Elements of Logic. 
By T. K. Abbott, B.D. i2mo., 35. 

Aristotle. 

The Ethics: Greek Text, Illustrated 

with Essay and Notes. By Sir Alexan¬ 
der Grant, Bart. 2 vols. 8vo., 325. 

An iNTRtinucTioN to Aristotle’s 
Ethics. Books I.-IV. (Book X. c.vi.-ix. 
in an Appendix). With a continuous 
Analysis and Notes. By the Rev. E. 
Moore, D.D. Crown 8vo. roi. 6rf. 

Bacon (Francis). 

Complete Works. Edited by R. L. 
Ellls, James Spedding and D. D. 
Heath. 7 vols. 8vo., ;^3 13s. 6d. 

Letters and Life, including all his 
occasional Works. Edited by James 
Speddinq. 7 vols. 8vo., 45. 

The Essa ys: with Annotations. By 

Richard Whately, D.D. 8vo., lor. 6rf. 

The^Essays : with Notes. By F. ' 
Storr and C. H. Gibson. Cr. 8vo, 3s. 6d. 

I'liE Essays: with Introduction, 
Notes, and Index. By E. A. Abbott, D.D. 
i Vols. Fcp. 8vo., 6i. The Text and Index 
only, without Introduction and Notes, in 
One Volume. Fcp. 8vo., 2s. 6rf. 


Bain (Alexandkr). 

Dissertations on Leading Philo¬ 
sophical Topics : being Articles reprinted 
from “ Mind ”. 

Mental and Moral Science : a 

Compendium of Psydiology and Ethics. 
Crown 8vo., los. 6 d. 

Or separately, 

Part I . Psychology and History of 
Philosophy. Crown 8vo., 65. 6</. 
j Part IT. Theory OF Ethics AND P.THiCAL 
j Systems. Crown 8vo., 4s. 6</. 

i Logic. Deduction. Cr. 8vo., 

I 4i. Pvi\.\\. Induction. Cr. 8vo., 64.6</. 
Senses AND theIntellect. 8vo.,155. 
Emotions and THE Will. 8 vo., 155. 
Practical Essays. Cr. 8vo., 2 s. 

i Bray. — The Philosophy of Neces¬ 
sity: or. Law in Mind as in Matter. By 
Charles Bray. Crown 8vo., 5s. 

Crozier (John Beattie). 
Ciyilisation and Progress : being 
the Outlines of a New System of Political, 
Religious and Social Philosophy. 8vo.,i45. 
History of Intellectual Devel- 
OPMENT'.fyo the Lines of M odern Evolution. 
Vol. I. Greek and Hindoo Thought; Graeco- 
Roman Paganism; Judaism; and Christi¬ 
anity down to the Closing of the Schools 
of Athens by Justinian, 529 a o. 8vo., 144. 
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M6ntd>l, MorSil ftiid. Politio&l Philosophy- -continued. 

LOGIC, RHETORIC, PSYCHOLOGY. &C. 


Davidson. — T//e Logic of Defini¬ 
tion, Explained and Applied. .By William 
L. Davidson, M.A. Crown Svo., 65. 

Green (Thomas Hill). — The Works 
OF. Edited by R. L. Nbttleship. 

Vols. I. and II. Philosophical Works. 8vo., 
16s. each. 

Vol. If I. Miscellanies. With Index to the 
three Volumes, and Memoir. 8vo., 215. 

Lectures on the Principles of 
Political Obligation. With Preface 
by Bernard Bosanquet. 8vo., 55. 

Gurnhill.— The Morals of Suicide. 
By the Rev. J. Gdunhill, B.A. Crown 
8vo., 65. j 

Hodgson (Shadworth H.), i 

Time and Space: A Metaphysical ! 
Essay. 8vo., 16s. 

The Theory of Practice : an ' 
Ethical Inquiry. 2 vols. 8vo., 24s. j 

The Philosophy of Reflection, j 
2 vols. 8V0., 215 . 

The Metaphvsic of Experience. 
Book I. General Analysis of Experience; 
Book II. Positive Science; Book III. 
Analysis of Conscious Action; Book IV, 
The Real Universe, 4 vols. 8vo., 365. net. 

"Hyivot.—THE Philo.sophical Works j 
OF David Humr. Edited by T, H. Green j 
and T. H. Grose. 4 vols. 8vo., 285. Or j 
separately, Essays. 2 vols. 14s. Treatise 1 
OK Human Nature. 2 vols. 14s. 

James.-.ZiVA' Will to Brliei’f.,'azi.(I j 
Other Essays in Popular Philosophy. By , 
William James, M.D., LL.D., etc. Crown I 

8vo., 75. 6</. ' 

\ 

Justinian. — 'The Institutes of '' 

yuSTlNLi.X: Latin Text, chiefly that of I 
Huschke, with English Introduction, Trans- ' 
lation, Notes, and Summary. By Thomas | 
C. Sanoaks, M.A. 8vo., 185. I 

Kant (Immanuel). 

* Critique of Practical Reason, 

AND OtNER IVORKS ON THE iURORY OP ' 
Ethics. Translated by T. K. Abbott, ; 
B.D. With Memoir. 8vo., 125. bd. ! 

Fundamental Principles of the i 
Metaphysic of Ethics. Translated by ! 
T. K. Abbott, B.D, Crown avo, 3s. 

Introduction to Logic, and his ’ 
Essay on the Mistaken Svbiiltv of . 
the Four Figures.. Translated by T. j 
K. Abbott. 8vo., 65. , 


Kelly. — Gofernmrnt or Human 
Evolution. By Edmund Kelly, M.A.. 
F.G.S, Vol. I. Justice. Crown Svo. Vol. 
II. Collectivism and Individualism. Crown 
8 vo., 7 s. 6 <f. net. 

K i 11 i c k.— Handbook to Mill's 
System op Logic. By Rev. A. H. 
Killick, M.A. Crown 8vo., 35 . 6 d. 

Ladd (George Trumbull). 

A Theori' of Reality: an Kssay 

in Metaphysical System upon the Basis of 
Human Cognitive Experience. 8 vo., i 8 s. 

Elements of Physiological Psy¬ 
chology. 8V0., 215. 

Outlines of Descriptive Psycho¬ 
logy: a Text-Book of Mental Science for 
Colleges and Normal Schools. 8 vo., 125. 

Outlines of Physiological Psy¬ 
chology. 8V0., 125. 

Primer of Psychologv. Cr. 8vo., 

5s. 6d. 

Lecky. — T’///-: Map of Life: Con¬ 
duct and Character. By William Kdwakd 
Harti'ole Lucky. 8 vo., itA. 6 rf. 

Lutoslawski.— The Origin and 
Growth of Plato's Logic. With an 
Account of Plato’s Style and of the Chrono¬ 
logy of his Writings. By Wincenty 
Lutoslawski. Svo., 215. 

Max Muller (F.). 

I'he Science oh Thoughi. 8vo., 

215. 

The Six Systems of Indian Phil- 
osopuy. 8vo., 1 S 5 . 

Mill (John Stuart). 

A System of Logic. Cr. 8vo., 3s. 6 d. 
On Liberty. Crown 8vo., i.t. 41/. 

CoNSIDERA IlONS ON RLPRESENPA- 
TivE GovERNMhST. Crown 8 vo.. 25. 
Utilitarianism. 8vo., zs. bil. 

Examination of Sir William 
Hamilton's Philosophy. 8vo., 165. 

Na ture, the Utility of Religion, 

AND THEISM. Three Essays. 8 vo., 55 . 

Mo nek. — An Introduction to 
Logic. i‘y William Henry S. Monck. 
M.A. Crown 8vo., 55. 

Romanes. — Mind and Motion and 
Monism. By George John Ko-manes. 
LL.D., F,R.S. Cr. 8 vo., 45 . bd. 

Stock. — Lectures in the Lyceum ; 
or, Aristotle’s Ethics for English Readers. 
Edited by St. George Stock. Crown 
8 vo., 75 . bd. 
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Mental, Moral, and Political Philosophy— 


Sully (James). 

I//£ Human Mind : a Text-book of 
Psychology. 2 vols. 8vo., 21s. 

Outlines of Psychology. Crown 
8vo., gs. 

The Teacher's Handbook Of Psy¬ 
chology. Crown 8vo., 6r. 6d. 

Studies of Childhood. 8vo., 

los. 6<f. 

Children's Ways: being Selections 
from the Author’s ‘ Studies of Childhood ’. 
With 25 Illustrations. Crown 8vo., 4s. 6d, 

I 

Sutherland. — The Origin and 
Growth of the Moral Instinct. By 
Alexander Sutherland, M.A. 2 vols. 
8vo, 285. 

Swinburne. — Picture Logic : an 
Attempt to Popularise the Science of 
Reasoning. By Alfred James Swinburne, 
M.A. With 23 Woodcuts. Cr. 8vo., 25. 6d. 

Webb. — The Veil of Isis : a Series 
of Essays on Idealism. By Thomas E. 
Webb, LL.D., Q.C. 8 vd., 105. 6 d. 


Weber. — History of Philoso 
By Alfred Weber, Professor in the Uni¬ 
versity of Strasburg. Translated by Frank 
Thilly, Ph.D. 8vo., i6s. 

Whately (Archbishop). 

Bacon's Essays. With Annotations. 
8vo., los. 6 d. 

Elements of Logic. Cr. 8vof, 4s. 6<f. 
Elements OF Rhetoric. Cr. 8vo., 
4$. td. 

Zeller (Dr. Edward). 

The Stoics, Epicureans^ and 
Sceptics. Translated by the Rev. 0. J. 
Reichel, M.A. Crown 8vo., 15s. 

Outlines of the History of 
Greek Philosophy, Translated by 
Sarah F. Alleyne and Evelyn Abbott, 
M.A., LLiD. Crown 8vo., 105. 6d. 
Plato AND the Older Academy. 
Tranuated by Sarah F. Alleyne and 
Alfred Goodwin, B.A. Crown 8vo., i8s. 
Socrates and the Socratic 
Schools. Translated by the Rev. O. 
J. Reichel, M.A. Crown 8vo., los. 6 d, 

Aristotle AND the Earlier Peri^ 
patbtics. Translated by B. F. C. Cos¬ 
telloe, M.A., and J. H. Muirhead, 
M.A. 2 vols. Crown 8vo., 24^. 


STONYHURST PHILOSOPHICAL SERIES. 


A Manual of Political Economy. 

By C. S. Devas, M.A. Crown 8vo., 75.6(/. 
First Principles of Knoiyledge. 

By John Rickaby, S.J. Crown 8vo., 55. 
General Metaphysics. By John 
Rickaby, S.J. Crown 8vo., 55. 

Logic. By Richard F. Clarke, S.J. 
Crown 8vo., 55. 


Moral Philosophy {Ethics and 
Na tural La w). By J oseph Rickaby, S.J. 
Crown 8vo., 5s. 

I 

I Natural Theology. By Bernard 

I Boedder, S.J. Crown 8vo., 6s. 6d. 

I 

Psychology. By Michael Maher, 
S.J., D.Litt, M.A. (Lond.). Cr. 8vo., 6s, 6J. 


History and Science of Language, &e. 


DavidS0tt.~L£ADiNG and Import¬ 
ant English Words : Explained and Ex¬ 
emplified. By William L. Davidson, 
M.A. Fcp. 8vo., 31. 6 d. 

A 

Farrar. — Language and Languages. 
By F. W. Farrar, D.D., Dean of Canter¬ 
bury. Crown Svo., 65. 

Graham. — English Synonyms, 
Classified and Explained: with Practical 
Exercises. By G. F. Graham. Fcp. 8vo., 65. 


Max Muller (F.). 

The Science of Language. 2 vols. 
Crown 8vo., 105. 

Biographies of Words, and the 
Home of the Ary as. Crown 8vo., 5/. 
Chips from a German Workshop. 
Vol. III. Essays on Language and 
Literature. Crown 8vo., 5s. 

Roget. — Thesaurus.OF English 
Words and Phrases. Classified and 
Arranged so a.s to Facilitate the Expression 
of Ideas and assist in Literary Composition. 
By Peter Mark Roget, M.D., F.R.S. 
With full Index. Crown 8vo.,* zos. 6 d. 
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Political Economy and Economics. 

•Ashley (W. J.). | Macleod (Henry Dunning)— coutd. 

English Economic History and The Theory of Credit. 8 vo. 


Theory. Crown 8vo., Part I., 5s. Part 
IL, 10s. 6 d. 

Surveys, Historic and Economic. 


In I Vol., 30s. net; or separately, Vol. 
I., los. net. Vol. II., Part 1 ., loj. net. 
Vol II., Part II. los. net. 


Crown 8vo, gs. net. 

Bagehot. — Economic Studies. By 

Walter Baoehot. Crown 8vo., 35. 6 d. 

Barnett. — Practicable Socialism: 

Essays on Social Reform. By Samuel A. 
and Henrietta Barnett. Crown 8vo., 6 r. 

Devas. — A Manual of Political 
Economy. By C. S. Devas, M.A. Cr. 8vo., 
75. 6d. (Stonyhurst Philosophical Series.) 

Jordan. — The Standard of Value. 

By William Leighton Jordan. Cr.8vo.,65. 

Lawrence. — Local Variations in 
Wages. By F. W. Lawrence, M.A. With 
Index and 18 Maps and Diagrams. 4to.,85.6d. 

Leslie.— on Political Eco¬ 
nomy. By T. £. Cliffe Lklir, Hon. 
LL.D., Dubl. 8vo., los. bd. ^ 

Macleod (Henry Dunning). 
Economics for Beginners. Crown 

8 vO., 25 . 

Thk Elements of Economics. 2 

vols. Crown 8vo., 35. bd. each. 
Bimetalism. 8vo., 5s. net. 

The Elements of Banning. Cr. 

8vo., 35. 6 d, 

The Theory and Practice of 
Banking. Vol. 1 . 8vo., 12s. Vol. II. 14s. 


Indian Currency. 8 vo., 'is. 6 d. net. 

Mill. — Political Economy. By 
John Stuart Mill. Popular Edition. Cr. 
8vo.,35.6d. Library Edition. 2 vols. 8vo.,305. 

Mulhall. — Industries and Wealth 
OF Nations. By Michael U. Mulhall, 
F.S.S. With 32 Diagrams. Cr. 8vo., 85. bd. 

Spahr. — America's WorkincPeople. 

By Charles B. Spahr. Crown 8vo., 55. net. 

Symes. — Political Economy : a 
Short Text-book of Political Economy. 
With Problems for Solution, Hints for 
Supplementary Reading, and a Supple- 
mentary Chapter on Socialism. By J. E. 
Symes, M.A. Crown 8vo., 25. bd. 

Toynbee. — Lectures on the In¬ 
dustrial Revolution of tub 18 th Cen¬ 
tury IN England. By Arnold Toynbee. 

8vo., 105 . bd. 

Webb (Sidney and Beatrice). 

The History of Trade Unionism. 

With Map and Bibliography. 8vo., 185. 
Industrial Democracy : a Study 
in Trade Unionism. 2 vols. 8 vo., 255. net. 
Problems of Modern Industry: 
Essays. 8vo., 7s. bd. 


% 


Evolution, Anthropology, &e. 

Clodd (Edward). | Max Muller (The Right Hon. F.). 

The Story of Creation: a Plain ' Chips from a German Workshop. 
Account of Evolution. With 77 Illustra- I Vol. IV. Essays on Mythology and P'olk 

tions. Crown 8vo., 3s. bd. | Lore. Crown 8vo., 55. 


A Primer of Evolution: being a ' 
Popular Abridged Edition of ' The Story I 
of Creation’. With Illustrations. Fcp. | 
8vo., 15 . bd. I 

Lang (Andrew). 

Custom and Myth: Studies of! 
Early Usage and Belief. With 15 
Illustrations. Crown 8vo., 3s. bd. 

Myth, Ritual, and Religion, 2 , 
vols. Crown 8vo., 75. 

Modern Mythology : a Reply to 
Professor Max Muller. 8vo., 95. 

TkE Making of Religion. Cr. 8vo., 
55. net. 

Lubbock. — The Origin of Civilisa¬ 
tion, and the Primitive Condition of Man. 
By Sir J. Lubbock, Bart., M.P. (Lord 
Avebury). With 5 Plates and 20 Illustra- . 
tions. 8vo., 185. 


Contributions to the Science op 
Mythology. ’ 2 vols. 8vo., 325. 

Romanes (George John). 
Essays. Edited by C. Lloyd 
Morgan. Crown 8vo., 55. net. 
Darwin, and after Darwin: an 
Exposition of the Darwinian Theory, and a 
Discussion on Post-Darwinian Questions. 
Part I. The Darwinian Theory. With 
Portrait ol Darwin and 125 Illustrations. 
Crown 8vo., 105. bd. 

Part II. Post-Darwinian Questions: 
Heredity and Utility. With Portrait of 
the Author and 5 Illustrations. Cr. 8vo., 

105 . bd. 

Part III. Post-Darwinian Que.stions: 
Isolation and Physiological Selection. 
Crown 8vo., 55. 

An Examination of Weismann¬ 
ism. Crown 8vo., bs. 
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ol Essays on Greek Poetry, Philosophy, 
History, and Religion. Edited by Evelyn 
Abbott, M.A., LL.D. Crown 8vo., ^s. 6 d. 

i£schylus. — EUMEIf/DES of /Eschy- 

Lus. With Metrical English Translation. 
By J. F, Davies. 8vo., 7s. 

Aristophanes. — Ti/e Acharnians 

OF Ahjstophanes^ translated into English 
Verse. By R. Y. Tyrrell. Crown 8vo., is. 

Becker (W. A.), Translated by the 

Rev. F. Metcalfe, B.D. 

Gallus: or, Roman Scenes in the 
Time of Augustus. With Notes and Ex¬ 
cursuses. With 26 Illustrations. Crown 
8vo., 3s. 6</. 

C/iARJCLEs: or, Illustrations of the 
Private Life of the Ancient Greeks. 
With Notes and Excursuses. With 26 
Illustrations. Crown 8 vOm 3s. 6</. 

Butler.--7V/7; Authoress of the 
Odyssey, whe.re and wuer She wrote, 
WHO She Was, the Use She made of 
'jHE iLfAD, and how THE POEM C.KBW 
UNDER Her hands. By Samuki. Butlkk. 
With 14 Illustrations and 4 Maps. 8vo., 
los. 6 d. 

Campbell.— Religion in Greek Li- 

TERA'H’RF.. By the Rev. Lewis Campkkm., 
M.A., LL.D., Emeritus Professor of Greek, 
University of St. Andrews, 8vo., 15s. 

Cicero.— C/cfro's Correspondence, 

By R. Y. Tyrrell. Vols. I., II., III., 8vo., 
each 12s. Vol. IV., 15s. Vol. V., 145. 
Vol. VI., 125 . Vol. VTI. Index, 75. 6(f. 

Harvard Studies in ClassVal 

Philology, X900. Edited by a Committee 
of the Classical Instructors of Harvard Uni¬ 
versity. Vol. XI. 1900, 8vo., 65. net. 

Hime.— Lucian, the Syrian S.4- 
7 IRIST. By Lieut.-Col. Henry W. L. Hime, 
(late) Royal Artilhiry. 8vo., 55. net. • • 

Homer. j . 

The Iliad of Homer. Freely 
rendered into English Prose for the use of 
those who cannot read the original. By 
Samuel Butler, Author of ‘Erewhon,’ | 
etc. Crown 8vo., 75. 6(/. ! 

The Odyssey. Rendered into Eng¬ 
lish Prose for the use of those that cannot 
read the original. By Samuel Butler. 
With 4 Maps and 7 Illustrations. Svo., 
75. 6 (i. 

Ti/e Odyssey oe Homer. Done 
into English Verse. By William Mor¬ 
ris. Crown 8vo., 6s. 


The Works of HoRACEy 

RENDERED INTO ENGLISH PrOSE. With 
Life, Introduction and Notes. By William. 
CouTTS, M.A. Crown 8vo,, 5s. net. 

Homer and the Epic. By 
Andrew Lang. Crown 8vo., gs. net. « 

Lucan. — The Fharsalia of £ucan. 

Translated into Blank Verse. By Sir 
Edward Ridley. 8vo., 145. 

MackaiL — Select Epigrams from 
THE Greek Anthology. By J. W. Mac- 
kail. Edited with a Revised Text, Intro- 
duction. Translation, and Notes. 8vo., 165. 

Rich. — A Dictionary of Roman and 
Creek Antiquities. By A. Rich, li.A. 
With 2000 Woodcuts. Crown 8vo., 6 s. net. 

♦ 

Sophocles.— Translated into English 
Verse. By Robert Whitelaw, M.A., 
Assistant Master in Rugby School. Cr. 8vo., 
8j. 6 d . 

Tyrrell. — Dublin Translations 
INTO Greek and Latin Verse. Edited 
by R. Y. Tyrrell. 8vo., 6s. 

Virgil. 

Thr Poems of Virgil. Translated 
into English Prose by John Conington. 
Crown 8vo., 65. 

Thr jEneh) of Virgil. Translated 
into English Verse by John Conington, 
Crown 8vo., 6s. 

The ^Eneids of Virgil. Done into- 
English Verse. By William Morris. 
Crown 8vo., 65. 

The AE.NEID of Virgil, freely trans¬ 
lated into English Blank Verse. By 
W. J. Thornhill. Crown 8 vo., 6s. net. 

The Mneid OF Virgil. Translated, 
into English Verse by James Rhoades. 
Books I.-VI. Crown 8vo., 5s. 

Books VII.-XII. Crown 8vo., 5s. 

The Eclogues and Georgics or 
Virgil. Translated into English Prose 
by J. W. Mackail, P'ellow of Balliol 
College, Oxford. i6mo., 5s. 

Wilkins.— The Growth of thr 
Homeric Poems. By G. Wilkins; 8 vo.,6r. 


Classical Literature, Translations, &c. 

Abbott.— Hrllenica. a Collection I Horace. 
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Poetry and the Drama. 


i^nold. — The Light OF THE World: | Macaulay. — Lays of Ancient Rome^ 
or, The Great Consummation. By Sir { 

Edwin Arnold. W’ith 14 Illustrations I 
after Holman Hunt. Crown 8vo., ^s. net. ' 


Bell (Mrs. Hugh). 

Chamber Comedies : a Collection i 
of Plays and Monologues for the Drawing | 
Room. Crown 8vo., 5s. net. | 

pAi^iY Tale Plays^ and How to ! 
Act Them^ With 91 Diagrams and 52 ! 
Illustrations. Crown 8vo., 35. net. 
Rumdelstiltzkin: a Fairy l^lay in 

Five Scenes (Characters, 7 Male; i Fe¬ 
male). From ‘ Fairy Tale Plays and 
How to Act Them With Illustrations, 
Diagrams and Music. Cr. 8vo., .sewed, 6c/. 
Bird. — Ronald's Farkm ell, and 
other Verses. By George Bird, M.A., 

. Vicar of Bradwell, Derbyshire. Fcp. 8vo., 
4s. 6(/. net. 

Coleridge. —.S elect lo^is from. 

W’ith Introduction by Andrew Lang. 
With 18 Illustrations by Patten Wilson. 
Crown 8vo., 3s. td. 


WITH ' IVRV' AND ‘ ThK ARMAPA ’. By 
Lord Macaulay. 

Illustrated by G. Schakf. P'cp. 410., los. td. 

-Bijou Edition. 

i<Smo., as. 6 d. gilt top. 

- - --Popular Edition. 

Fcp. 4to., 6 d. sewed, ir. cloth. 

Illustrated by J. R. Weguelin. Crown 
8vo., 35. net. 

Annotated Edition. Fcp. 8vo., li. sewed, 
ir. 6 d. cloth. 

MacDonald (George, LL.D.). 

A Book of Strife, in the Form oe 

THE DiARV OF AN OLD SoUL : Poems. 
i8mo., 6s. 

Rampolli : Grow 7 HS from a Long- 
Planted Root: being Translations, New 
and Old (mainly in verse), chiefly Irom the 
German; along with ‘ A Year’s Diary of 
an Old Soul *• Crown 8vo., 65. 

Moffat. — CricketyCricket: Rhymes 


Comparetti. — The Traditional \ 
Poetry of the Finns. Hy Dombnico 
Comparetti, Socio dell’ Accademia dei 
Lincei, Membre de I’Academie des Inscrip¬ 
tions, etc. Translated by Isabella M. 
Andkrton. With Introduction by Andrew 
Lang. 8vo., t6s. 

Goethe. — The First Part of the 
Tragedy of Faust in English. By I 
Thos. E. Webb, LL D.. sometime Fellow . 
of Trinity College; Professor of Moral! 
Philosophy in the University of Dublin, 
etc. New and Cheaper Edition, with The 
Death OF Fausi\ from the Second Part, ^ 
Crown 8vo., 6s. 

Ingelow (Je.an). 

Poetical Works. Complete in | 
One Volume, Crown 8vo., 6s. net. 
Lyrical and other Poems. Selec¬ 
ted from the Writings of Jean Ingelow. . 
Fcp. 8vo., 2s. td. cloth plain, 3s. cloth gilt. 

Lang (Andrew). 

•Grass of Parna.'ssus. Fcp. Svo., 
2s. bd. net. 


and Parodies. By Douglas Moffat. 
With Frontispiece by the late Sir Frank 
Lockwood, and 53 Illustrations by the 
Author. Crown Svo, 2s. bd. 

Moon. — Poems of Love and Home. 
By George Washington Moon, Hon. 
F.R.S.L. With Porliail. i6mo., xs, td, 

Morris (William). 

POETICAL WORKS -Library Edition. 

Complete in ii volumes. Crown 8vo., 
price 5s. net each. , 

The Earthly Paradise. 4 vols. 
Crown 8vo., 5s. net each. 

The Life and Death of Jason. 
Crown 8vo., 5*. net. 

The Defence of Gvknevkre, and 
other Poems, Crown 8vo., 5s. net. 

The Story OF Sigurd the Voi.sung, 
AND The Fall op tub JVibluncs. Cr. 
8vo., 5s. net. 


The Blue Poetry Book. Edited ' 


Poems by the Way, and love is 


bv Andrew Lang. W’ith 100 Illustrations. 
Crown 8vo., 6$. 

Lecky. — Poems. By the Right Hon, , 
W. E. H. Lecky. Fcp. Svo.. ss. 

L3rtton (The Earl of), (Owen ! 
Meredith). 

The Wanderer. Cr. 8vo., los. 6 d. ‘ 
Lucile. Crown 8vo., lOi. 6d. j 
SELEqrED Poems. Cr. 8vo., io.s. 6 d. 


Ekough. Crown 8vo., 51. net. 

The Odyssey of Homer. Done 

into English Verse. Crown .Svo., 5J. net. 

The /Eneids of Virgil. Done 

into Pmglish Verse. Crown .Svo., 55. net. 

The Tale of Beowulf, sometime 
King OFniEFoLKorTiih Wepergeats. 
Translated by Willi,\m Morris and A. 
J, Wyatt, Crown 8vo., 5.?. net. 
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Poetry and the continued. 


Morris (William)— continued. 

Certain of the Poetical Works may also be 
had in the following Editions:— 

Thk Earthly Paradise. 

Popular Edition. 5 vols, lamo., 25s. ; 

or 55. each, sold separately. 

The same in Ten Parts, 255.; or 25. 6d. 

each, sold separately. 

Cheap Edition, in i vol. Crown 8 vo., 
65. net. 

Poems BY THE Way. Square crown 

8vo., 6r. 

**• For Mr, William Morris’s Prose 
Works, see pp. 22 and 31. » 

Morte Arthur: an Alliterative Poem 

of the Fourteenth Century. Edited from 
the Thornton MS., with Introduction, 
Notes and Glossary. By Mary Macleou 
Banks. Fcp. 8vo., 3s. 6<i. 

Nesbit. — Za vs and Legends. ByE. 

Nesbit (Mrs. Hubert Bland). First 
Series. Crown 8vo., 3;. 6d. Second Series, 
With Portrait. Crown 8vo., 51. 

Pooler. — Translations^ and other 
Verses. By C. K. Pooler, M.A. Fcp. 
8vo., 3s- net. j 

Riley. — Old Fashioned Roses : ’ 
Poems. By James Whitcomb Rilky. j 
i2mo., 55. 

Romanes.— A Selection from the j 
Poems of George John Romanes, M.A., \ 
LL.D., F,R.S, With an Introduction by ' 
T. Herbert Warren, President of Mag- i 
dalen College, Oxford. Crown 8vo., 4s. 6^. ' 


Shakespeare. 

Bowdler's Family Shakespeare^ 
With 3d Woodcuts, i vol. 8vo., 145. 
Or in 6 vols.* Fcp. 8vo., 21s. 

The Shakespeare Birthday Book. 

By Mary F. Dunbar. 32mo., is. 6d. 
Shakespeare’s Sonnets. Recon¬ 
sidered, and in part Rearranged, with 
Introductory Chapters and a Rejitint of 
the Original 1609 Edition, by Samuel 
Butler, Author of ‘Erewhon’. 8vo., 
los. 6d. 

Savage-Armstrong. — Ballads op 

Down. By G. F. Savage-Armstrong, 
M.A., D.Litt. Crown 8vo., 7s. 6rf. 

Stevenson.— A Child's Garden of 
Vkrses, By Robert Louis Stevenson. 
Fcp. 8vo., 55. 

Wagner. — The Nibelungen Ring. 
Done into English Verse by Reginald* 
Rankin, B.A. of the Inner Temple, Bwris- 
ter-at-Law. Vol, L Rhine Gold and Val¬ 
kyrie. Fcp. 8vo., 4s. 6d. 

Wordsworth. — Selected Poems. 
By Andrew Lang. With Photogravure 
Frontispiece of Rydal Mount. With 16 
Illustrations and numerous Initial Letters. 
By Alfred Parsons, A.R.A. Crown 8vo., 
gilt edges, 3s. 6r/. 

Wordsworth and Coleridge.—^ 

Description of tub Wordsworth ani> 
Coleridge Manvscripts in the Posses¬ 
sion OF Mr. T. Nor von Longma n. Edited, 
with Notes, by W. Hale White. With 3 
Facsimile Reproductions. 4to., 105. 6 ( 1 . 


Fietion, Humour. &e. 


Anstey.— Voces Popvl /. (Reprinted 
from ‘ Punch ’.) By F. Anstey, Author oi 
* Vice VersS ’. 

First Series. With 20 Illustrations by J. 

Bernard Partrcdge. Cr, 8vo., 35. net. 
Second Series. With 25 Illustrations by J. 
Bernard Partridge. Cr. 8vo., 35. net. 

Bailey.' — Mr Lady of Orange: a 

Romance of the Netherlands in the Days of 

Alva. Bv H. C. Bailev. With 8 Illustra- 

✓ 

tions. Crown 8vo., 6i*. 

Beaconsfield (The Earl of). 
Novels and Tales. Complete 

in II vols. Crown Svo,, ii. td. each. 
Vivian Grey. .Sybil. 

The Young Duke, etc. Henrietta Temple. 
Alroy, Ixion, etc. Venetia. 

Contarini Fleming, Coningsby. 

etc. Lothair. « 

Tancred. Endymion. 


Beaconsfield (The Earl of)— cant. 
Noyels and Tales. The Hugh- 
ENDEN Edition. With 2 Portriiiis and 
II Vignettes, ii Vols. Crown 8vo., 42s. 

‘ Chola.’— A New Divinity, and 

Other Stories of Hindu Fafe. By ‘ Chola 
Crown Svo., 25 . 6rf. 

Churchill.— .S '.avrola : a Tale of the 
Revolution in Laurania. By Winston 
Spencer Churchill, M.P. "Cr. 8v6., 6s. 

Crawford. — The Autobiography of 
A Tramp. By J. H. Crawford. With a 
Photogravure Frontispiece ‘ The Vagrants,’ 
by Fred. Walker, and 8 other Illustra¬ 
tions. Crown 8vo., 5s. net. 

Creed. — The Vicar of St. Luke’s : 
a Novel. By Sibyl Creed. Cr. Svo.. 6 s. 

Dougall. — Beggars All.* By L. 

Dougall. Crown 8vo., 3s. 6<f. , 
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Fiction, Humour, h<Q,-~continued. 


Doyle (A. Conan). 

Micah Clarke: A Tale of Mon¬ 
mouth’s Rebellion. lo Illustra¬ 

tions. Cr. 8vo., 35. 6d, 

The Refugees: A Tale of the 

Huguenots. With 2 $ Illustrations. Cr. 
Svo.«3r. 6d, 

The Stark Munro Letters. Cr. 
8vo, 35. 6d. 

The Captain of the Polestar^ 
and other Tales. Cr. 8vo., 3s. 6(f. 

Farrar (F. W., Dean of Canter¬ 

bury). 

Darkness and Dawn: or, Scenes 
in the Days of Nero. An Historic Tale. 
Cr. 8vo., 6 s. net. 

Gathering Clouds : a Tale of the 

Days of St. Chrysostom. Cr. 8vo., 65. net. 

Fowler (Edith H.). 

The Young Pretenders. A Story 
of Child Life. With 12 Illustrations by 
Sir Philip Burne-Jones, Bart. Crown 
8vo., 65. 

The Professor^s Children. With 
24 Illustrations by Ethel Kate Burgess. 
Crown 8vo., 6i. 

Francis (M. E.). 

Yeoman Fleetwood. Cr. 8vo., 6s. 
Pastoral^ of Dorset. With 8 

Illustrations. Crown 8vo., 6s. 

Froude. — The Two Chiefs of Dun- 

boy: an Irish Romance ofthe Last Century. 
By James A. Froude. Cr. 8vo., 3s. 6i. 

Gordon. — Memories and Fancies : 

Suffolk Tales and other Stories; Fairy 
Legends; Poems; Miscellaneous Articles. 
By the late Lady Camilla Gordon. Cr. 
8vo., 5s. 

Haggard (H. Rider). 

Allan Quatermain. With 31 
Illustrations. Crown 8vo., 35. 6d. 

Allans Wife.' With 34 Illustra¬ 
tions. Crown 8vo., 3s. 6d. 

Beatrice, With Frontispiece and 
Vignette. Cr. 8vo., 35. 6d. 


Haggard (H. Rider)— confwitMrrf. 
Black Heart and White Heari\ 

AND OTHER SiORiES. With 33 Illustra¬ 
tions. Crown 8vo., 6r. 

Cleopatra. With 29 Illustrations. 
Crown 8vo., 35. 6d. 

Colonel Quaritch^ V.C. With 
Frontispiece and Vignette. Cr. 8vo., 3s. 6d. 

Dawn. With 16 Illustrations. Cr. 
8vo., 35. 6d. 

Dr. Therne. Crown 8vo., 3s. 6rf. 

Eric Brighteyes. With 51 Illus¬ 
trations. Crown 8vo., 35. 6d. 

Heart of the World. With 15. 
Illustrations. Crown 8vo., 35. 6d. 

Joan Haste, With 20 Illustrations. 
Crown 8vo., 35. 6d. 

Maiwa's Reyenge. Cr. 8vo., is. 6 d. 
Lysbeth. With 26 Illustrations. 

Crown 8vo., 6s. 

Montezuma's Daughter. With 24 
Illustrations. Crown 8vo., 35. 6d. 

Mr. Mee.'ion's Will. With 16 

Illustrations. Crown 8vo., 3s, 6d. 

Nada the Lily. With 23 Illustra¬ 
tions. Crown 8vo., 35. 6(f. 

She. With 32 Illustrations. Crown 
8vo., 3s. 6 d. 

Swallow : a Tale of the Great Trek. 

With 8 Illustrations. Crown !>vu., 6 s. 

The People of the Mist. With 
16 Illustrations. Crown 8vo., 3s. 6d. 

The Witch’s Head. With i6- 
Illustrations. Crown 8vo., 35. 6d. 

Haggard and Lang. - The World’:, 

Desire. By H. Ridkr Haggard and 
Andrew Lang. With rilustrations, 
Crown bvo., 3s. 6rf. 

Harte. — In the Carquinez Woods. 
By Bret Harte. Crown 8vo., 35. 6d, 

Hope. — The Heart of Princess 
OsRA. By Anthony Hope. With 9 Illus¬ 
trations. Crown 8vo., 3*. 6d. 

Howard. — The Undoing of John 
Brewster.^ By Lady Mabel Howard. 
Crown 8vo., 6s. 
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Fietion, Humour, hQ.—continued. 


Jerome. — Sketches in Lavender: 
Blur and Green, By Jerome K. Jerome, 
Author of • Three Men in a Boat,’ etc. 
Crown 8vo., 3s, 6rf. 

Joyce. — Old Celtic Romances, 

Twelve of the most beautiful of the Ancient 
Irish Romantic Talcs. Translated from the 
Gaelic. By P. W. Joyce, LL.D. Crown 
8vo., 3s. M, 

Lang. —A Monk oe Fife; a Story 
of the Days of Joan of Arc. By Andrew 
Lang. With 13 Illustrations by Selwyn 
Image. Crown 8vo., 3s. 6r/. 

Levett-Yeats. — Tim Curvauer 

D'Auriac. By S. Levett-Ykats. Crown 
8vo., 3s. bd. 

Lyall (Edna). 

Thr a utobiography or a Slander. 

Fcp. Hvo., 15 ., sewed. 

Presentation Edition. With 20 Illustra¬ 
tions by Lancelot Speed. Crown 
8vo., 25 . bd. net. 


Morris (William). 

The Sundering Tlood. Cr. 8vo., 
7s. 6rf. 

The Water of the Wondrous 
Isles* Crown 8vo., 75. bd. 

The Well a t the World's Ekd, 
2 vols. 8vo., 285. 

The Wood Beyond the World. 

Crown 8vo, 65. net. 

The Story of the Glittering 
Plain which has been also called The 
Land of the Living Men, or The Acre of 
the Undying. Square post 8vo., 55. net. 

The Roots of the Mountains,, 
wherein is told somewhat of the Lives of 
the Men of Burgdale, their Friends, their 
Neighbours, their Foemen, and their 
Fellows-in-Arms. Written in Prose and 
Verse. Square crown 8vo., 85. 

A Tale of the House of the 
W oLFiNGS^ and all the Kindreds of the 
Mark. Written in Prose and Verse. 
Square crown 8vo., 65. 


The Autobiography of a Truth. 

Fcp. 8 vo., 15 ., sewed; 15. 6 rf., cloth. ■ 

Doreen. The Story of a Singer. 

Crown 8vo., 65. I 

Wayfaring Men. Crown 8vo., 65. | 
Hope the Hermit : a Romance of j 

Borrowdale. Crown 8vo., 05 . 

Marchmont. — In the Name of a 
Woman: a Romance. By Arthur W. 
Marchmont. With 8 Illustrations. Crown 


A Dream of John Ball, and a 
King^s Lesson, lamo., 15. 6 d. 

News from Nowhere; or, An 

Epoch of Rest. Being some Chapters 
from an Utopian Romance. Post 8vo., 

15 . bd. 

The StoryofGrettir the Strong. 

Translated fiom the Icelandic by EikIrr 
Magnusson and William Morris. Cr, 
8vo., 55. net. 

Three Northern Love Stories, 


8vo., 65. I 

Mason and Lang. —Parson Kelly, i 
By A. E. W. Mason and Andrew Lang. I 
Crown Svo., bs, \ 


AND Ot/irr Tales. Translated from the 
Icelandic by ICikikr Magnusson and 
William Morris. Crown 8vo., 65. net. 

For Mr. William Morris’s Poetical 
Works, see p, 19. 


Max MUller. — Deutsche Liebe j 

\^ERMAN Loyh) : Fragments from the | 
Papers of an Alien. Collected by F. Max | 
Muller. Translated from the German by | 
G. A. M. Crown 8vo., 55. 

Melville (G. J. Whyte). i 

The Gladiators. Holmby House. 1 

The Interpreter. Kate Coventry. | 

Good for Nothing. Digby Grand. , 

The Queen’s Maries. General Bounce. 

Crown 8vo,, 15. bd, each. 


Newman (Cardinal). 

Loss AND Gain: The Story of a 
Convert. Crown Hvo. Cabinet Edition, 
65.5 Popular Edition, 35. bd. 

Call/sta : A Tale of the Third 
Century. Crown Svo. Cabinet Edition, 
65.; Popular Edition, 35. bd. 

Phillipps-Wolley .— Snap: a Legend 
of the Lone Mountain. By C. Phillipps- 
Wolley. With 13 Illustrations. Crown 
Svo., 35. bd. 


Merriman. — Flotsam: A Story oi 
the Indian Mutiny. By Henry Seton ' 
Merriman. With P'rontispiece and Vig- j 
netle by H. G. M.\ssey. Cr. 8vo., 35. bd. ' 


Raymond (Walter). 

Tyo Men o' Mendip. Cr. 8vo., 6s. 
No Soul A bo ye Money. Cr.8vo.,6s. 
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Fiction, Humour, &c.— continued. 


Reader. — Priestess and Queen: 

a Tale of the White Race of Mexico; being 
the Adventures of Ignigene and her Twenty- 
six Fair Maidens. By Emily li. Reader. 
Illustrated by Emily K. Reader. Crown 
8vo., 65. 

Ridley .—Anne MAimvARim:. By 
Alice# Ridley, Author of ‘ The Story of 
Aline *. Crown 8vo., 6s. 

Sewell (Elizabeth M.). 

A Glimpse of the World. Amy Herbert 
Laneton Parsonage. Cieve Hall. 

Margaret Percival. Gertrude. 

Katharine Ashton, Home Life. 

The Earl’s Daughter. After Life. 

The Experience of Life, Ursula. Ivors. 
Cr. 8vo.. 15 . 6d. each cloth plain. 25. td, 
each cloth extra, gilt edges. 

Somerville (E. (E.) and Ross 

(Martin). 

Some Experiences of an Irish 
R.M. With 31 Illustrations by E. GL 
Somerville, Crown 8vo., 6s. 

r/iE Real Oiarlotte. Crown 
8vo., 3s. 6rf. 

The Silver Fox. Cr. 8vo., 3s. 6rf. 
Stebbingf. — Probarle Tales. 

Edited by Wii.liam Stebbing. Crown 
8vo., 45. 6rf. 

Stevenson (Robert Louis). 

The Strange Case of Dr. Jekyll 
AND Mr. JJyde. Fcp, 8vo., 15. sewed. 

IS. 6d. cloth. 

The Strange Case of Dr. 
Jekyu. and Mr. Hydb; with other 
Fables. Crown 8vo., 3s. 6rf. 

More New Arabian Nights — The 
Dynamiter. By Robert Louis Steven¬ 
son and Fanny van de Gkift Steven¬ 
son. Crown 8vo., 3s. bd. 

The Wrong Box. By Robert 
Louis Stevenson and Lloyd Osbourne, 
Crown 8vo., 3s. bd. 

Suttner. — Lay Down Your Arms 

(Die Waffen Nieder): The Autobiography 
of Martha von Tilling. By Bertha von 
Suttner, Translated by T. Holmes. 
Cr. 8vo., IS. 6<^. 

Swan. — Ballast. By Myra Swan. 
Crown 8vo., 6 j. 

Taylor. — Early Italian Love- 
Stories. Taken from the Originals by 
Una Taylor. With 13 Illustrations by 
Henry J# Ford. Crown 410., 15s. net. 


Trollope (Anthony). 

The Warden. Cr. 8vo., is. 6d. 
Barci/ester Towers. Cr.8vo.,is.6rL 


Walford (L. B.). 

One of Ourselves. Cr. 8vo., 6s. 
The Intruders. Crown 8vo., 2s. Gd. 
Leddy Marcet. , Crown 8vo., 2s. Gd. 

IvA Kildare: a Matrimonial Pro¬ 
blem. Crown 8v0., 2i. bd. 

Mr. Smith: a Part of his Life. 

Crown 8 VO., 2s. bd. 

The Baby's Grandmother. Cr. 

8 V 0 ., 25 , bd. 

Cousins. Crown 8vo., as. Gd. 
Troublesome Daughters. Cr. 

8vo., 25 . bd. 

Pauline. Crown 8vo., as. Gd. 
Dick Nether by. Cr. 8vo., as. Gd. 
The History of a Wfer. Cr. 


8vo. 25 . bd. 

A Stiff-necked Genera tion. Cr. 

8vo. 25 . 6 d, 

Nan, and other Stories. Cr. 8vo., 

25 . bd. 

The Mischief of Monica. Cr. 

8vo., 25 . bd. 

The One Good Guest. Cr. 8vo. 

25 . bd. 


‘ Ploughed,' and other Stories. 
Crown 8 VO., 25. bd. 

The Ma tchma ker. Cr . 8vo. , as. Gil. 


Ward. — One J'oor Scru.I‘:.k. By 

Mrs, Wilfrid W'aru. Crown 8vo., 65. 


West. — Edmund Fullkstox : or^ 

The Family ICvil Genius, By B. B. West, 
Author of 'Halt Hours with the Million¬ 
aires,’ etc. Crown 8vo., 6i, 


Weyman (Stanley). 

The House of the Wolf. With 
Frontispiece and Vignette. Crown 8vo., 
35. bd. 

A Gentleman of France. With 
Frontispiece and Vignette. Cr. 8vo., (js. 

The Red Cockade. With Fronds- 

piece and Vignette. Crown 8vo., 65. 

Shrewsbury. With 24 Illustra¬ 
tions by Claude A. Shepbkrson. Cr. 
8vo., 65. 

Sophia. With Fronti.spiece. Crown 
8vo., 65. 
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Popular Science (Natural History, &c.). 


Butler. — Oi/x Household Insects. 
An Account of the Insect-Pests found in 
Dwelling-Houses. By Edward A. Butler, 
B.A., B.Sc. (Lond.). With 113 Illustra¬ 
tions. Crown 8va., 35. 6</. 

Fumeaux (W.). 

The Outdoor World; or The 
Young Collector’s Handbook. With 18 
Plates (16 of which are coloured), and 549 
Illustrations in the Text. Crown 8vo., 
6r. net. 

Butterflies and Moths (British). 
With 12 coloured Plates and 241 Illus¬ 
trations in the Text. Crown 8vo., 6s. net. 

Life in Ponds and Streams. 
With 8 coloured Plates and 331 Illustra¬ 
tions In the Text. Crown 8vo., 6s, net. 

Hartwig (George). 

The Sea and its Lifing Wonders. 
With 12 Plates and 303 Woodcuts. 8vo., 
7s. net. 

«> 

The Tropical World, With 8 
Plates and 172 Woodcuts. 8vo., js. net. 

The Polar World. With 3 Maps, 
8 Plates and 85 Woodcuts. 8 vo., 7s. net. 

The Subterranean World. With 
3 Maps and 80 Woodcuts. 8vo., 7s. net. 

Heroes of the Polar World. With 
19 Illustrations. Cr. 8vo., 2s. 

WONDERSOF THE TrOPICAL FoRESTS. 
With 40 Illustrations. Cr. 8vo., 2 S. 

Workers under thbGround?H\^ 
29 Illustrations. Cr. 8vo., 2S. 

Marvels Over our Heads. With 
29 Illustrations. Cr. 8vo., 2s. 

Sea Mooters and Sea Birds. 
' With 75^1u8tration8. Cr. 8vo., 2s. 6d. 

HenizenIs OF THE Deep. With 117 
Illustrations. Ct. 8vo., 2s. 6d. 

VOLCAmSS AND EARTHQUAKES. 
With 3^) Illustrations. Cr. 8vo«, 2s. 6d. 


Hartwig {George)— contimied. 

Wild Animals of the Tropics. 
With 66 Illustrations. Cr. 8vo., 3s. 6<f. 

Helmholtz. — Popular Lectures on 

Scientific Subjects. By Hermann von 

Helmholte. With 68 Woodcuts. 2 vols. 

Cr. 8vo., 3s. 6 d. each. 

Hudson (W. H.). 

Nature in Downland. With 12 
Plates and 14 Illustrations in the Text by 
A. D. McCormick. 8vo., 105. bd. net. 

British Birds. With a Chapter 
on Structure and Classification by Frank 
E. Beddard, F.R.S. With 16 Plates (8 
of which are Coloured), and over 100 Illus¬ 
trations in the Text. Cr. 8vo., 65. net. 

I 

Birds in London.^ With 17 Plates 
and 15 Illustrations in the Text, by Bryan 
Hook, A. D. McCormick, and from 
Photographs from Nature, by R. B. 
Lodge. 8vo., 12s. 

Proctor (Richard A.). 

Light ^ience for Leisure Hours. 
Familiar Essays on Scientific Subjects. 
Vol. I. Crown 8vo., 35. 6d, 

Rough Wa vs made Smooth. Fami¬ 
liar Essays on Scientific Subjects. Crown 
8vo., 35, 6 d. 

Pleasant Ways IN Science. Crown 
8vo., 3s. bd. 

Nature Studies. By R. A. Proc¬ 
tor, Grant Allen, A. Wilson, T. 
Foster and E. Clodd. Crown 8vo., 
31. bd. 

Leisure Readings. By R. A. Proc¬ 
tor, E. Clodd, A. Wilson, T. Foster 
and A. C. Ranyard. Cr. 8vo., 35. bd. 

** For Mr. Proctor's other books see pp. 14 

and 28, and Messrs. Longmans &• Co.'s 

Catalogue of Scientific WoAts, 

Stanley. — A Familiar History of 

Birds. By E. Stanley, D.D., formerly 

Bishop of Norwich. With 160 Illustrations. 

Cr. 8vo., 35. bd, % 



MESSRS. LONGMANS ft CO.’S STANDARD AND GENERAL WORKS 


*5 


Popular Soienoe (Natural History, &e.) — contintted. 


Wood (Rev. J. G.). 


Wood (Rev. J. G.) — continued. 


Homes without Hands: A Descrip¬ 
tion of the Habitations of Animals, classed 
according to the Principle of Construc¬ 
tion. With 140 Illustrations. 8vo., 
^s, net. 

Insects at Home : A Popular Ac- 
couat of British Insects, their Structure, 
Habits and Transformations. With 700 
Illustrations. Svo., js. net. 

Out of Doors; a Selection of 
Original Articles on Practical Natural 
History. With ii Illustrations. Cr. 8vo., 
3s. 6d. 

Strange Dwellings : a Description 
of the Habitations of Animals, abridged 
from * Homes without Hands With 60 
Illustrations. Cr. Svo., 3s. 6 d, 


Petland Revisited, With 33 
Illustrations. Cr. 8vo., 3s. 6d. 

Bird Life of the Bible, With 32 
Illustrations. Cr. 8vo., 3s. 6 d. 

Wonderful Nests, With 30 Illus¬ 
trations. Cr. 8vo., 35. 6d. 

Homes under the Ground, With 
a8 Illustrations. Cr. 8vo., 35. 6 d. 

Wild Animals of the Bible. With 
29 Illustrations. Cr. 8vo., 3^. 6d. 

Domestic Animals of the Bible, 
With 23 Illustrations. Cr. Svo., 35. 6d. 

The Branch Builders. With 28 
Illustrations. Cr. Svo., 25. 

Social Habitations and Parasitic 
Nests. With 18 Illustrations. Cr.8vo.,zs. 


Works of Reference. 


Gwilt. — An Encyclopaedia of Ar¬ 
chitecture. By Joseph Gwilt, F.S.A. 
With 1700 Engravings. Revised (1888), 
with Alterations and Considerable Addi¬ 
tions by Wyatt Papworth. 8 vo., 21s. net. 

Maunder (Samuel). 

Biographical Treasury. With 
Supplement brought down to 1889. By 
Rev. James Wood. Fcp. 8vo., 6s. 

Treasury OF GEOGRAPHYy Physical, 
Historical, Descriptive, and Political. 
With 7 Maps and 16 Plates. Fcp. 8vo., 6 s, 

The Treasury of Bible Know¬ 
ledge. By the Rev. J. Avre, M.A. With 
Maps, 15 Plates, and 300 Woodcuts, 
cp. Svo., 6«. 

Treasury of Knowledge and Lib¬ 
rary OF Reference, Fcp. 8vo., 6s. 

Historical Treasury. Fcp. Svo ,65. 


Maunder (Samuel)— continued. 

The Treasury of Botany. Edited! 
by J. Lindlby, F.R.S., and T. Moore, 
F.L.S. With 274 Woodcuts and 20 Steel 
Plates. 2 vols. Fcp. 8vo., 12s. 

f 

Roget. — Tff£SA(/A^c/s OF English 
Words and Phrases* Classified and Ar¬ 
ranged so as to Facilitate the Expression of 
Ideas and assist in Literary Composition. 
By Petek Mark Roget, M.D., F.R.S. 
Recomposed throughout, enlarged and im¬ 
proved, partly from the Author^s Notes, and* 
with a full Index, by the Author’s Son, 
John Lewis Roget. Crown 8vo., xos. M* 

WilHch.- -Popular Tables for giving 
information for ascertaining the value of 
Lifehold, Leasehold, and Church Property, 
the Public Funds, etc. By Charles M. 
WiLLicH. Edited by H. Bence Jones. 
Crown 8vo., io5. 


Children s Books. 


Brown. — The Book of Saints and 
Friendly Beasts. By Abbie Farwell 
Brown. With 8 Illustrations by Fanny Y. 
Cory. Crown 8vo., 45. 6 d, net. 

Buckland. — T woLittleRuna wa ys. 
Adapted from the French of Louis Des- 
NOYERS. By James Buckland. With up 
Illustrations by Cecil Aldin. Cr. 8vo., 6;. 

Corbin ahd Going. — Urchins of 
T im Sea. By Marie Overton Corbin 
and Charles Buxton Going. With Draw¬ 
ings by 1 . 1 . Bennett. Oblong 410., 3s. 6 d. 


Crake (Rev. A. D.). 

Edwy the Fair; or, The First 
Chronicle ofif^scendune. Cr. Svo., 25. nt t. 
Alegar the Dane ; or, The Second 

Chronicle of iEscendune. Cr. Svo. 25. net. 

The Rival Heirs : being the Third 
and.Last Chronicle of^scendune. Cr. 
8 vo., 25 . net. 

The House of Walderne. A Tale 
of the Cloister and the Forest in the Days 
of the Barons' Wars. Crown 8 vo., 25 . net. 

Brian Fitz-Count. A Story of 
Wallingford Castle and Dorchester 
Abbey. Cr. 8 vo., 25 . net. 
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Children’s Books — continued. 


Henty (G. A.).— Editkd by. 

Yulu Logs : A Story-Book for Boys. 
By Vakious Authors. With 6i Illus¬ 
trations. Crown 8vo., 65. 

YuL/i Tide Yakivs : a Story-Bdok 
for Boys. By Various Authors. With 
45 Illustrations. Crown 8vo., 6s. 


Lang (Andrew).—Edited by. 

The Blue Fairy Book. With 138 

Illustrations. Crown 8vo., 6s. 

The Red Fairy Book. With lOo 
Illustrations. Crown 8vo., 6s. 

The Greek Fa iry Book. With 99 

Illustrations. Crown 8vo., 6s. 

The Grey Fairy Book. With 65 

Illustrations. Crown 8vo., 6s. 

The Yellow Fairy Book. With 
104 Illustrations. Crown 8vo., 6s. 

The Pink Fairy Book. With 67 ! 
Illustrations. Crown 8vo., 6 s. | 

1 

Tim Bluk Poetry Book. With loo j 

Illustrations. Crown 8vo., 6;. I 

1 

The True Story Book. With 66 j 

Illustrations. Crown 8vo., 6s. | 

I 

7 HE Red True Story Book. With j 

lOO Illustrations. Crown 8vo., 6 s. 

The Animal Story Book. With 
67 Illustrations. Crown 8vo., 6r. 

The Red Book of Animal Stories. 
With 65 Illustrations. Crown 8vo., 6 s. 

The Arabian Nights Entertain- 
MRRTS. With 66 Illustrations. Cr. 8vo.,6s. 


Meade (L. T.). 

Daddies Boy. With 8 Illustrations. 

Crown 8vo., 35. net. 

L>eb and the Duchess. With 7 

Illustrations. Crown 8vo., 3$. net. 

The Beresford Prize. With 7 
Illustrations. Crown Svo., 3s. net. 

The House of Surprises. ^Vith 6 
Illustrations. Crown Svo. 3s. net. 

Praeger (Rosamond), 

The Adventures of the Three 
Hold Babes: Hector, Honor! a and 
Alisander. a Story in Pictures. With 
24 Coloured Plates and 24 Outline Pic¬ 
tures. Oblong 4to., 35. bd. 

The Fur ther Doings of the Three 
Bold Babies. With 24 Coloured Pictures 
and 24 Outline Pictures. Oblong 4to.,3r.6</. 

Stevenson. —A Child's Garden of 
Verses. By Robert Louis Stevenson. 
Fcp. 8vo., 55. 

Upton (Florkncb K. and Bertha), 

The Adventures of 'Two Dutch 
Dolls and a ' Golliwocg'. With 31 
Coloured Plates and numerous Illustra¬ 
tions in the Text. Oblong 4to., 6 s. 

The Golliwogg's Bicycle Club. 
With 31 Coloured Plates and numerous 
Illustrations in the Text. Oblong 410., 65. 

The Golliwogg at the Seaside. 
With 31 Coloured Plates and numerous 
Illustrations in the Text. Oblong 4to., 65. 

The Goi.liwogc, in War. With 31 
Coloured Plates. Oblong 410,, 6s. 

j The Golliwogg's Polar Adyen- 

TYRES. With 31 Coloured Plates. Ob- 
i long 4to., 65. 

The Vege-Men's Reyenge. With 
31 Coloured Plates and numerous Illus¬ 
trations in the Text. Oblong 4to., 6s. 


The Silver Library. 

Crown Svo. 3s. td. each Volume. 


.Arnold's (Sir Edwin) Baas and lAnda. With 
71 Illustrations. 3s. 6 d. 

Bagahot’s (W.) Biographical Studies, y. 6 d. 

Bagehot’s (W.) Economic Studies. 3s. 6<f. 

Bagehot's (W.) Literary Studies. With Portrait. 
3 vols, 3s. 6 d. each. 

Adcer's (Blr B. W.) Bight Years In Ceylon. 

With 6 Illustrations. 3s. 6 d. 


Baker’s (Sir 8. W.) Rifle and Hound In Ceyipn. 

With 6 illustrations, y. 6 d. 

Baiing-Oould’a (Rev. 8.) Carious Myths of the 
Middle Ages. y. 61/. 

Baring-Gould’s (Rev. B.) Origin and Develop¬ 
ment of Religious Belief. 2vofs. 3s.6cf.each. 

Becker’s (W. A.) Oallus: or, Roman Scenes in the 
Time of Au^istus. With 26 illps. 3s. 6 d. 
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The Silver Library — continued. 


Beoker^i (W. A.) Charlelei: or, Illustrations of 
the Private Life of the Ancient Greeks. 
With 26 Illustrations. 35. 

Bent's (J. T.) The Ruined Cities of Mashona- 
land. With 117 Illustrations. 31. bd, 

Brassey's (Lady) A Yoyade In the * Sunbeam*. 

With 66 Illustrations, v. 6t/. 

Churchill's (W. Spencer) The Story of the 
Malaicand Field Force, 1 S 97 . With 6 Maps 
and Plans, y. 6 d, 

Clodd's (E.) Story of Creation: a Plain Account 
of Evolution. With 77 Illustrations. 35, 6 ti. 

Conybeare (Rev. W. J.) and Howson's (Very 
Rev. J. 8 .) Life and Epistles of St. Paul. 

With 46 Illustrations. 3^. Od, 

DoudalPs (L.) Beddars All: a Novel, y, 6 d. 

Doyle's (A. Conan) Mlcah Clarke. A T'ale of 
Monmouth’s Rebellion. With 10 Illusls. 3f.6rf. 

Doyle's (A. Conan) The Captain of the Polestar, 

and other 1 ales. 3^. 6 d. 

Doyle's (A. Conan) The Refudoes: A Tale of 
the Huguenots. With 2s Illustrations. y 6 d. 

Doyle's (A. Conan) The Stark Hunro Letters. 

33 . 6d, 

Froude's (J. A.) The History of Endland, from 
the Fall of Wolsey to the Defeat of the 
Spanish Armada. 12 vols. y. each. 

Froude's (J. A.) The Endllsh In Ireland. 3 vols. 
loj. 6 cL 

Froudo's (J. A.) The Divorce of Catherine of 
Aragon. 3^. 6d» 

Froude's (J. A.) The Spanish Story of the 
Armada, and other Essays. 31. 6 d» 

Froude's (J. A.) English Seamen in the Sixteenth 
Century. 39. 6 d. 

Froude's (J. A.) Short Studies on Great Sub- 
JeetB. 4 vols. 35. 6f/. each, 

Froude’s (J. A.) Oceana, or England and Her 
Colonies. With 9 Illustrations. 39. 6 d. 

Froude's (J. A.) The Council of Trent. 39. 6 d. 

Froude's (J. A.) The Life and Letters of 
Erasmus. 39. 6 d. 

Froude's (J. A.) Thomas Carlyle*, a History of 
his Life. 

1795*1835. 2 vols. 7J. 1834*1881. 2 vols. 75. 
Froude'e (J. A.) Cceaar: a Sketch. 3.9. 6</. 

Froude's (J. A.) The Two Chiefs of Dunboy: an 

Irish Romance of the Last Century, y, 6 d, 

Olelg'a (Rev. 0. R.) Life of the Duke of 
Wellington. With Portrait, y, 6 d, 

Grevllle'e (C. C. F.) Journal of the Reigns of 
i King George IV., King William IV., and 
Queen Victoria. 8 vols., y, 6 d. each. 

Haggard's (H. R.) She: A History of Adventure. 
With 32 Illustrations, y, 6 d. 

Haggard's (H« R*) Allan Quatermaln With 
20 illustrations, y. 6 d. 

Haggard's (H. R.) Colonel Quaritch. V.C. : a 
1 ‘ale of Country Life. With Frontispiece 
and Vi^etle. y. 6 d. 


Haggard's (H. R.) Clsopatra. With 29 Illustra¬ 
tions. 31. 6d, 

Haggard's (H. R.) Erie Brlghteyes. With 51 
Illustrations, y., 6d. 

Haggard's (H. R.) Beatrice. With Frontispiece 
and Vignette, y. 6d. 

Haggard's (H. R.) Allan's Wife. With 34 Ulus* 
trations. y, 

Haggard (H. R.) Heart of the World. With 

15 Illustrations. 39. 6i/. 

Haggard's (H. R.) Montezuma's Daughter. With 
25 Illustrations, y, 6d. 

Haggard's (H. R.) The Witch's Head. With 

16 Illustrations. 3^. 6d. 

Haggard's (H, R.) Mr. Meeton’s Will. With 
16 illustrations, 3^. 6d. 

Haggard's (H. R.) Nada the Lily. With 23 
Illustrations. 35.61/. 

Haggard’s(H.R.) Dawn. With 16 Illusls. y.6d. 

Haggard’s (H. R.) The People of the Mist. With. 
x6 lllusirfilions. 35. 6(/, 

Haggard’s (H. R.) Joan Haste. With 20 Illus- 
Lralions. 35. 6d, 

Haggard (H. R.) and Lang’s (A.) The World's 
Desire. With 27 Illustrations. 35. 6d. 

Harte's (Bret) In the Carqulnez Woods and 
other Stories. 3.9, 6d, 

Helmholtz's (Hermann von) Popular Lecturee 
on Scientific Subjects. With 68 Illustrations. 
2 vols. 35. 6 if, each. 

Hope's (Anthony) The Heart of Princess Osra. 

With 9 Illustrations. 39. 6</. 

Howitt's (W.) Visits to Remarkable Places. 

With 80 illustrations. 39. 6d, " 

Jefferies’ (R.) The Story of My Heart: My 

Autobiography. With Portrait. 35. 6 d. 

Jefferies' (R.) Field and Hedgerow. With 
Portrait. 35. 6d. 

Jefferies'(R.) Red Deer. With 17 lllusts. y.6d. 

Jefferies' (R.) Wood Magic: a Fable. With 
Frontispiece and Vignette by E. V. U. 35. 6 d, 

Jefferies (R.) The Toilers of the Field* Witli 
Portrait from ilte Bust in Salisbury Cathedral. 
35. 6d. 

Kaye (Sir J.) and Malleson'e (Colonel) History 
of the Indian Mutiny of 18S7-8. 6 vols. 

35. 6d, each. 

Knight's (E. F.) The Cruise of the ^Alerts': 

the Narrative of a Search for IVeasiire on 
the Desert Kland of Trinidad. With 2 
Maps and 23 illustrations. 35. 6 d. 

Knight's(E. F.) Where Three Empires Meet: a 

Narrative of Recent Travel in Kashmir, 
Western Tibet, Baltistan, Gilgit. With a Map 
and 54 illustrations. 35. 6 d. 
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The Silver L\}ar9i,Tj—contimied. 


(£• F.) Tho ‘FaJoon* on the Baltio: a 

Coasting Voyage from Hammersmith to ; 
Copenhagen in a Three-Ton Yacht. With 
Map and ix Illustrations. 3s, 6d. 

Boitlin^e (J.) Life of Luther. With 62 Illustra -1 
tions and 4 Facsimiles of MSS. y. 6d, j 

Lanf e (A.) AnAllng Bketohee* With 20 Illustra- | 
tions. 3s. 6d. ! 

Lang's (A«) Custom and Myth: Studies of Early | 
Usage and Belief. 3s, 6d. . 

Lang’s (A.)Coclc Lane and Common-Sense. 3s, 6d. ' 

Lang’s (A.) The Book of breams and Ghosts, 

3 .V. 6d. 

Lang’s (A.) A Honk of Fife: a Story of the 
Days of Joan of Arc. With 13 Illustrations. 
3s. 6d. j 

Lang's (A.) Myth, Ritual, and Religion. 2 vols. 7s. | 

Lees (J. A.) and Clutterbuok’s (W. J.) B. C. I 
1887 , A Ramble In British Columbia. With 
Maps and 75 Illustrations. 3s. 6d 

Levett-Yeats’ (8.) The Chevalier D’Auriao. 
jr. 6d, 

Macaulay’s (Lord) Complete Works. ’ Albany ’ 
Edition. With 12 Portraits. 12 vols. y. 6rf. 
each. 

Macaulay’s (Lord) Essays and Lays of Ancient 

Rome, etc. With Portrait and 4 Illustrations 
to the ‘ Lays *. y. 6rf. 

Macleod’s (H. D.) Elements of Banking, y. 6^. 

Marbot’s (Baron de) Memoirs. Translated. 

2 vols. ys. 

Marshman's (J. C«) Memoirs of Sir Henry 
Havelock. y« 6d. 

Merlvale’s (Dean) History of the Romani 
under the Empire. 8 vols. y. 6d. each. 

Merriman's (H. B.) Flotsam: A Tale of the 
Indian Mutiny, y. 6d, 

Mlirs (J. B.) Political Economy, y. 6d. 

MlU’s (J. 8.) System of Uglc. y. 6d. 

Milner’s ((^.) Country Pleasures: the Chroni¬ 
cle of a Year chiefly in a Garden, y. 6d, 

Hansen’s (F.) The First Crossing of Greenland. 

With 142 Illustrations and a Map. y. 6d» 

Phillipps-Wolley’s (C.) Snap: a I^egend of the 
Lone Mountain With 13 Illustrations. 3s. 6d, 


Proctor’s (R. A.) The Orbs Around Us. y. 6d. 
Proctor’s (R. A.) The Expanse of Heaven, y. 6d. 

Proctor’s (R. A.) Light Bclence for Leisure 
Hours. First Series, y. 6d. 

Proctor’s (R. A.) The Moon. y. 6d. 

Proctor’s (R. A.) Other Worlds than Ours* y,6d. 

Proctor’s (R. A.) Our Place among Infinities: 

a Series of Essays contrasting our Little 
Abode in Space and Time with the Infinities 
around us. y. 6d, 

Proctor’s (R. A.) Other Buns than Ours. y. 6d, 

Proctor’s (R. A.) Rough Ways made Bmooth. 

y. 6d» 

Prootor’s(R.A.)PleaoantWays in Bolcnoo. 3s,6d. 

Prootor’s (R. A.) Myths and Marvels of As¬ 
tronomy. y. 6d, 

Proctor’s (R. A.) Nature Btudles. y. 6d. 

Proctor’s (R. A.) Leisure Readings. By R. A. 

Proctor, Edward Clodd, Andrew 
Wilson, Thomas Foster, and A. C. 
Ranvard. With Illustrations, y. 6rf. 

Rossetti’s (Marla F.) A Bhadow of Dante, y. 6d. 

Smith’s (R. Bosworth) Oarthage and the Cartha- 
glnians. With Maps, Plans, etc. y. 6d, 

Stanley’s (Bishop) Familiar History of Birds. 

With Illustrations, y. 6d. 

Stephen’s (L.) The Playground of Europe (The 
Alps). With 4 Illustrations, y, 6d, 

StevanMn’s (R. L.) The Strange Csm of Dr. 
Jekyll and Hr. Hyde; with other Fables. y.bd. 

Stevenson (R. L.) and Oebourne's (LL) Tho 
Wrong Box. 3;. 6d. 

StevoneoD (Robert Louie) and Steveneon’e 
(Fanny van de Orift) More Hew Arabian 
Rights.—The Dynamiter, y. 6d. 

Trevelyan’s (Sir 0. 0.) The Early History of 
Charles James Fox. y. f>d. 

Weyman’e (Stanley J.) Thb Honao of tho 
Wolf: a Romance, y. 6d. 

Wood’s (Rev. J. 0.) Petland Revisited. With 
33 Illustrations, y. td. 

Wood’s (Rev. J. 0.) Strange Dwellings. With 
60 Illustrations. 31. (id. 

Wood’s (Rev. J. G.) Out of Doors. With ix 
Illustrations. 31. (id. 


Cookery, Domestie 

Acton. — Modern Cookery. By 
Eliza Acton. With 150 Woodcuts. Fcp. 
8vo.. 4s. fid. ’ 

Ang^n.— Simple Hints on Choice 
OF Food, with Tested and Economical 
Recipes. For Schools, Homes, and Classes 
for Technical Instruction.. By M. C. Angwin, 
Diplomate (First Class) of the National 
Union for the Technical Training of Women, 
etc. (^rown 8vo., is. 


Management, &c. 

Ashby. — Health in the Nursery. 
By Henry Ashby, M.D., F.R.C.P., Physi¬ 
cian to the Manchester Children’s Hospital. 
With 25 Illustrations. Crown 8vo., 3 s. net. 

Bull (Thomas, M.D.). 

Hints to Mothers on the Man- 
agbmbltofthbir Hbalthduring thb 
PBRIOD of PrBGNANCY. Fcp.8vo., 11. 6 d. 

The Maternal Management of 
Children in Health and Jjisbasr. 
Fcp. 8vo., IS. 6 d. ^ 
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Cookery, Domes tie Management, &o.— continuecL 


De Salis (Mrs.). 

Cakes and Confections A la 
Mode, Fcp. 8vo., is. td. 

Dogs : A Manual for Amateurs, 
Fcp. 8vo., IS. 6 d. 

Dressed Game and Poultry ji la 
Mode. Fcp. 8vo., 6 d, 

Dressed Vegetables a la Mode, 
F<y>. ovo., IS 6(^. 

Drinks ^ la Mode Fcp. 8vo., is. 6 d. 
Entr&es ^ la Mode. Fcp. 8vo., 

IS. td . 

Floral Decorations. Fcp. 8vo., 

IS. 6 d. 

Gardening A la Mode, Fcp. 8vo. 
Part I., Vegetables, is. (x^. Part II., 
Fruits, IS. 

National ViandsX LA Mode. Fcp. 

8vo., IS. (id. 

New-laid Eggs. Fcp. 8vo., is. td. 
Oysters ^ la Mode. Fcp. 8vo., 

IS. 6 d. 

Puddings and Pastry ^ la Mode. 

Fcp. 8 vo., IS. fid. 


De Salis (Mrs.).— 

Savouries a la Mode. Fcp. 8vo., 

ts.6(f. 

Soups and Dkessed Fish la 

Mode. Fcp. 8vo., is. fid. 

Sweets and Supper Dishes ^ la 
Mods. Fcp. 8vo., is. 6 d. 

Tempting Dishes for Small In¬ 
comes. Fcp, 8vo., IS. 6 d. 

Wrinkles and NoTiON.'i for 

Every Household. Crown 8vo., is. 6d. 

Lear. — Ma'igre Cookery. By H. L. 

Sidney Lear. i6mo., as. 

Mann. — Manual of the Principles 
OF Practical Cookery. By E. E. Mann. 
Crown 8vo. is. 

Poole. — Cookery FOR the Diabetic. 
By W. H. and Mrs. Poole. With Preface 
by Dr. Pavy. Fcp. 8vo., as. 6 d. 

Rotheram. — Household Coo kicp y 
Recites. By M. A. Rothkram, First Class 
Diplotnee, National 'I'raining School of 
Cookery, London; Instructress to the Bed¬ 
fordshire County Council. Crown 8vo, as. 


The Fine Arts and Music. 


Burns and Colenso.— Living Ana- 

TOMY. By Cecil L. Burns, R.B.A., and 
Robert J. Colenso, M.A., M.D. 40 Plates, 
IIJ by 8:^ ins., each Plate containing Two 
Figures—(ff) A Natural Male or Female 
Figure ; (b) The same Figure Anatomatised. 
In a Portfolio, 75. 6 d, net, 

Hamlin.— A Text-Book of the 
History of Architecture. By A. D. F. 
Hamlin, A.M. With 229 Illustrations. 
Crown 8vo., 7s. 6rf. 

Haweis (Rev. H. R.). 

Music and Morlas. With For- 

trait of the Author, and numerous Illustra¬ 
tions, Facsimiles, and Diagrams, Crown 
8vo., 65, net. 

My Musical Life. With Portrait 

of Richard Wagner and 3 Illustrations. 
Crown 8vo., 65. net. 

a 

Huish, Head, and Longman.— 

Samplers and Tapestry Embroideries. 
By Marcus B. Huish, LL.B.; also ' The 
Stitchery of the Same,’ by Mrs. Head; 
and ' Foreign Samplers,* by Mrs. C. J. 
Longman. With 30 Reproductions in 
Colour, and 40 Illustrations in Mono¬ 
chrome. 4to, 25 . net. 

Hullah^TVir History of Modern 
Musk. By John Hullah, 8vo., 85. bd. 


Jameson (Mrs. Anna). 

Sacred and Legendary Art, con- 
taining Legends of the Angels and Arch¬ 
angels, the Evangelists, the Apostles, the 
Doctors of the Church, St. Mary Mag* 
dalene, the Patron Saints, the Martyrs, 
the Early Bishops, the Hermits, and the 
W.arrior-Saints of Christendom, as re¬ 
presented in the Fine Arts. With ig 
Etchings and 187 Woodouls. 2 vols. 
8vo., 20s. net. 

Legends of the A/onas'/ jc Orders^ 
as represented in the P'ine Arts, com¬ 
prising the Benedictines and Augustines, 
and Orders derived from their Rules, the 
Mendicant Orders, the Jesuits, and the 
Order of the Visitation of St. Mary. With 
II Etchings and 88 Woodcuts, i voL 
8vo., los. net. 

Legends of the Madonna^ or 
Blessed Virgin Mary. Devotional with 
and without the Infant Jesus, Historical 
from the Annunciation to the Assumption, 
.as represented in Sacred and Legendary 
Christian Art, With 27 Etchings and 
165 Woodet^s. I vol. 8vo,, 105 . net. 
The History of Our Lord^ as ex¬ 
emplified in Works of Art, with that of 
His Types, St. John the Baptist, and 
other persons of the Old and New Testa¬ 
ment. Commenced by the late Mrs. 
Jameson; continued and completed by 
Lady Eastlake. With 31 Etchings 
and 281 Woodcuts. 2 vols. 8vp., 205. net. 
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The Fine Arts and Music— continued. 


King^sley. 4 History of French 

Art. 1100-1899. By Rose G. Kingsley. 

8vo., 125 . 6 d. net. 

Macfarren. — Lectures on Har¬ 
mony. By Sir George A. Macfarren. 

8 vO., 125 . 

Morris (William). 

Hopes and Fears for Art. Five 
Lectures delivered in Birmingham, Lon¬ 
don, etc., in 1878-1881. Cr 8vo., 45. 6d. 

An Address dei.iyered at the 
Distribution of Prizes to Students 
OP THE Birmingham MunicipalSchool 
OF Art on 2ist Ff.bruary, 1894. 8vo., 
25 . 6 d. net. 

Art and the Beauty of the 
Earth: a Lecture delivered at Burslem 
Town Hall, on October 13, 1881. 8vo., 
25 . 6d. net. 

Some Hiats on Pattern-Design- 

• ING: a Lecture delivered at the Working 
Men’s College, London, on loth Decem- 
bfer, 1881. 8vo., 2s. 6d. net. 


i Morris (William) — continued. 

' Architecture and History, and 

WBSTMINSTER ABBEY. Two Papers 
read before the Society for the Protection 
of Ancient Buildings. 8 vo., 25. 6 ( 1 . net. 

Arts and Crafts £s.says. By 
Members of the Arts and Crafts Exhibition 
Society. With a Preface by William 
Morris. Crown 8vo., 25. W. net. 

Van Dyke.— A Text-Book on the 
History of Painting. By John C. Van 
Dyke. With no Illustrations. Cr. Svo., 65. 

Willard. — History of Modern 
Italian Art. By Ashton Rollins 
Willard, With Photogravure Frontis¬ 
piece and 28 Full-page Illustrations. 8vo., 

18s. net. 

I Welling^oiie — A Descriptipk and 
Historical Catalogue of the Collec¬ 
tions OF Pictures and Sculpture at 
Apsley House, London By Evelyn, 
Duchess of Wellington. Illustrated by 52 
Photo-Engravings, specially executed by 
: Braun, Clkment, ik. Co., of Paris. 2 vols., 

royal .ito., 65. net. 


Miscellaneous and Critical Works. 


Ragrphnt- — Liter a r k Studies. By 
Walter Bagehot. With Portrait. 3 vols. 
Crown 8 vo., 3s. btl. each. 

Baker. — Education and Life : 

Papers and Addresses. By James H. 
Baker, M.A., LL.D. Crown 8vo., 45. 6e/. 
Saring-Gould.—C ur/ oUS Mvti/s of 
THE Middle Ages^ By Rev. S. Baring- 
Gould, Crown 8vo., 3s. 6 d. 

Baynes. — Shakespeare SruD/ESf 

and other Essays. By the late Thomas 
Spencer Baynes, LL.B., LL.D. With a 
Biographical Preface by Professor Lewis 
Campbell. Crown 8vo., ys. 6rf. 

Boyd (A. K. H.) (‘A.K.H.B.'). 

Autumn Holidays OF A Country 
Parson. Crown 8vo., 35. 6d. 
C0MMONPL.ACE PlIILCfSOPHER. Cr. 
8vo., 35. (id. 

Critical Essays of a Country 
Parson. Crowr 8vo., 3s. 6rf. 

East Coast Days and Memories. 

Crown 8vo., 3s- 6<i. 

Landscapes^ Churches, and Mora¬ 
lities. Crown 8vo., 35. td. 

Leisure Hours in Town. Crown 
8vo,, 3s. 6 d. 

Lessons of Middle Age. Crown 
8vo., 3s. 6d. 

Our Little Life. Two Series. 

Crown 8vo., 35 . 6d. each. 

Our Homely Comedy: and Tra¬ 
gedy.- Crown 8vo., 35. 6d. 
Eecrsationsofa Country Parson. 
Three Series. Crown 8 vo., 35 . 6d. each. 


Butler (Samuel). 

Erewhon. Crown 8vo., 55. 

The Authoress of the Odyssey, 

WHERF. and U ' 7 / fi.V S //£ WROTE. WHO 
She was, the Use She made of the 
Iliad, and how the Form grew under 
Her hands. With 14 Illustrations. 
8vo.. los. 6 (1. 

The [had of Homer. Freely ren¬ 
dered intoEnglisliProse for the use of those 
that cannot read the original.Cr.8vo.,75.6d. 
'1 HE Odyssf.y. Rendered into Eng¬ 
lish Prose lor the use of those who cannot 
read the original. With 4 Maps and 7 
Illustrations. 8vo., 75. td. 

Sha KhSPKARiCs SoNNF/PS. Recon¬ 
sidered, and in part Rearranged, with 
Introductory Chapters and a Reprint of 

# the Original 1609 Edition. 8vo., lo.^. td. 

Charities Register, The Annual, 

AND Digest: being a Classified Register 
of Charities in or available in the Metropolis, 
With an Introduction by C’. S. Loch, Sec¬ 
retary to the Council of the Charity Organi¬ 
sation Society, London. 8vo., 45- 

Dickinson.— King Arthur in Corn¬ 
wall. By W. Howship Dickinson, M.D. 
With 5 Illustrations. Crown 8vo., 45. 6 d. 

Evans. — The Ancient Stone Im¬ 
plements, II'f.aeons and Ornaments of 
Great Prita/n, By Sir John Evans, 
K.C.B. With 537 Illustrations^ 8vo.t 285. 

Exploded Ideas, /lAr/) Other Ess a ys. 
By the Author of ‘ Times and DaysCr. 
8 vo., 55. 
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Miseelianeous and Critioal Works continued. 


Haggard. — A Farmer s Year : . Lang continued. * 

being his Commonplace Book for 1898. CocK Lahe AND COMMON-SSNSE, 
By H. Rider Haggard. With 36 lUus- 1 Crown 8vo., 35. td. 

trations by G. Lmn Little and 3 others. The BoOK OF Dreams and GHOSTS. 

Urown ovo,, 75 * net. . o ^ i 

’ ‘ Crown 8vo., 35. bd. 


Hodgson.— Outcast £ssa\'s and 
Veuse Translations. By Shadworth 
H. Hodgson, LL.D. Crown 8vo., 85. bd. 

Hoenig. — Inquiries concerning 
THE Tactics of tub Future. By Fritz 
HoenKj. ' With I Sketch in the Text and 5 
Maps. Translated by Captain H. M. Bower. 
8 vo., 155. net. 

Jefferies (Richard). 

Field and Hedgerow : With For- 

trait. Crown 8vo., 3s. bd. 

The Story of My Heart: my 
Autobiography. With Portrait and New 
Preface by C. J. Longman. Cr. 8vo., 35. bd. 
Red Deer. With 17 Illustrations 
by J. Charlton and H. Tunaly. Crown 

8VO., 35. bd. 

The Toilers of the Field. With 
Portrait from the Bust in Salisbury 
Cathedral. Crown 8vo., 35. bd. 

Wood Magic : a Fable. With Fron¬ 
tispiece and Vignette by E. V. B. Crown 
iSvo., 3s. 6tf. 

Jekyll (Gkrtrude), 

Home and Garden : Notes and 
Thoughts, Practical and Critical, of a 
Worker in both. With 53 Illustrations 
from Photographs by the Author. 8vo., 
los. bd. net. 

Wood and Garden: Notes and 
Thoughts, Practical and Critical, of a 
Working Amateur. W'ith7i Photographs. 
8 VO.. I os. 6(/. net. 

Johnson (J. & J. H.). 

The Pa tentee s Manual : a 
Treatise on the Law and Practice ot 
Letters Patent. 8 vo., 105. bd. 

An Epitome of the Law and 
Practice connected with Patents 
FOR INVENTlONSi with a reprint of the 
Patents Acts of 1883, 1885, 1886 and 
1888. Crown 8vo., 2s. bd. 

Joyce.— The' Origin and History 
OF Irish Names of Places. By P. W. 
Joyce, LL.D. 2 vols. Crown 8vo., 55. each. 

Lang (Andrew).' 

Letters to Dead Authors. Fcp. 

8vo., 2 s. bd. net. 

Books and Bookmen. With 2 
Coloured Plates and 17 Illustrations. 
Fcp. 8vo., 2s. bd. net. 

Old Friends. Fcp. 8vo., 2s. 6d. net. 
Letter^ on Literature. Fcp. 
8vo., 7S. bd. net. 

Essays IN Little. With Portrait 
of the Author. Crown 8 vo., 25. bd. 


Maryon. — How the Garden Grew. 
By Maud Maryon. With 4 Illustrations 
by Gordon Bowne. Crown 8vo., 55. net. 

Matthew^ (Brander). 

Azotes on SpeecidMaa'/ng. Fcp. 

8vo., 15 . bd. net. 

The Philosophy of the Short 
Story. Fcp. 8vo., i.v, bd. net. 

Max MUller (The Right Hon. F.). 

■ Chips from w German Workshop. 
Vol. I. Recent Essays and Addresses. 
Crown 8vo., 55. 

Vol. 11 . Biographical Essays. Crown 
8vo., 5s. 

Vol. III. Essays on Language ai\d Litera> 
ture^ Crown 8vo., 5s. 

Vol. IV. Essays on Mythology and E'olk 
Lore. Crown 8vo., 55. 

India: What can it Teach Us? 
Crown 8vo., 55. 

Contributions to the Science ot 
Mythology. 2 vols. 8vo., 325. 
Milner. — Country Pleasures: the 
Chronicle of a Year chiefly in a Garden. 
By George Milner, Crown 8vo., 3.?. 6rf. 

Morris. — Signs of Change. Seven 

Lectures delivered on various Occasions. 
By William Morris. Post 8vo., 45. 6rf. 

PollOCk.~y/^A^i? Austen: her Con¬ 
temporaries and Herself. An Essay in 
Criticism. By Walter Hekuiks Pollock. 
Crown 8vo., 3s. bd. net. 

Poore (Gkorge Vivian, M.D.). 
FssAy.s ON Rural Hygiene. With 
13 Illustrations. Crown 8vo., 65. bd. 
The Dwelling House. . With 36 

Illustrations. Crown 8vo,, 35. bd. • 

Rossetti. — A Shadow of Dante : 
being an Essay towards studying Himself, 
his World and his Pilgrimage. By Maria 
Francesca Rossetti. With Frontispiece 
by Dante Gabriel Rossetti. Crown 
8vo., 35. bd. 

Soulsby (Li’cy H. M.). 

Stray Thoughts on Reading. 
Fcp. 8vo,, 25 . bd. net. 

Stra y Thoughts for Girls, i 6mo., 

IS . 6 ti . net . 

Stray Thoughts for Mothers and 
Teachers. Fcp. 8vo., 2 s. M. net. 
Stray Thoughts for In ya lids. 

i6mo., 25. net. 

Stray Thoughts on Char.utrr. 

\ Fcp. 8vo., 25 . fid. net. 

I Southey. — The Correspondence of 
RobbrtSouthey withCarouneBowlbs. 
' Edited, with an Introduction, by Edward 
Dowden, LL.D. 8vo., 145. 
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Misoollaneous and Critieal Works— coniinue^ 


Stevens. — On the Stowage of Ships 
AN jPTHBnt Cargoes. With Information re¬ 
garding Freights, Charter-Parties, etc. By 
Robert White Stevens. 8vo., air. 

Sutherland. — Tw^entieth Cum ury 
Inventions, a Forecast. By Gporoe 
Sutherland, M.A. Ciown 8vo., 4s. td. net. 

Turner and Sutherland.—TVis De 

VSLOEMBNr OF AUSTRALIAN LITERATURE. 
By Henry Gyi.ks Turnlk and Alexander 
Sutherland. With Portraits and Illustra¬ 
tions. Crown 8vo., 55. 


Warwick ^—Pnoonhs ijr WoMEifs 

Educa Tvojy/ a^ the Bamsfi : being 

the Report "of Conferences and a Confess 
held m connection with the Bditcationsd 
Section, Victonan Era Exhibition* Bditedi 
by the Coum £ss of Warwick* Cr. Svo. 

Weathers. —A Practical Guide tq 
Garden Plants. By John Weathers, 
P.R.H.S., late Assistant Secretary to the 
Royal Horticultural Society, * formerly of 
the Royal Gardens, Kew, etc. With r5p 
Diagrams. 8vo., ais* net* • 


Miscellaneous Theological Works, 

For Ohuroh of England and Roman Catholic Wotha ace Messrs. Longmans St Co.’s 

Rpeoial Cataloguea. 

Balfour. — The Foi'niut/ons of Martineau Qhm.fi)—^continued. 


Belief: being Notes Introductory to the 
Study of Theology. By the Right lion. 
Arthur J. Balfour, M P. 8vo., 125. 6</. 

Boyd(A.K. H.) (‘A.K.H.B.’). 

Counsel and Com/or r hwm a 
C lTV Pulpit. Crown 8vo., 3s. 6d. 
Sun DA y Afternoons in i he Parish 
Church op a .Scot/ish University 


City. Crown 8 vo., 35.6rf. ^ 

CHANChD Aspects of Unchanged Max Muller (r ). 


EnDE } P OUR S’ AFI ER THE CHRISTIAN 
f.lFt. Discourses. Crown 8vo., 7s. txf. 
The Seat of Authority in Rr-~ 

HGION. 8vo., 145. 

Es'/ays, Rr.i'ihWi, AND Addresses, 

4 Vols. Crown 8vo., 75. bd. each. 

Home Prayers., with 2'\vo Services 
for Public Worship. Crown 8vo., 3s. W. 


Truths. Crown 8vo., 3s. bd. 

Graver Thoughts 01 a Country 
Parson. Three Series. Crown 8vo., 
3$. bd. each. 

Present Day Thoughts. Crown 
8vo., 3r. bd. 

Seaside HfusiNos. Cr . 8vo , 3 *. F>d, 
* To Meet the Da\ ’ throufjh the 

Christian Year. being a Text of Scripture, 
with an Oiiginal Meditation and a Short 
Selection in Verse fur Every Day. Crown 
8vo., 4?. 6rf. 

Campbell *— Rfjjciox /n Grpek Lh 

^ TLRAIURE B\ the Rev. Ll WfS CAMPBh LL, 
M»A*, LL.D * Emeritus Piofessor of Gieek, 
Uni\ersity of St. Andrews. Svf)., 

Davidson.— as Grounded in 

^ Human Nature, Historically ami CntiLally 
Handled. Being the Burnett Lectiues 
tor 1892 and 189^, delivered at Abeideen. 
By W. L. Davidson, M.A., LL.D, 8vo., 15^. 

Lanp. — Modtkn M 1 / HoiocY: a 

Reply to Professor M.ix Muller, By 
Andrew Lang. Svo., 9?. 

MacDonald (GEOKt.bi. 

Unspoken Sermons, Three Series . 

Crown 8vo., 3;. bd. each. 

The Miracles of our Lord. 
Crown 8vo., 35. bd 

Martineau (James). 


The S/a Systems of Indian 
Philosophy. 8\o., j8?. 
CONiRlltUriONS to ’lHE SCIENCE OF 
MyiHOIOGY. 2 vols. 8vo., 32s. 

7'hf Origin and Groivtii of Reli 

GiON, as illustrated by the Religions of 
India. The Ilibbert Lectures, delivered 
at the Chapter House, Westminster 
Ahbej, in 1S7.S. Crown 8vo., 3s 
Ini RooucT/ON to /he Sc/e.ncf. of 
E'ei./l/on : P'our Lectures delivered at the 
Ro3al In'.titution Crown 8vo., 51. 

Naturai Religion. The Gifford 

Lectures, delivered before the University 
ol Glasgow in 1888. Crown 8vo,, 5s 

Physical Rfi igion. The Gifford 

Lectures, delivered before the University 
ol Glasgow in 1890. Crown 8vo., 5s. 
An! HRoroLoaicAL Religion. The 
Giliord Lectures, delivered before the Uni¬ 
versity of Glasgow in iSgr. Cr. 8vo., 5$* 
THF.OSOPil\\ OR PsyCffOLOClCAL Rs^ 
L/C ION. The GiHord LectlTres, delivered 
before the University of Glasgow in 1892. 
Crown Hvo., 5s. 

Thre.f. Lectures on the VF.DAitTA 
Philosophy, delivered at the Royal 
Institution in March, 1804. Cr. 8vo., 5s. 
RAM 4 Kli\SHVIA ; HtS LlFE AND SAY¬ 
INGS. Crown 8vo., 3s. 


Hours of Thought on Sacred Romanes. — Thoughts on Religion, 
Things: Sermons, 2 vols. Crown 8vo., By George J. R0M4NE8, XX.D., P.R.S. 
3Si bd. each, Crown 8vo., 44,6<i. • 
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